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PREFACE. 


AnourT ten years ago I gave a course of lectures on Trigonometric Series, 
following closely the treatment of that subject in Riemann’s “ Partielle 
Differentialgleichungen,”’ to accompany a short course on The Potential 
Function, given by Professor B. O. Peirce. 

My course has been gradually modified and extended until it has become an 
introduction to Spherical Harmonies and Bessel’s and Lamé’s Functions. 

Two years ago my lecture notes were lithographed by my class for their 
own use and were found so convenient that I have prepared them for 
publication, hoping that they may prove useful to others as well as to my 
own students. Meanwhile, Professor Peirce has published his lectures on 
‘The Newtonian Potential Function” (Boston, Ginn & Co.), and the two 
sets of lectures form a course (Math. 10) given regularly at Harvard, and 
intended as a partial introduction to modern Mathematical Physics. 

Students taking this course are supposed to be familiar with so much of the 
infinitesimal calculus as is contained in my “ Differential Calculus ” (Boston, 
Ginn & Co.) and my “Integral Calculus” (second edition, same publishers), 
to which I refer in the present book as “ Dif. Cal.” and “Int. Cal.” Here, 
as in the “Calculus,” I speak of a “derivative” rather than a “ differential 
coefficient,’ and use the notation D, instead of = for “ partial derivative with 
respect to x.” 

The course was at first, as I have said, an exposition of Riemann’s “ Partielle 
Ditferentialgleichungen.” In extending it, I drew largely from Ferrer’s 
“Spherical Harmonics” and Heine’s “ Kugelfunctionen,” and was somewhat 
indebted to Todhunter (‘Functions of Laplace, Vessel, and Lamé”), Lord 
Rayleigh (Theory of Sound”), and Forsyth (‘Differential Equations ’’). 

In preparing the notes for publication, I have been greatly aided by the 
criticisms and suggestions of my colleagues, Professor B. O. Peirce and Dr. 
Maxime Bécher, and the latter has kindly contributed the brief historical 
sketch contained in Chapter IX. 

W. E. BYERLY. 


CamsBrivce, Mass., Sept. 1893. 
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CHAPTER I. 
INTRODUCTION, 


1. In many important problems in mathematical physics we are obliged 
to deal with partial differential equations of a comparatively simple form. 
For example, in the Analytical Theory of Heat we have for the change of 
temperature of any solid due to the flow of heat within the solid, the equation 
Du = a( Diu + Diu + D2u),* et [1] 
where w represents the temperature at any point of the solid and ¢ the time. 
In the simplest case, that of a slab of infinite extent with parallel plane 
faces, where the temperature can be regarded as a function of one codrdinate, 
[1] reduces to 
PBR) SIAM ALIS [1] 
a form of considerable importance in the consideration of the problem of the 
cooling of the earth’s crust. 
In the problem of the permanent state of temperatures in a thin rectangular 
plate, the equation [1] becomes 


Diu + D?u = 0. [111] 
In polar or spherical codrdinates at is less simple, it is 


Diu = =| 2. (7? Du) + sg Da (sin 6 Dau) + ae 7 D} ju | 1} 


In the case where the solid in eh is a sphere and the temperature 
at any point depends merely on the distance of the point from the centre 


[1v] reduces to D, (ru) = a? D2(rw) [Vv] 
In cylindrical coérdinates [1] becomes 
a 1 
Du = @ [D?u + D,u+ ma Dju+ Diu]. [v1] 


In considering the flow of heat in a cylinder when the temperature at 
any point depends merely on the distance 7 of the point from the axis 


[vr] becomes Du =o(Diu+ D,u). [vr] 
- 


* For the sake of brevity we shall often use the symbol V’? for the operation D,? + D,? + D/; 
and with this notation equation [1] would be written D)u = a2 V2 u. 
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ln Acoustics in several problems we have the equation 
Diy = a Diy; [vi11} 
for instance, in considering the transverse or the longitudinal vibrations of a 
stretched elastic string, or the transmission of plane sound waves through 
the air. 
If in considering the transverse vibrations of a stretched string we take 
account of the resistance of the air [v111] is replaced by 
Dey + 2kD,y = a D2 y. [1x] 
In dealing with the vibrations of a stretched elastic membrane, we have the 
equation 


Diz = 2(Dz2 + Diz), [x] 
or in cylindrica! codrdinates 
D2 = (Dez + = D,e ie D3z). [x1] 
In the theory of Potential we constantly meet Laplace’s Equation 
DY D7) DV [x11 j 
or V?V = 0 
which in spherical codrdinates becomes 
1 gi : us 
- Ez (V) + sa Da(sin6DaV) + sag Div | = [xu] 
end in cylindrical codrdinates . 
DY -- 2 DV -- : DIV = DEV = 0; [x1v ] 
In curvilinear codrdinates it is 
‘Flt EXG V)+D ; (Ge? V)+D ( hs r) =0; [xv] 
log Pt PaNhsh,~ 2 PNA, hy %8 : ; 
where Si (@,Y5%) = pi, fo (%,y,%) = po, fs (,ys2) = oe —_ 


represent a set of surfaces which cut one another at right angles, no matter 
what values are given to p;, pz, and ps; and where 


hy’ = (Dz pi)” + (Dy pr)? + (Dz pr)? 
i! = (Dypa)? + (Dyps)* + (Depa)? 
hs? = (D,ps)? + (Dy ps)? + (Dz ps)’, 
and, of course, must be expressed in terms of p,, p2, and ps- 


If it happens that V%p,=0, V%p.=0, and V?;=0, then Laplace’s 
Equation [xv] assumes the very simple form 


hy D2V + hy D2V + heD2V = 0. [xv] 


CHAP. 3G} PARTICULAR SOLUTIONS. 8 


2. A differential equation is an equation containing derivatives or differen- 
tials with or without the primitive variables from which they are derived. 

The general solution of a differential equation is the equation expressing the 
most general relation between the primitive variables which is consistent with 
the given differential equation and which does not involve differentials or 
derivatives. A general solution will always contain arbitrary (i. e., undeter- 


mined) constants or urbitrar, 


A particular solution of a differential equation is a relation between the 
primitive variables which is consistent with the given differential equation, 
but which is less general than the general solution, although included in it. 
Theoretically, every particular solution can be obtained from the general 
solution by substituting in the general solution particular values for the arbi- 
trary constants or particular functions for the arbitrary functions; but in 
ractice it is often easy to obtain particular solutions directly from the differ- 


ential equation when it would be difficult or impossible to obtain the general 


solution. 


3. If a problem requiring for its solution the solving of a differential equa- 
tion is determinate, there must always be given in addition to the differentia] 
equation enough outside conditions for the determination of all the arbitrary 
constants or arbitrary functions that enter into the general solution of the 


equation; and in dealing with such a problem, if the differential equation can 


be readily solved the natural method of procedure is to obtain its general 
solution, and then to determine the constants or functions by the aid of the 
given conditions. 

It often happens, however, that the general solution of the differential equa- 
tion in question cannot be obtained, and then, since the problem 7 mei 
will be solved if by any means a solution of the equation can be found which 
will also satisfy the given outside conditions, it is worth while to try to get 


particular solutions and so to combine them as to form a result which shall 


satisfy the given conditions without ceasing to satisfy the differential equation. 


4. <A differential equation is Zineay when it would be of the first degree if 
the dependent variable and all its derivatives were regarded as algebraic 
unknown quantities. If it is iimear and contains no term which does not 
involve the dependent variable or one of its derivatives. it is said to be linear 


and homogeneous. 


All the differential equations collected in Art. 1 are linear and homogeneous. 


5. If a value of the dependent variable has been found which satisfies a 
given homogeneous, linear, differential equation, the product formed by multiply- 
ing this value by any constant will also be a value of the dependent variable 


which will satisfy the equation. 


4 INTRODUCTION. [ART. 0 


For if all the terms of the given equation are transposed to the first mem- 
ber, the substitution of the first-named value must reduce that member to 
zero; substituting the second value is equivalent to multiplying each term of 
the result of the first substitution by the same constant factor, which there- 
fore may be taken out as a factor of the whole first member. The remaining 
factor being zero, the product is zero and the equation is satisfied. 

If several values of the dependent variable have been found each of which 
satisfies the given differential equation, their sum will satisfy the equation ; for 
if the sum of the values in question is substituted in the equation each term 
of the sum will give rise to a set of terms which must be equal to zero, and 
therefore the sum of these sets must be zero. 


6. It is generally possible to get by some simple device particular solutions 


. of such differential equations as those we have collected in Art. 1. The 


object of the branch of mathematics with which we are about to deal is to 
find methods of so combining these particular solutions as to satisfy any given 


conditions which are consistent with the nature of the problem in question. 

This often requires us to be able to develop any given function of the varia- 
bles which enter into the expression of these conditions in terms of normal 
forms suited to the problem with which we happen to be dealing, and sug- 
gested by the form of particular solution that we are able to obtain for the 
differential equation. 

These normal forms are frequently sines and cosines, but they are often 
much more complicated functions known as Legendre’s Coefficients, or Zonal 
Harmonics ; Laplace’s Coefficients, or Spherical Harmonics ; Bessel’s Functions, 
or Cylindrical Harmonics ; Lamé’s Functions, or Ellipsoidal Harmonics, &e. 


7. As an illustration, let us take Fourier’s problem of the permanent state 
of temperatures in a thin rectangular plate of breadth 7 and of infinite length 
whose faces are impervious to heat. We shall suppose that the two long 
edges of the plate are kept at the constant temperature zero, that one of the 
short edges, which we shall call the base of the plate, is kept at the tempera- 
ture unity, and that the temperatures of points in the plate decrease indefi- 
nitely as we recede from the base; we shall attempt to find the temperature 
at any point of the plate. 

Let us take the base as the axis of X and one end of the base as the origin. 
Then to solve the problem we are to find the temperature w of any point from 


th tio 2 : 
e equation D2u+ D2u=0 [ur] Art. 1 
subject to the conditions “ u=0 when xz=0 rt (1) 
we) “ emer ( (2) 
£ re u=0 ae ae) (8) 
=] “ ¥yY= Vz (4) 
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We shall begin by getting a particular solution of {iu ], and we shall use 


a device which always succeeds when the equation is linear and homogeneous 
and has constant coefficients. 

Assume * wu = e*”+ 87, where a and £ are constants, substitute in [111] and 
divide by e*”*+8*, and we have a?-+ £?=0. If, then, this condition is satis- 
fied w — e*”+8* is a solution. 

Hence wu = e*”*" + is a solution of [111], no matter what value may be 
given to a. 

This form is objectionable, since it involves an imaginary. We can, how- 
ever, readily improve it. 

Take w= e*%e™, a solution of [111], and w= e%e—*, another solution 
of [111]; add these values of w and divide the sum by 2 and we have 
e“cosax. (v. Int. Cal. Art. 35, [1].) Therefore by Art. 5 


u = e*¥ cos ax (5) 


is}a solution of fim]. Take w== ee and u== ec e—*, subtract the 
second value of uw from the first and divide by 2¢ and we have e*” sin a, 
(v. Int. Cal. Art. 35, [2]). Therefore by Art. 5 


taser SiN ae (6) 
is a solution of [rr]. ines? re 
Let us now see if out of these particular solutions we can build up a solu- 
tion which will satisfy the conditions (1), (2), (3), and (4). 


= ee sin ax. (6) 


Consider u 


It is zero when 2 = 0 for all values of a. It is zerowhen «=~ if a isa 
whole number. It is zero when y= if a is negative. If, then, we write 
w equal to a sum of terms of the form dAe—™ sin ma, where m is a positive 
integer, we shall have a solution of [111] which satisfies conditions (1), (2) 
and (3). Let this solution be 


u = A,e—" sin « + A,e—™ sin 2x + Ase—™ sin 3a -4- Ase sin 4x 4-+-- (7) 
A,, Az, As, Ay, &c., being undetermined constants. 
When vy = 0 (7) reduces to 
u = A, sin « +A, sin 27 + A; sin 8x + A,sin 4a --+-->. (8) 


If now it is possible to develop unity into a series of the form (8), our 
problem is solved; we have only to substitute the coefficients of that series for 


A,, As, As, &e. in (7). 


* This assumption must _be regarded _as purely tentative. It must be_tested_by_substi- 
tuting in the equation, and is justified if it leads to a solution, 
} We shall regularly use the symbol 7 for ¥ — 1. 
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It will be proved later that 
1 1 1 dM 
1 = -(sine +5 sin 3a +> sin ba ++ 7 sin 7x + °° -) 


for all values of « between 0 and x; hence our required solution is 


4 1 1 : Lee 
eet | e-* sin 2 nme oe sin 3a -+ ae sin 5a + 7 e~ sin Gr eo | (9) 
LS 


for this satisfies the differential equation and all the given conditions. 

If the given temperature of the base of the plate instead of being unity 
is a function of x, we can solve the problem as before if we can express the 
given function of 2 as a sum of terms of the form A sin ma, where m is a 
whole number. 

The problem of finding the value of the potential function at any point of 
a long, thin, rectangular conducting sheet, of breadth z, through which an 
electric current is flowing, when the two long edges are kept at potential zero, 
and one short edge at potential unity, 1s mathematically identical with the 


problem we have just solved. 
EXAMPLE. 


Taking the temperature of the base of the plate described above as 100° 
centigrade, and that of the sides of the plate as 0°, compute the temperatures 


of the points 
Tv 7 Tv 
 (§1); © 2); © & 3), 
correct to the nearest degree. Ans. (a) 26°; (b) 15°; (c) 6°. 


8.| As another illustration, we shall take the problem of the transverse 
vibrations of a stretched string fastened at the ends, initially distorted into 
some given curve and then allowed to swing. 

Let the length of the string be 7. Take the position of equilibrium of the 
string as the axis of X, and one of the ends as the origin, and suppose the 
string initially distorted into a curve whose equation y = f(«) is given. 

We have then to find an expression for y which will be a solution of the 
equation 


; Diy a2 Py [vir] Art. 1, 
while satisfying the conditions 

y=0 when c=0 (1) 

y = 0 1) (2) 

Ym F(a a (3) 

Dy—=0 66 t= 0, (4) 


the last condition meaning merely that the string starts from rest. 
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As in the last problem let * 7 = e+ and substitute in [vir]. Divide 
by e+8* and we have £?= a?a? as the condition that our assumed value of 
shall satisfy the equation. 
y fy q y == yt taet (5) 


is, then, a solution of (vir) whatever the value or a. 

It is more convenient to have a trigonometric than an exponential form to 
deal with, and we can readily obtain one by using an imaginary value for a in (5). 
Replace a by ai and (5) becomes y = e@*“!, a solution of [vir]. Replace 
a by — ai and (5) becomes y = e~@***, another solution of [vim]. Add 
these values of y and divide by 2 and we have cos a(a £ at). Subtract the 
second value of y from the first and divide by 2i and we have sin a(a + ad). 

y = cos a(x + at) 

y = COS a(x — at) 

y = sin a(x — at) 

y = sin a(a — at) 
are, then, solutions of [vu]. Writing y successively equal to half the sum 
of the first pair of values, half their difference, half the sum of the last 
pair of values, and half their difference, we get the very convenient particular 


solutions of [virr]. 
Yy = COS ax COS aat 


y = sin az sin aat 
y = sin ax cos aat 


y = COS ax sin aat. 


If we take the third form 
7 = sin ax cos aat 


it will satisfy conditions (1) and (4), no matter what value may be given tc 
a, and it will satisfy (2) if a = aa where m is an integer. 
If then we take 


2 2 
y = A, sin > cos a + A, sin a cos me ++ A; sin on cos ama -+---- (6) 


where A,, A,, A,‘ *: are undetermined constants, we shall have a solution of 
{vur] which satisfies (1), (2), and (4). When ¢=0 it reduces to 


3TH 


y =A, sin soe BY sin = 4 4, Bu kr (7) 


If now it is possible to develop f(x) into a series of the form (7), we can 
solve our problem completely. We have only to take the coefficients of this 
series as values of A,, A,, Az... in (6), and we shall have a solution of 


{vit} which satisfies all our given conditions. 


* See note on page 5. 


8 INTRODUCTION. [Art. 9. 


In each of the preceding problems the normal function, in terms of which a 
given function has to be expressed, is the sine of a simple multiple of the 
variable. It would be easy to modify the problem so that the normal form 
should be a cosine. 

We shall now take a couple of problems which are much more complicated 
and where the normal function is an unfamiliar one. 


9. \ Let it be required to find the potential function due to a circular wire 
ring of small cross section and of given radius ¢, supposing the matter of the 
ring to attract according to the law of nature. 

We can readily find, by direct integration, the value of the potential function 
at any point of the axis of the ring. We get for it 


M 
ho Ve? -+- x? o 

where M is the mass of the ring, and 2 the distance of the point from the 
centre of the ring. 

Let us use spherical coordinates, taking the centre of the ring as origin and 
the axis of the ring as the polar axis. 

To obtain the value of the potential function at any point in space, we must 
satisfy the equation 


D,(sin 6DeV) + DV = 0, [x11] Art. 1, 


il 
sin 6 ata 6 


subject to the condition 


NORA GM OW econ 


M 
~ E+ 2+! 


From the symmetry of the ring, it is clear that the value of the potential 
function must be independent of ¢, so that [x11] will reduce to 


when 6=0. (1) 


rD2(rV) + = De(sin 6 De) = 0. (2) 


We must now try to get particular solutions of (2), and as the coefficients 
are not constant, we are driven to a new device. 

Let* V=7” P, where P is a function of 6 only, and m is a positive intege1, 
and substitute in (2), which becomes 


x m(m -+- 1)r"P ee Dg (sin 6D, P) = 0. 


sin@ 


* See note on page 5, 
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Divide by rv” and use the notation of ordinary derivatives since P depends 
upon 6 only, and we have the equation 
eee: 
d (sin 0 aA 


AC ane et (3) 
from which to obtain P. 


Bar (3) can be simplified by SnaopiiE cee independent variable. Let 
= cos @ and (3) becomes. Se 1 » - 


ic K — x?) ir) + m(m +1) P=0. (4) 


Assume * now that P can be expressed as a sum or as a series of terms 
involving whole powers of « multiphed by constant coefficients. 
Let P= a,” and substitute this value of Pin (4). We get 


SX [n(n —1)a,2"—*— n(v +1)a,2" + mim +1) a,27] =0, (5) 
where the symbol & indicates that we are to form all the terms we can by 
taking successive whole numbers for x. 


As (5) must be true no matter what the value of 2, the coefficient of any 
given power of a, as for instance a*, must vanish. Hence 


(k+2)(k+1)a 4. —k(k +1), + m(m +1) a, =0 (6) 
m(m~-+ 1) ~k(k+1) 
and LP AC re ae On- (7) 


If now any set of coefficients satisfying the relation (7) be taken, P= % a,a# 
will be a solution of (4). 


li hi We tg == 0, yg 0, &e. 
Since it will answer our purpose if we pick out the simplest set of coefficients 


that will obey the condition (7), we can take a set including a,,. 
Let us rewrite (7) in the form 


a (k + 2) (k +1) , (3) 
ee ~ (m — k)(m + k +1) *+* 
We get from (8), beginning with 4 =m — 2, 
m(m-—1) 


Te ea 3.2m — 1) “™ 
x Ge) 
am—4 = OF. (2m — z (2m — 3) 
2.4.6. (2m — 1) 2 n= SyGm— 5) 


ay —6 = 


* See note on page 5. 
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If m is even we see that the set will end with a, if m is odd, with a. 


mim — I , , min — lym — 2) G7 — 3 
Pate eae 2.2m — ye Ceca] Fea 1) an 3) D gmat | 
where a,, is entirely arbitrary, is, then, a solution of (4). It is found con: 
venient to take a,, equal to 
(2m — 1) (2m — 3): 
m! 

and it can be shown that with this value of a, P=1 when « =1. 

P is a function of « and contains no higher powers of # than 2, It is 
usual to write it as P,, (). 

We proceed to compute a few values of P,, (w) from the formula 


2m —1)(2m — ae m (m —1) 
Pm (*) “< < m! = om 7 oon) (att — 1) ar 
m A —1) (12% —=2) (0 — 3) ae 
2.4.(2m — 1) (2m — 3) * ss aes i] : (9) 
We have: 
Pi(a) =1 or P,(cos #) = 1 
P(x) =x Gi P,(cos 6) = cosé 


P3(2) = 4 (82? —1) ‘“ P,(cos @) = $(3 cos?6 — Y) 
P;(x) = 3 (5a® — 32) & P,(cos 8) = $5 cos?6 — 3 cos 6) 
P,(x) = } (85x24 — 302? + 8) or 
P,(cos @) = $(35 cos* 6 — 30 cos?@ + 3) 
P(x) = 4 (632° — 70x? + 152) or 
P,(cos 8) = 4 (63 cos*6 — 70 cos?6-+15 cosé). J 


(10) 


We have obtained P=P,,(v) as a particular solution of (4) and 
P= P,,(cos @) as a particular solution of (3). P,,(«) or P,,(cos 6) is a 
new function, known as a Legendre’s Coefficient, or as a Surface Zonal Har- 

CALLA LEE — er eh 
monic, and occurs as a normal form in many important problems. 

V=r"P,, (cos 6) is a particular solution of (2) and 7™P,, (cos 6) is some- 
times called a Solid Zonal Harmonie. 

We can now proceed to the solution of our original problem. 


V = Agr* Py (cos 6) + Air P; (cos 6) + Apr? P; (cos 6) + Asr* P; (cos 6) +--+ (11) 


where A), 4,, A,, &c., are entirely arbitrary, is a solution of (2) (v. Art. 5). 
When ¢ = 0 (11) reduces to 


Ag Ar ag Ag at 
since, as we have said, P,, (w) =1 when x =1, or P,, (cos 0) =1 when 6=0. 


By our condition (1) Wa 


V= Rie a Owe 
when 6 = 0. (7)! 
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By the Binomial Theorem 


=5[1- a 132% 1.8.6 7° ve 
a5 > Pe f4pm cae act ] 


provided >< c. Hence 


57 


P, (cos 6) agree Gt «Pe (cos 6) +-> -|a2) 


v= Pe (cos 55 “ P, (008 \+505 a 
is our required solution if r< ce: for it is a solution of equation (2) and satis- 
fies condition (1). 
EXAMPLE. 
Taking the mass of the ring as one pound and the radius of the ring as one 
foot, compute to two decimal places the value of the potential function due to 
the ring at the points 


(a) (r =.2,0=0); () (vr =.6,6=0); (f)("=.6,6=5)3 


(0) ("= 2,9=7); (e) ("=.6,6=§); 9) ("=.6,6=5); 


(0) (° oy tp Ans. (a) .98; (v) .99; (c) 1.01; (a) .86; 
().905-07 0037 G1 10: 

The unit used is the potential due to a pound of mass concentrated at a point 

and attracting a second pound of mass concentrated at a point, the two points 

being a foot apart. 


10. A slightly different problem calling for development in terms of Zonal 
“Harmonics is the following: 

Required the permanent temperatures within a solid sphere of radius 1, 
one half of the surface being kept at the constant temperature zero, and the 
other half at the constant temperature unity. 

Let us take the diameter perpendicular to the plane separating the unequally 
heated surfaces as our axis and let us use spherical codrdinates. As in the 
last problem, we must cs the equation 


rD2(ru) + a —_ Dg (sin 6 Doi) ie acy 2p Ps was 0 [x11] Art. 1 
which as before reduces to 
rD?(7r2) 3 Wy. g Po(sin 6 Deu) = 9 (1) 


from the consideration that the ee must be independent of ¢. 
Our equation of condition is ; 


u=1 from 6=0 to bey, and «= 0 from Nea yA 6=7, (2) 


when r=1. 
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As we have seen u=r™"P,,(cos 9) is a particular solution of (1), m being 
any positive whole number, and 


u= Agr P, (cos 0) + A,rP; (cos 6) + A,7*P2 (cos 8) + A37*Ps (cos 6)-+-:: (8) 


where 4,, 4,, 42, 4;--- are undetermined constants, is a solution of (1). 
When 7 = 1 (3) reduces to 
wu = Ay Py (cos 6) ++ A, P; (cos 6) + Ay P2 (cos 6) + A; Ps (cos A) -+- «ss (4) 
If then we can develop our function of 6 which enters into equation (2) in 


a series of the form (4), we have only to take the coefficients of that series 
as the values of Ay, 4;, A,, &c., in (3) and we shall have our required solution. 


11.\ Asa last example we shall take the problem of the vibration of a stretched 
“circular membrane fastened at the circumference, that is, of an ordinary drum- 
head. We shall suppose the membrane initially distorted into any given form 
which has circular symmetry * about an axis through the centre perpendicular 
to the plane of the boundary, and then allowed to vibrate. 

Here we have to solve 


1 1 
Die aie ( Die += Dx +5 Dj) [xr] Art. 1 


subject to the conditions 


z=f(r) when ¢=0 (1) 
D,z = 0 - pa) (2) 
2.4=> “ j= he (3) 


From the symmetry of the supposed initial distortion z must be independ- 
ent of ¢, therefore [x1] reduces to 


1 
Yea (D2 += D,#) (4) 
and this is the equation for which we wish to find a particular solution. 
We shall employ a device not unlike that used in Art. 9. 


Assume f z = &.7' where # is a function of 7 alone and Z is a function of 
talone. Substitute this value of z in (4) and we get 


RD{T = 0T (Dx ze = D,R) 


iL high Gh (e 1dk 
or y 


OT d®  R\dr? Ur dr (5) 
The second member of (5) does not involve ¢, therefore its equal the first 
member must be independent of ¢. The first member of (5) does not involve 


* A function of the codrdinates of a point has circular symmetry about an axis when its 
value is not affected by rotating the point through any angle about the axis. A surface has 
circular symmetry about an axis when it is a surface of revolution about the axis. 

t See note on page 5. 
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r, and consequently since it contains neither ¢ nor ”, it must be constant. Let 
it equal — 4, where yu of course is an undetermined constant. 
Then (5) breaks up into the two differential equations 


PT 
aa t wer =0 ) 

@R  1dR 

We nee 0+ (7) 


(6) can be solved by familiar methods, and we get 7’ = cos uct and 7 = sin pct 
as simple particular solutions (v. Int. Cal. p. 319, § 21). 
To solve (7) is not so easy. We shall first simplify it by a change of inde- 


pendent variable. Let r= (7) becomes 


aR 1dR 
et age Os (8) 


Assume, as in Art. 9, that & can be expressed in terms of whole powers of 

x Let R=Sa,2" and substitute in (8). We get 
= [n(n — 1)a,2"—* + na,z"—? + a,0"] = 0, 
an equation which must be true no matter what the value of a The coeffi- 
cient of any given power of x, as a*~*, must, then, vanish, and 
k(k —1)a, + ka, + m%_»= 09 

or k? a, + _»= 0 
whence we obtain ie (9) 
as the only relation that need be satisfied by the coefficients in order that 
R= a,z* shall be a solution of (8). 

If Raa) eng Oye Oy 2 = 0, KC. 


We can then begin with & =0 as our lowest subscript. 


U2 
From (9) Cpe aya te 
Qo 
Then 2=— 7 
AX 
a= 92 42 


a 
oS eee Fae sins 
8 
Hence =a [1-3 +5 — page t+ ot ] 
where a) may be taken at pleasure, is a solution of (8), provided the series is 
convergent. 
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Take @=1, and then &=J,(#) where 
af oe ro zr 
A@=l1-patyp— wpe t PPE a) 
is a solution of (8). 
Jy (a) is easily shown to be convergent for all values real or imaginary of 2, 
since the series made up of the moduli of the terms of Jo(x) (v. Int. Cal. 
Art. 30) 


6 


y? y* y" 
ltatept pepe to. 


ad 


where 7 is the modulus of x, is convergent for all values of 7. For the ratio 
12 

of the n + 1st term of this series to the mth term is 3 and approaches 
n 


zero as its limit as n is indefinitely increased, no matter what the value of 7. 
Therefore J, (a) 1s absolutely convergent. 

Jy(#) is anew and important form. It is called a Bessel’s Function of the 
zero th order, or a Cylindrical Harmonie. 

Equation (8) was obtained from (7) by the substitution of z=yr, therefore 


pry? | (wr)" pr)* 
R= Jy (ur) eg ee + <a aig 


is a solution of (7), no matter what the value of w, and z= J(u) cos pet 
or # = Jy (ur) sin pct is a solution of (4). 

2 = J, (mr) cos wet satisfies condition (2) whatever the value of w. In 
order that it should also satisfy condition (3) # must be so taken that 


Jo(ua) = 0; (14) 
that is, 4 must be a root of (11) regarded as an equation in ym. 


It can be shown that J)(~)=0 has an infinite number of real positive 
roots, any one of which can be obtained to any required degree of approxima- 


tion without serious difficulty. Let 2, x2, 73, °°: be these roots. Then if 
oH a ave 
Pk eee a Foe &e., 


# = Ay Jy (M7) COS fy ct + Aa Sy (Mo) COS fact + AgJo (Ms) COS Myct +--+. (12) 
where 4,, 4,, A,, &c., are any constants, is a solution of (4) which satisfies 
conditions (2) and (3). 

When ¢=0 (12) reduces to 


2 = AySy (pyr) + AaTo (par) + Ano (Har) oo. (13) 
{f then f(r) can be expressed as a series of the form just given, the solution 


of our problem can be obtained by substituting the coefficients of that series 
for 4,, 4,, As, &c., in (12). 


CHapP. 1.] DISCUSSION OF METHODS. 15 


EXAMPLE. 


The temperature of a long cylinder is at first unity throughout. The convex 
surface is then kept at the constant temperature zero. Show that the tem- 
perature of any point in the cylinder at the expiration of the time ¢ is 


a A, e—@ uit So (Ma r) a Age nit Jy (Me) a Aze—ust Jy ([4g7') + acens 
where #1, Mz, &c., are the roots of J)(uc) = 0, and where 


1 = Aydo (M17) + Ado (M27) + Ago (usr) +e, 
e being the radius of the cylinder. 


12. Each of the five problems which we have taken up forces upon us the 
consideration of the development of a given function in terms of some normal 
form, and in two of them the normal form suggested is an unfamiliar function. 
It is clear, then, that a complete treatment of our subject will require the inves- 
tigation of the properties and relations of certain new and important functions, 
as well as the consideration of methods of developing in terms of them. 


13. In each of the problems just taken up we have to deal with a homo- 
geneous linear partial differential equation involving two independent vari- 
ables, and we are content if we can obtain particular solutions. In each case 
the assumption made in the last problem, that there exists a solution of the 
equation in which the dependent variable is the product of two factors each of 
which involves but one of the independent variables, will reduce the question 
to solving two ordinary differential equations which can be treated separately. 

If these equations are familiar ones their solutions can be written down at 
once; if unfamiliar, the device used in problems 3 and 5 is often serviceable, 
namely, that of assuming that the dependent variable can be expressed as a 
sum or series of terms involving whole powers of the independent variable, 
and then determining the coefficients. 

Let us consider again the equations used in the first, second and third 


problems. \ ; 
© j Diu + D2u=0 (ls 


Assume u = X.Y where X involves a but not y, and Y involves y but not x 


Substitute in (1), YDiX +XD}Y =0, 
or, since we are now dealing with functions of a single variable, 
eae tid ys 
— 0 ; 


xae + yay = 
Aide eee A 
or ¥ dy ~~ X aa’ @1 
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Since the first member of (2) does not contain x, and the second member 
does not contain y, and the two members must be identically equal, neither of 
them can contain either « or y, and each must be equal to a constant, say a* 


Then en Vier 0. ou aM (3) 
and ues +a2X=0; p (4) 
and if (3) and (4) can be solved, we can solve (1). “They have for their com- 
plete solutions Y= Acv + Be-w 

and XA=Csinax+Deosaxz. (v. Int. Cal. p..319, § 21.) 


Hence Y=e” and Y=e~* are particular solutions of (3), XY = sin ax 
and = cos a# are particular solutions of (1), and consequently 

w=elsnaxr, u=eY%cosar, u=e-’sin ax, and u =e cos ax 
are particular solutions of (1). These agree with the results of Art. 7. 

@ DPy =WKDzy (1) 

Assume y = 7.X where 7 is a function of ¢ only and X a function of a 
only; substitute in (1) and divide by 7X. We get 

nia ai ea 


eT de — X dat} (2) 
’ ea Neo : 
hence as in the last case ¥ dr a constant; call it — a%, and (2) breaks 
up into ax : Y . 
reel Sow () 
PLO, pr 
We + a&2a?T = 0. Mh 0 (4) 


The complete solutions of (3) and (4) are 
X= Asin ax + B cos ax 
and T= C'sin gat + D cos aat, (v. Int. Cal. p. 319, § 21). 
y=sin axcosaat, y=sinaxsinaat, y=cosaxcosaat, y=cos ax sin aat 


are particular solutions of (1), and agree with the results of Art. 8. 
-~ iL 
(¢) TDG Vp 


sin 0 
Assume V= R.© where & involves r alone, and ® involves 6 alone; sub 
stitute in (1), divide by #.0, and transpose; we get 


. HOS 3 
r (rR) 1 a(sin 0-7) 
| Rd" Ong ee ae 


Dg (sind DV) =0. (1) 


(2) 
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Since by the reasoning used in (a) and (6) each member of (2) must be a con- 
stant, say a, we have 


ark 
- = ah | (3) 
, ad® 
sin 6 a6 cag em wien (4) 
(3) can be expanded into 


_@R dR 
2 +02 —av’R=0. (5) 


Og ae 
(5) can be solved (v. Int. Cal. p. 321, § 23), and has for its complete solution 


Tt == Ape = Br, 
were m=—}t+Va?+ 4 and m=—4+—Va'?+4. 


Hence n =— m—1, and(a? may be written m(m-+1), m being wholly 


arbitrary; and 
R= Arm = Br-m-1, 


— ym ——— 
1S and f= ati 


are, then, particular solutions of 


: CR _ dR 
TP + 2r FES mm +-1)k=0. (6) 


With the new value of a? (4) becomes 


d® 
1 d( sind a) 


ore 76 + m(m+1)o=0. (7) 


, 


which has been treated in Art. 9 for the case where m is a positive integer 
and the particular solution © = P,, (cos@) has been obtained. 


Hence V =7"P,, (cos) 


i 
and V= pm+i She (cos ) ’ 


m being a positive integer, are particular solutions of (1). The first of these 
was obtained in Art. 9, but the second is new and exceedingly important. 


14. The method of obtaining a particular solution of an ordinary linear 
differential equation, which we have used in Articles 9 and 11, is of very 
extensive application, and often leads to the general solution of the equation 


in question. 
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As avery simple example, let us take the equation Art. 13 (a) (4), which 
we shall write 


sat ate = ; (1) 


Assume that there is a solution which can be expressed in terms of powers 
of x; that is, let «= Sa,a", where the coefficients are to be determined. 
Substitute this value for 2 in (1) and we get 


x [n(n — 1)a,2"—* + aa, 2") = 0. 


Since this equation must be true from its form, without reference to the value 
of x, that is, since it must be an identical equation, the coefficient of each 
power of x must equal zero, and we have 


(+1) + 2)a,..+ aa, =0; 
__ @ED@t2 | 


whence Up Pay t 
is the only relation that need hold between the coefficients in order that 
= a,x" should be a solution of (1). 

If n-+2=0 or »+1=0, a, will be zero and a,_.2, a,_4, &¢., will be 
zero. In the first case the series will begin with a), in the second with a,. 


Cen aa (@+)@~t+ 2) Ans 


If we begin with a» we have 


a? a* a’ 
G2 = => oy 40 O47 to) te = — Go, ey see 
2 a2 4 m4 £ 6 
ax ax ax 
and Feat (yas ree 61 a) (2) 
or 2 = Q COS ax (3) 


is a particular solution of (1). 
If we begin with a, we have 


a? 4 ae 
i Ss me EL Fie Or Rt ee eee ok &e., eee 
2 08 4.5 Gy 5 
arw arn a xz \ 
and =a, ( ae 7 ce) (4) 
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is a solution of (1); «, can be taken at pleasure. Let a, =a, (4) becomes 


hes a: Ae’ aa ot 
2=ar— - os 
3! 5! 7 


or #2 = sin ax 
which, ther, is a particular solution of (1). 

z= Asinarx+ 8 cos ax (5) 
is, then, a solution of (1), and since it contains two arbitrary constants it is 


the general solution. 


15. As another example we will take the equation 
; e dz ; 
3 dx mm +1l)je=0, (1) 


which is in effect equation (6), Art. 13 (c), and let m be a positive integer. 
Assume # = a,x" and substitute in (1). We get 


x [n(m + 1) — mim + 1)) a,27=0. 
This is an identical equation, therefore 
[n(n + 1) — mim + 1)]a, = 0. 
Hence a, = 0 for all values of » except those which make 
n(n +1) — mm + 1) = 0, 
that is, for all values of except n =m and n=—m—1. Then 
BAe a bene" (2} 
is the general solution of (1) and 
2=a™ and z= amt 


are particular solutions. If m is not a positive integer this method will not 
lead to a result, and we are driven back to that employed in Art. 13 (c). 


16. Let us now take the equation 


a dz 
tl a-9 ]tmmtyz=0 ql) 


which is in effect equation (4), Art. 9, and is known as Legendre’s Equatw, 
(1) may be written . 


> Gz a dz 2 ‘engi 9 
& — 2) 53 °— fe 5 mm + je =O. (2) 
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Assume ~ = a,x" and substitute in (2). We get 
& {n(n — 1)a, 2-2 + [m(m + 1) — n(n + 1)Ja,2"} = 0. 
Hence = (n +1) (n +. 2) 4+ [m(m +1) — n(n +1)]a,=0, 


(n +1) (n + 2) 
OF i hate m(m + 1) — n(n + 1) Cn +2" (3) 


If a,=0, then a,_,=0, a,_,=0, &.; but a,=90 if n=—~2 or »n=—L 
For the first case we have the sequence of ccetticients 


mm + 1) 
ies 


0 -= 0 


U7 


m(m — 2)(m +1) (m + 3) 
Poa eee 1a eae co 


- m(m — 2) (m — 4) Use 1) (m + 8)(m + 5) at ee 


ag = 
Let us take a), which is arbitrary, as 1. Then z= ~p,, (x) where 


PO E re ae 1) a m(m — 2) a 1) (m+ 3) Mee | (4) 


is a solution of Legendre’s Equation if p,,(x) is a finite sum or a convergent 


series. 
For the second case we have the sequence of coefficients 


(m — 1)(m + 2) 
is mee a Dy 


3 => 


(a 1) Ga ate + 2) (m + 4) 
epesre Sarena 


as = 


(m —1)(m — 8) (m — 5) (m + 2) (m + 4)(m + 6) 
oe I Pe eae rT So 
ra! 
Let us take a,, which is arbitrary, as 1. Then z= q,,(x) where 


m—1)(m+2 m—1)(m— 8) (m m 
tnt) |e OO OT Nt as. 105 


is a solution of Legendre’s Equation if q,,(#) is a finite sum or a convergent 
series. | 
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It m is a positive even whole number, p,,(x) will terminate with the term 
containing x”, and is easily seen to be identical with 


2m [ r (G oe 1) ] 


i 1)? — Tim + 1) hs (UE): {v. Art. 9 (9)] 


For all other values of m, p,,(x) is a series. 
The ratio of the (m + 1)st term of p,,(«) to the nth, when m is not a posi- 
tive even integer, is 


(an — 2 — m)(2n —1+m) 


(@n —1) Qn) + 


Its limiting value, as m is increased, is 27, and the series is therefore con- 
vergent if —1<2<i. It is divergent for all other values of 2. 

If m is a positive odd whole number 4,,(”) will terminate with the term 
containing «”, and is easily seen to be identical with 


fC 


Gab Te STS TS Mak ee Gg 


For all other values of m, 7,,(x) is a series, and can be shown to be con- 
vergent if —1 <2 <1, and divergent for all other values of 2. 


z= App (©) + BYm(@) (6) 


is the general solution of Legendre’s Equation if -~1<a2<1, no matter 
what the value of m. From Art. 13 (c) it follows that 


V=?" Py (COs) 


il 
i ae Pm (C08 8) 
(7) 


=?" J, (COS 8) 
mer. 
Uf sckgegen Vm (cos 6) 
are particular solutions of 
1 ; 
DEV) ao. D,(sin@ DV) = 0, 
no matter what the value of m, provided cos 6 is neither one nor minus one. 
In the work we shall have to do with Laplace’s and Legendre’s Equations, 


it is generally possible to restrict m to being a positive integer, and hereafter 
we shall usually confine our attentiov to that case. 
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With this understanding let us return to (3), which may be rewritten 


(m — n)(m +n-+1) 


OE eS (n+1) (n+ 2) oes 
If Ap 49 = 90, then a,,,==0, a,,56=0, &e; 
but G4, 0 if n=m, or 2S—m =F, 


If in (3) we begin with » = m — 2, we get the sequence of coefficients already 
obtained in Art. 9, and we have e = P,, (x), where 


(2m — 1) oe _ Oe | m(m — 1) — 1) 


Pra — 2m —1) 


Heh 


m(m —1)(m — 2) (m — Di ges 
+ 9am — 1) Gm — 3) 


m(m — 1) (m — 2) (m — 3) (m — 4) (m — 5) ay 
— See nee ‘| 


as a particular solution of Legendre’s Equation. 


If, however, we begin with x = — m — 3, we have 
_ (m+) (m+ 2) 
®—m—3 = "Sm fp By om} 
(m +1) (m + 2) (m+ 38) (m+ 4) 
@—m—3 =~" 9.4. (2m + 3) (2m + 5) Tait 
__ (m + 1) (m + 2) (m + 3) (mn 4+ 4) (m + 5) (m + 6) 
_m—1 = 2.4.6.(2m - 3) (am + 5) Qm +7) ~ Ami» &e 


m! 


das me Olen wae Ye 


a@_j,,—, may be taken at pleasure, and is usually taken as 


and «= Q,,(«) where 


= m! Cie Gn et 
Om“) = in ate LV iret aero. Ee a Z.(2m 1-3) a+ 


(9) 


(m +1) (m+ 2)(m+3)(m+4) 1 
cee 2.4.(2m + 3) (2m + 5) eae | 


is a second particular solution of Legendre’s Equation, provided the series is 
convergent. @,,(x) is called a Surface Zonal Harmonic of the second kind. 
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It is easily seen to be convergent if e<—1 or x >1, and divergent if 
seh ae eo I 
Hence if m is a positive integer, 


2=AP,, (2) + BQ, (2) (10) 


is the general solution of Legendre’s Equation if «<< —1 or x >1. 
We have seen that for —-1 <x <1 


me Pett) 


Pe (x) — oe id), m Pm (x) (11) 
Qn [ D (ger 1) | 
if m is an even integer, and 
JS. LT (m +1) 


Fo (i) > Im (#) (12) 


m+1 
aoe [ . ( 2 )] 
if m is an odd integer. 


If now we define @),, (x) as follows when —1< a2 <1 


eS 2 ) | (13) 


es or, fi 


peas 2) (14) 


Qm (x) = (— 1)? Pmt)” (x) 


if m is an odd integer, and 


if m is an even integer, then (10) will be the general solution of Legendre’s 
Equation if m is a positive integer when —1< 2 <1, as well as when x << —1 
orxr> 1. 


Gz) Let us last consider the equation 


(Pa Ge m? 
| (1) 


which is known as Bessel’s Equation, and which reduces to (8) Art. 11, 
that is, to 


d*z 1 dz 
A OP agg 


when m = 0;* (1) can be simplified by a change of the dependent variable. 


* This equation was first studied by Fourier in considering the cooling of a cylinder. We 
shall designate it as ‘‘ Fourier’s Equation.” 
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Let 2 = 2"v and we get 


Beaoat | dy 2m-+1 dv 
\ ; 2a t ax? oe er aaa eel p=—=a0 (2) 
to determine v. 
Assume v = 3a, 2", and substitute in (2). We get 


> [n(2 m + 2)a,t"—* + ana" |] =- 0; 
whence O93 = — (2 mM + 2)Apy. 


If we begin with n=0, then a,_,=0, a,_,=0, &c., and we have the 
set of values 


Xo 
a= — Dom 2) ~~ Bim ED) 


Ao 


Lo 
49 -4(2m + 2)(2m + 4) ~~ 2EQ(m F Dim + 2) 


Ao Ao 


= — 746m + Dm + 4m +6) B3Km--lym+2m+ 3)’ 


a? at 


whence ERO Ge [3 — 33(m -F 1) a 242 1(m + 1)(m + 2) 


ge 
— 283m +l +2)(m+3)t"" | (3) 
: : Lag. : 
is a solution of Bessel’s Equation. a, is usually taken as 3mm | if m is a pos- 
itive integer, or as aE (m + 1) if m is unrestricted in value, and the second 


member of (3) is represented by J,,(x) and is called a Bessel’s Function of the 
mth order, or a Cyvindrical Harmonic of the mth order. 
If m==0, J,,(x) becomes Jo(x) and is the value of 2 obtained in Art. 11 
as the solution of equation (8) of that article. 
If in equation (1) we substitute x—”v in place of «”v for z, we get in place 
of (2) the equation 
dy | 1—2m dv 
dat ede t= 9 
and in place of (3) 


x? ac 
fe = Ogat E Bim) + BC — mea — m 


oo 


RB —me—me—om | (4) 
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if 
SPD Cl 9) 
function of —m and x rene J, (x) is of ++ m and w and may be written 
Fn (2). 
Therefore z= AJ, (x) + BI_»(x) (5) 


If a is taken equal to 5 the second member of (4) is the same 


is the general solution of (1) unless /,,(@) and J_,,(x) should prove not to be 
independent. 
It is easily seen that when m=0, J_,,(~) and J,,(x) become identical 
and (5) reduces to 
= (A+ BAe) 


and contains but a single arbitrary constant and is not the general solution of 
Yourier’s Equation (8) Art. (11). 

It can be shown that J_,,(#) = (—1)"J,,(«) whenever m is an integer, 
and consequently that the solution (5) is general only when m if real is frac- 
tional or incommensurable. 

The general solution for the important case where m = 0 is, however, easily 
obtained. Let #(m,a) be the value which the second member of (3) assumes 
when a =1; then the value which the second member of (4) assumes 
when a) = 1 will be #(— m,«), and it has been shown that «= F(m,«) and 
2 = F(—m,zx) are solutions of Bessel’s Equation; 2 = #(m,x) — F(— m,z) 
is, then, a solution, as is also 

Tm, 2) — FF (=, & 
es ree 2m d, (6) 
F(m,2) — F(— mx a) 


2m 


but the limiting value which approaches as m approaches 


zero is [D,, F'(m,x)]n=29 and consequently 


sf ae [D,, & (m, 2%) Vn=o (7) 
is a solution of the equation 

CO 2s ae 

dx? * x da aig et (8) 


and the general solution of (8) is 
z= AJ,(x) + BLD, F (m, &) Inco - 


te at 
F(m,2)=2"[1— agen tacit we 


——$ 


Bam ED EDD Tt = 
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D,F'(m,x) = «™ log x [t1-ae pnt eee ED ae i] 


Hee at 
sateen E — Fim FD + eam Pom yt | ; 
The general term af the last parenthesis can be written 


oe 
22% Kel(m + 1)(m + 2) +++ (m +k) : 


and its partial derivative with respect to m is 


(eed 


eee i 
(— 1) pa Pm (mF 1m +2)°-- (m+ 6) 
1 
ee ceca) = — [log (wm +1) + log (w +2) + °°: 
+ log (m + k)]. 
Take the D,, of both members and we have 
D 1 
L i 1 1 
=i (m + 1)(m +2) +++ (m+ k) [es ee aisiee a] . 
2 4 a® 


Pm [1 — Fan ED + aim ED om +2) ~ B34 lyon Dom +S) 


2 1 ot 1 J i 
+ Od) 0 | TE Ge ah oe), (m + 1)(m + 2) Ee +3 | 
x i ae ae aaa 
+ 3531 (m+ lyon + 20m 3) [a A ag Herre | ae 
and we have 


ae 4) ae ia a c jor abo al 
[Pn # (mM, ©) | m= 0 = Jo(X) io 2 osc Ny imo ts) paren je) 


Hs Lael ee 
rays ee 
and 2=Ado(r) + BK, (x), (9) 
2 nt 1 6 
ae 3b a Sh 
—way i+5t3tg)+-- (10) 


is the general solution of Fourier’s Equation (8). 
K(x) is known as a Bessel’s Function of the Second Kind. 
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18. It is worth while to confirm the results of the last few articles by 
getting the general solutions of the equations in question by a different and 
familiar method. 

The general solution of any ordinary linear differential equation of the 
second order can be obtained when a particular solution of the equation has 
been found [v. int. Cal. p. 321, § 24 (a)}. 

The most general form of a homogeneous ordinary linear differential equa- 
tion of the second order is 

hae H+ Qy=0 a) 


dx 


da? 


where P and Q are functions of xz. Suppose that 


VSe (2) 
is a particular solution of (1). Substitute y= vz in (1) and we get 
d? z dv dz 
Do ee Meso 
ie + (2 oP + Pe) ln Wh (3) 
Call = =:'. Then (3) becomes 
2! du ; 
va + (2 + Pe) = 0, (4) 


a differential equation of the first order in which the variables can be sepa- 
rated. Multiply by dx and divide by vz' and (4) reduces to 

dz! dv 

ear + Pde=0. 
Integrate and we have 


log 2' + log v? +f Par = 


or gly? = eC ~f Pde — Be—f Pax ; 
de ef Paz 
a= da v 
—fPdx 
2=A+B ed dx ; 
vy 
— f Pax 
and y=r(A+B ah dz) (5) 
D 


is the general solution of (1), the only arbitrary constants in the second mem- 
ber of (5) being those explicitly written, namely, 4 and B. 
(a) Apply this formula to (1) Art. 14, 


+ a*z=0> (1) 
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given: «==cos az, as a particular solution. Substituting in (5) we have 
since P = 0 


#2 = COS ax (4+2 ee 
cos 


B 
= COs ax (4 ob * tan i 


= Acosar + B,sinaz, (2) 
as the general solution of (1), and this agrees perfectly with (5) Art. 14. 
(6) ‘Take equation (1) Art. 15. 


dz dz 
x? Tat 2a 7 — m(m + 1)z=0; (1) 

piven: = 2™, as a particular solution. 

oy " 2 — {Pax il 
Here P= me f Pdx =2\logx=loga?, and e aa Hence by (5) 

da B if 
z= xm (A + Baa) = om (Aspe = eaat): 
B 

that is z= Agm 4+ —1 (2) 


gmt 


is the general solution of (1), and agrees with (2) Art. 15. 
(c) Take Legendre’s Equation, (2) Art. 16. 


~ Oe eas 
(1 — a*) Fa — 2a + mm + Ie = 0 5 (1) 
given: 2 = P,,(#), as a particular solution. 
aoe Pdx i 
Here Se paesen ge Cre and e—J Pdr = eae 


is the general solution of (1) and must agree with (10) Art. 16, if m is an 
integer, and therefore 


da 
Qn (#) = CP», ©\a== oF (3) 


vhere C is as yet undetermined, and no constant term is to be understood with 
the integral in the second member. 


(dq) Take Bessel’s Equation, (1) Art. 17. 


Tatent(t- mi) 2 = 0"; @ 


given: «=Jd,,(x), as a particular solution. 
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29 
Here rae Pdz =) da ~free — 1 
et x=logaw, and e aoe Hence by (5) 
dx 
2=J,,(2) (A+B f ts) 
© (4+ 2) or c 
is the general solution of Bessel’s Equation. 
If m = 0 (2) becomes 
da Xe 
2 = J, (x) (4 + B ernest) (3) 
and must agree with (9) Art. 17. Therefore 
dx 
a ) | —— 4. 
K,(«) = C J(x) Tor (4) 


where C is at present undetermined, and no constant term is to be taken 
with the integral. 

The first considerable subject suggested by the problems which we have 
taken up in this introductory chapter is that of development in Trigonometric 
Series (v. Arts. 7 and 8). 


CHAPTER I1: 


DEVELOPMENT IN TRIGONOMETRIC SERIES. 


19. We have seen in Chapter I. that it is sometimes important to be able 
to express a given function of a variable a, in terms of the sines or of the 
cosines of multiples of z The problem in its general form was first solved 
by Fourier in his “ Analytic Theory of Heat” (1822), and its solution plays a 
very important part in most branches of modern Physics. Series involving 
only sines and cosines of whole multiples of x, that is series of the form 

bo + b, cos « + b, cos 2a ++++-+ a, sin x + a,sin 22+: 
are generally known as Fourier’s series. 

Let us endeavor to develop a given function of « in terms of sin x, sin 2a, 
sin 3a, &e., in such a way that the function and the series shall be equal for 
all values of x between x = 0 and «= 7. 

To fix our ideas let us suppose that we have a curve, 

y¥=f(@), 
given, and that we wish to form the equation, 
y = o,sin x + a, sin 2x + az sin 3x -+-:-. 
of a curve which shall coincide with so much of the given curve as lies between 
the points corresponding to 7 = 0 and «#=7. 

It is clear that in the equation 

df 1G Sth ae (1) 
a, may oe determined so that the curve represented shall pass through any 
given point. For if we substitute in (1) the coordinates of the point in ques- 
tion we shall have an equation of the first degree in which a, is the only 
unknown quantity and which will therefore give us one and only one value 
for a. 

In lke manner the curve 
y == a sinx + a, sin 2x 
may be made to pass through any two arbitrarily chosen points whose abscissas 
he between 0 and 7 provided that the abscissas are not equal; and 
y = a sin x + a,sin 2x + ag sin 38x + -+--+ a, sin nx 

may be made to pass through any » arbitrarily chosen points whose abscissas 
le between 0 and 7 provided as before that their abscissas are all different. 

If, then, the given function f(a) is of such a character that for each value of 
between «=0 and =a it has one and only one value, and if between 
w=0 and «=m it is finite and continuous, or 1f discontinuous has only 
finite discontinuities (v. Int. Cal. Art. 88, p. 78), the coefficients in 


y = 4 Sin x + ay sin 2x + ag sin 8x 4-++-+ a, sin nx (2) 
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can be determined so that the curve represented by (2) will pass through any 
n arbitrarily chosen points of the curve 

y=f@) (3) 
whose abscissas lie between 0 and 7 and are all different, and these coefficients 
will have but one set of values. 


For the sake of simplicity suppose that the » points are so poo that their 
projections on the axis of XY are equidistant, ¢eXnele er at x=0)x< 1. 
7 
Call es aes Aw; then the codrdinates of the x points will be [Ax, f(Ax)], 
[2Ax, f(2Ax)], [S8Ax, f(BAx)], +++ [rAv, f(mAx)]. Substitute them in (2) and 
we have 
Av) = a,sinAr-+ assin2Arx + a sin 3Ax--+++-+ a, sin nAx 
a 
f(2Ax) =a, sin 2Ax-++ a,sindAr-+ agsin 6Ax + +++-+ a, sin Qnde 
4, 
NC ie =, sin es + a, sin ey + as sin 9Ax + >++-+a, sin 8nAx (4) 
finda) = = @, Sin Ae + a, sin 2 rie -++ a; sin ite + °°? a, sin n*Ax, 


” equations of *he first degree to determine the n coefficients a,, @2, G3, *** Gy. 
Not_only can equations (4) be solved in theory, but they can be actually 
solved in any given case by a very simple and ingenious method due to 
Lagrange. 
Let us take as an example the simple problem to determine the coefficients 
1) 22) As, A, and a;, so that 


y = a, sin + a, sin 2a + ag sin 3x + a, sin 4x + a, sin Sx (5) 
shall pass through the five points of the line 
Y= 
a 20 3m An 53 oo : 
which have the abscissas @» @» -—» —§” and 6’ & here being Az. 


We must now solve the equations 


7 eG ae om _ 43 , Ber 
=a,sin g + asin | + a3sin | + asin “| -b a, sin 


6 
Y 4a , our , oar . 107 
aT = ay sin = + a, sin cc + a3 sin a + a, sin 7% -+ a, sin || 
a POT ; aa 120 157 + (6) 
ar = ay sin + a, sin a -+- ag sin — + a sin-—2 6 + a; sin ee (6) 
4. , ar : ie . 167 _ 207 
aT = ay sin + a, sin e + as sin | +m sin | + a; sin =Ge 
5ar 5 107 = 20 257 


g =u sine + a, sin 6 + a3 sin—. + a, sin -—2- 6 + as sin — 6 
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: : Fa hs hg , 
Multiply the first equation by 2 sin @ , the second by 2 sin -—, the third 


4 pals 
by 2 sin ei , the fourth by 2 sin - the fifth by 2 sin - and add the 
equations, 


The coefficient of a, is 


T 20 2ar Aor 37r dor 87r 
2 ee 2 a ae 2) eine eoee pce BIN oats 
sin G 6 + 2 sin G sin G + 2 sin 6 bina ~ + 6 sin & 
_ om 107 
+ 2 sin 7 sin Sy oa 
T 20 T 31r 
but 2 sin = G sh = G = 00s EF — COS |, &e. 
Hence the coefficient of a, becomes 
on 
cos = + C03 = 7 + ee == a+ cos es +cos = 
[3 (> (7) 
37 br 97 127 157 
COS —G- — COS | cos — — Cos ~~ — C08 —E- 


and this may be reduced by the aid of an important Trigonometric formula 
which we proceed to establish. 


20. Lemna. 


i 


1 sin(2n-+ 1)? 
cos 6 + cos 26-+ cos 36 ++ +++ cos RO a (1) 
aie oe sink 
9 
For let S= cos 6 + cos 26 + cos 39-+ +--+ cos n§ and multiply by 2 cos 6. 
2S cos 6 = 2 cos? 6 + 2 cos 6 cos 26 + 2 cos 6 cos 36 +--+ + 2 cos 6 20s nb 
=1-+ cos 6+ cos 26-+:: --- cos (n — 1)0 
-+ cos 26+ cos 36+ cos 46+: - --+ cos (n+ 1) 
= 25 + 1 + cos (n+ 1) 0 — cos 6 — cos n6. Hence 


_ 1 , cos n#—cos(n+1)6 
2 2(1 — cos @) 


: 0 
sin (2n + 1)5 
or s=— 1 Pecillo A) 


4 Q.E.D, 
sin 5 
dé 
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21. Applying (1) Art. 20 t» (7) Art. 19 the coefficient of a, reduces to 


i 380 
sin = if 75 
9 T 37’ 
sin 75 2 sin 75 
lin T 3or 
but 2077 ~D and io et — 753 
sin (x —— sin (37 — a 
therefore ar) Seba a Ge 12 ) ee 
2 sin eel TS ee 
12 ‘ 12 


and a, vanishes. 


In like manner it may be shown that the coefficients of as, a,, and a, 
vanish. 


The coefficient of a, is 


>) 
2 sin? = + 2 sin? = + 2 sin? au + 2 sin? a + 2 sin? “a 


6 
s=1) a 1 4- 1 + il + i 
Se (elle Sak gh A C BU 107 
6 85 G cos ; 208 6 
117 7 
1 sin Eo sin (2 ae 
=5+-, a 0 0, 
2 1 T 
2 sin - 2siné 


The first member of the final equation is 


oT phil 25m a 9 AT dn, , ow... Ow 
7 7 +22 ds ae ae sin —- + 2 g sin | +2 g ine: Hence 


a2 ae kr ae kor T , 
ra es a a =? z ¢ ; 
arr . te fay 6 (2 + y3) approximately 


If we multiply the first equation of (6) Art. 19 by 2 sin — ail , the second by 


6 
8 
2 sin = , the third by 2 sin a , the fourth by 2 sin o , the fifth 
by 2 sin ue , add and reduce as before we shall find 
"ker, Qh ee ee ae 
A, = 6 q in = Ve = 0.9; 


k=1 
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and in like manner we get 


2 kr. dkw 7 
ds = & 6 oi tam che 
yy a 
2 kr. Ak 3 
ie os 7 TV e 
LE ie aes Re ten of 0.3 
(| 
2 kw. bker 
Tv Tv 
ime @ fiice te ve ot 


Therefore 


y =2 sin « — 0.9 sin 2x + 0.5 sin 3x — 0.3 sin 4a + 0.1 sin 5z (1) 


: ; : _ m7 Wr 3 
cuts the curve y= at the five points whose abscissas are 6? 62 6° 


=, and on . 

22. The equations (4) Art. 19 can be solved by exactly the same device. 
To find any coefficient a, multiply the first equation by 2 sin mAax, the 
second by 2 sin 2mAz, the third by 2 sin 3mAz, &c. and add. 


The coefficient of any other a as a, in the resulting equation will be 
2 sin kAx sin mAz + 2 sin 2kAx sin 2mAx + 2 sin 3kAx sin 8mAx +--+ 
+ 2 sin nkAw sin nmAa 


= cos(m—k)Ax-+ cos 2(m—k)Ax+ cos 3(m—k)Ax-++++-+-cosn(m—k)Ax 


—cos(m-+ k)Ax—cos 2(m +k) Ax — cos 3(m +k) Aa —-+++—cos n(m-+ k) Ax 
sin za tt (m—k)Ax sin a o z (m + k)dx 
a aS ae ea ane nee MOVE LA reece: 
2 sin ae ae 2 sin ae 
2n +1 


=n+1-5 and (n-+1)Ac=r. 


Hence the coefficient of a, may be written 


sin [ om — k)r— || sin [ om +k)r— — | 


tee et 2 sin ails. oe 


oa Hee al 1 . 
but this is equal to oo oleae + 5 according as m —k is odd or even 


and so is zero in either case. 


k Cos A- Coe = —-2 e~ 1 A+B a L(A-8) 
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The coefficient of a,, will be 


2 sin?mAzx + 2 sin? 2mAzx + 2 sin? 38mAx + ++++ 2 sin? nmax 


x 
= eee te ee 
—cos 2mAx — cos 4mAx — cos 6mAx — +++ — cos 2nmAx 
1 sin (2x + 1)mAx 
eee 2 2sinmAx ” Der 20. 
But (2n + 1)mAx = 2m(n-+ 1)Ax — mAx = 2m7 — maz, 
7 2) 2 34 oes 
erations sin (2n + 1)mAa __ sin mar mAx) Peed: : 
2 sin mAx 2 sin mAx 2 


and the coefficient of a,,is n+1. 
The first member of our final equation will be 


k=n 
2 >) AkAz) sin kmAa. 
k=1 
Hence 


a, = 


m 


k= 
z ; , f(kAx) sin kmAg, (1) 
/ iO b 


n 


and the curve 
y = a sin x + a,s8in 22 +:---+ a, sin nz, (2) 
where the coefficients are given by (1) will pass through the » points of the 


; 3 T 
curve y= f(x) whose abscissas are Az, 2Ax, dAx,--:>nAx. Ax being aa ne 
ARO SNAS! OP TSC) AE EASIEST SUIS S AeA le area ama lah emma ; 


It should be noted that since the m equations (4) Art. 19 are all of the first 
degree there will exist only one set of values for the n quantities a,, az, as, 

-- a, that can satisfy these equations. Consequently the solution which we 
have obtained is the only solution possible. 


23. The result just obtained obviously holds good no matter how great a 


value of m may be taken. 
If now we suppose n indefinitely increased the two curves (2) Art. 22 and 
y = f(x) will come nearer and nearer to coinciding throughout the whole of 


their portions between 20 and «==7, and consequently the limiting 


form that equation (2) Art. 22 approaches as 7 is indefinitely increased will 
represent a curve absolutely coinciding between the values of & in question 


with y = f(z), 


*% 70 = i — Cea 


a 
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Let us see what limiting value w,, approaches as n is indefinitely increased. 
2 kan 
Om = TG > f(kAc) sin kmax (1) Art. 22. 
k=1 
_ 2he kan 
a r—D S(kAa) sin km&ax 


pal 
2 ; , ; 
= — =| fa) sin mAx.Ax+ f(2ZAx) sin 2mAx.Ax-+- ‘+ f(nAx) sin nmda. ae | 


Sale sinmAx.Aa-+ f(2Ax) sin 2mAxr.Ax-+ -: 

EE ao gee Az). her 
si Ax = ——.. 
since Ax = — : 1 

As n is increased indefinitely Aw approaches zero as a limit. Hence the 
limiting value of a,, as m increases indefinitely is 


2 limit [ f(Ax) sin mda. Ax + f(2Ax) sin 2mAx.Ax + -: . 
wv Ar == 0 gail ute e sin m7 — sane) 


2¢ é 
== f f(x) sin ma.dx. — [v. Int. Cal. Arts. 80, 81.) 
0 


Hence f(#) =a sin # + a sin 2a + as sin da +--+, (2) 


where any coefficient @,, is given by the formula 


2 ; 
Gy oe a f S(@) sin ma.dx , (3) 
0 


is a true development of f(x) for all values of a between x =0 and wx=7 
provided that the series (2) is convergent, for it is in that case only that we can 
assume that the limiting value of the second member of (2) Art. 22 can be ob. 
tained by adding the limiting values of the several terms. 

When x=0 andwhen x=—7 every term in the second member of (2) 
is zero, and the second member is zero and will not be equal to J(x) unless F(x) 
is itself zero when «=0 and «=7; but even when f(x) is not zero for 
x=0 and «=7 the development given above holds good for any value 
of ‘ between zero and 7 no matter how near it may be taken to either of these 
values. 


24. Instead of actually performing the elimination in equations (4) Art. 
19 and getting a formula for a@,, in terms of », and then letting » increase 
indefinitely, we might have saved labor by the following method. 


* We shall use the sign = for approaches. Ax = 0 is read Ax approaches zero. 
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Return to equations (4) Art. 19 and multiply the first by Aa sin mAz, 
the second by Aw sin 2mAx, and so on, that is multiply each equation by Aa 
times the coefficient of «,, in that equation, and then add the equations. 
We get as the coefticient of a, 


sin kAa sin mAx. Ax + sin 2hAx sin 2mAw. Ax +--+: + sin nkAw sin nmAaw. An. 


Let us find its lmiting value as n is indefinitely increased. 


It may be 
written, since (n+ 1)Ar=7, 


limit [sinkAwsinmAz. Ar+sin2kArsin2mAa. Ar+::: 
Ag —0 + sin k(a7 — Ax) sin m (7 — Raye 
= fsin kx sin max. da ; 
0 
v T 
but ff sin kx sin max.dx = 4 i [cos (m — k)x — cos (m + k)a)\da 
0 0 


= 0 if mand kare not equal. 
The coefficient of «@,, is 


Az (sin? mAx +- sin? 2mAz -+ sin? 3mAz +--+ + sin? nmAz). 
Its limiting value 


oe sin? mAz.Ax -+ sin? 2mAz.Ax 4- - +: + sin? m(7 — aa)Az | 


ne 
= if sin? ma.da = 
0 
The first member is 


(Az) sin mAx.Ax +- f(2Ax) sin 2mAa.Ax + +++ + f(nAx) sin mnda.Ax 
and its limiting value is 


rola 


f7@) sin mx.dx . 


Hence the limiting form approached by the final equation as 7 is increased is 


ff sin ma.dx = z On « 
U) 


Whence Fu 2 f F(@) sin mx.dx as before. 
AE 
0 


This method is practically the same as multiplying the equation 
f(z) = a sin x + a, sin 2a + as sin da-+--*°° (1) 


by sin max.dax and integrating both members from zero to 7. 
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It is exceedingly important to realize that the short method of determining 
any coefficient a,, of the series (1) which has just been described in the itali- 
cized paragraph, is essentially the same as that of obtaining «,, by actual 
elimination from the equations (4) Art. 19, and then supposing » to increase 
indefinitely, thus making the curves (8) Art. 19 and (2) Art. 19 absolutely 
coincide between the values of @ which are taken as the limits of the 
definite integration. 


25. We see, then, that any function of « which is single-valued, finite, and 
continuous between a=0 and w=, orif discontinuous has only finite 
discontinuities each of which is preceded and succeeded by continuous por 
tions, can probably be developed into a series of the form 


F(x) = aq sin x + ay sin 2x + ay sin Be fees @) 
> vr ° © 
where = F(x) sin made = fie J(@) sin ma.da ; @) 
0 0 


and the series and the function will be identical for all values of x between 
x=0 and «x=7, not including the values x=0 and x=7 unless 
the given function is equal to zero for those values, 

An elaborate investigation of the question of the convergence of the series 
(1), for which we have not space, entirely contirms the result formulated 
above * and shows in addition that at a point of finite discontinuity the series 
has a value equal to half the sum of the two values which the function 
approaches as we approach the point in question trom opposite sides. 

The investigation which we have made in the preceding sections establishes 
the fact that the curve represented by y= j(x) ueed not follow the same 
mathematical law throughout its length, but may be made up of portions of 
entirely different curves. For example, a broken line or a locus consisting of 
finite parts of several different and disconnected straight lines can be 
represented perfectly well by y= a sine series. 


26. Let us obtain a few sine developments. 


(a) Let fiz) =. : 1 @) 

We have x = a, sin = + a; sin 2x + a; sin Se ++ (2) 
» ~ 

where == ; if @ sin ma.dx (3) 


e 


* Provided the function has not an infinite number of maxima anc’ iminima in the neigh 
borhood of a point. y. Arts. 37-38 : 
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; BI fs 
® sin ma.dx = —; (sin ma — max cos mar) 
m? ® 


wv 


ii x sin ma.dx = — (Ser. 


nH 
0 


: Hes Sears : 
ond ae (Ce Ta aia ce = eS sme Ansa ) (4 
(6 Let S(2) = 1 . Ve iepost es) 
2 7 : : 
n= = f sin Mx.ax 5 ) a (2) 
0 


: COS ma 
sin ma.dx = — ———, 


NM 
wT 


{hes mx.dx = 2 (1 — cos mar) = = (1) 2) 
= () if m is even 
= = if m is odd. 
Hence 1 = — 4 (me ar _ sie i era an ae a sin fe aii -). (3) 


[t is to be noticed that (3) ee at once a sine development for any constant 
@ Ihe aise 


HO GRMN _ Smee . Reni Gy 
T 5 fe 


aN Wek ee ar aaa 
If we substitute a = = in (4) (a) or (3) (6) we get a familiar result, namely 


Rete = ad oe SRE 
Lao a ae 9) 
a formula usually derived by substituting «-=1 in the power series for 
tan—'z. (v. Dif. Cal. Art. 135.) 
(4) (a) does not hold good when x = 7, and (3) (6) fails when «=O and 
when x = 7, for in all these cases the series reduces to zero. 

(® Let f(a) =2 from x = 0 to oo 
and f(x)=7 — x from a= > tor= Tr. TI 
That is. let y = f(x) represent the broken 
line in the figure. 

As the mathematical expression for 
f(x) is different in the two halves of the 
curve we must break up 
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wT ; 7 
f f(x) sin ma.dx into f F(a) sin ma.dx + fi J(&) sin ma.dz. 


a 
We have, then. 
7 : 
he af 2 ; 
a,,=— | xsin ma.dx + = fn — x) sin mx.dx @ 
ane T7: Ts) * 
0 Tv 
: sin 7” 
=— m=: 
mar 2 
. TT #2 
But sin m > = if m=1 or 4k+1 
a 


= a2 “ 4k +- 2 
=—]| « ar “ 4k +3 
—=n() 4. & 4k. 


fence if y= f(x) represents our broken line , 


A fing Sits), si be = sin Te ¢ 
eat a mm ED ae 
7 7 
When «=> S(&) ey and we have 
ee 1 Bees aay Oe ati 
g-pte tata @) 


, 


@ ) As a case where the function has a finite discontinuity, let 


f(@) =1 from x=0 to wt and 
fe)=0 © w2=t «& z=, 


y = f(x) will in this case represent the locus in the figure. 
As before 


1 2 
fF sin ma.dx = is (x) sin ma.das 
0 0 


+ if] F(«) sin ma.dx . 


2 


2 : 
sin mada + 2 fo. sin mada. (1) 


Caap. M1.) EXAMPLES 4] 


wfa 


nae Oe Migetl T g wT 
ba sin madx = = = (1 ~ cos m 5). 


But 008 m 5 = 0 if m=1 or 4k+1 
=—1 co m=2 “ 4k+2 
= 0 Sl ip SEs “« Ak+3 
= 1 ec mot “ 6k. 

Hence 


Vagiers FC 6 = 7 


sin a cies sin2z , sindea , sindaz , 2sin6z , sin?7x 
Ag=2 C= 7 +") 


(25 


(ff «= a the second member of (2) reduces to + for 


ag he WS peg ie ee 1 
eGG-sts—7+  )=z YOO: 

and we see that the series represents the function completely for all values of 
xbetween +=0 and «=m except for x = and there it has a 


value which is the mean of the values approached by the function as « 


approaches 5 from opposite sides. 


EXAMPLES. 


Obtain the followirg developments: — 
wae * as : 
VW(1) am = KGa) sina ~ > sin 2x + (] — 5) sin x ~ 7 ain Ae 
act ge Nd. 
+ (F —F) sin be — | 
ae =) om} Oar ; 
(2) “Ales sin x — eee sin 2n + (% ~ ir) sim 3a 


sin are sin3a 2a . sin 5a 


(3) S(@) = (4 = 5s Sin 2a — —ga ga Sin da + 55 
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T 
if f(x) =x from «=0 tow=F and f(r) =0 from = to x=Tr. 


; one sin x 2sin2e , 3sin3e_ 4sin4dz , 
A) LON pe ela ah ites hae A ee ee | 


if « is a fraction. 


mie : 2 : 3 , 
5) Na 5 (1 ber) sin a» + 5 (1 — on) sin 2x + 75 A + e*) sin 3x 
4 1 in 4 | 
+ 77 ( — e™) sin 4a + a 


2 , 
- sin x — = sin 2x7 + — 2 sin 3x —jzsinde+-~ |. 


5 2 sinh i 
QPS Net iB 5 10 ii 


2) fel ; 2 
4) cosh a = = E (1 + cosh 1) sin x + : (1 — cosh 7) sin 2x 


+ 75 1 + cosh m7) sin 3x4 +++]. 


-at.\ Let us now try to develop a given function of x in a series of cosines. 
"As before suppose that f(x) has a single value for each value of x between 
x=Q0 and «=m, that it does not become infinite between x=0O and 
x=, and that if discontinuous it has only finite discontinuities. 

Assume 


S(&) = bo + 4, cos x + b, cos 2a + 6; cos 382 +--+ (1) 
To determine any coefficient 4,, multiply (1) by cos ma.dx and integrate 
each term from 0 to 7. 


{i bo cos ma.dx = 0. 
b 


= : 
Sf b, cos kx cos ma.dx = ss f [cos (m — k)a -++ cos (m + k)ax]da 
0 
= 0 if mand £ are not equal. 


> b ; 
{fj b,, COS? mx.dx = oo (mx + COS mx sin mx), 


f b,, COS? max.dx = * Lite if m is not zero. 
0 
, 2° 2¢ 
Hence 6,, = = f J(&) cos ma.dx = =, ff F(a) cos ma.da , (2) 
) e 


if m is not zero. 
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To get 0) multiply (1) by dz and integrate from zero to m. 


fence oo = if fla)de => S(@da, (3) 


which is just half the value that would be given by formula (2) if zero were 
substituted for m. 
To save a separate formula (1) is usually written 


S(®) = $b. + 8, cos x + b, cos 2a + b; cos 8x + -+°- (4) 
and then the formula NO% = 
Leni. e-55 2 


6, = = f fe) cos mx.dx 


2 ff Howes Q) 


epee TIS 


will give 4) as well as the other coefficients. 

It is important to see clearly that what we have just done in deter. 
mining the coefficients of (1) is equivalent to taking +1 terms of (4), 
substituting in 


y == 4b) + 6, cos x + b, cos 2a + -+--+ 6, cos nx (5) 
in turn the codrdinates of the n + 1 points of the curve 
y = f(@) 


whose projections on the axis of X are equidistant, determining bo, 1, b2,+-*%, 
by elimination from the n + 1 resulting equations, and then taking the \imit- 
ing values they approach as 7 is indefinitely increased. (v. Art. 24.) 
7 : 
Ge Aye == Aol the abscissas of the »-+ 1 points used are 0, Az, 2Az, 


3Aaz,--+nAz, so that we should expect our cosine development to hold for 
%=0 as well as for values of x between zero and 7. 


28. | Let us take one or two examples : 


(CD Tew HATES e 


nw 


2 2 2 : 
= — = —— — = — fT (— — 
b,, = x cos max.dx = —- (cos mm — 1) Seat) Boe |) 


m 
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§ 16 
Hence a= o — = (cos «+ BF 4 05 9 5 20 peng ). 2) 


(2) holds good not only for values of x between zero and w but for «= 0 
and «=7q7 as well, since for these values we have 


Va tec “(t+htptate ) G 
nd w= Fi (t+atatpt:) 4 


which are true by Art. 26 (c¢)(3). 
KO) Let J(@) = «sina. (1) 


by == fesinede == 7 =2, 
T 7 


0 


us us 
2 A 1 1 
6, = — | wsinzcosa.dr=— {asin 22.de=— a 
ie T. 2 
0 


0 


On = = fe sin # cos ma.dx = -f [wsin (m+ 1)a — a sin (m —1)x]da 
0 


0) 


if m is odd 


ve (m— 1)(m + 1) 


9 
9 (im — 1) Ga 1) 


if m is even. 


Hence 
cosx 2cos2z , 2cos Be 2 cos 4a 


#sinxs = 1 — —)~- — . oh ie oa ++. (2) 
If zx =5 we have 
We al 1 il 1 
BSG Wester gy cane (3) 
EXAMPLES. 


Obtain the following developments: 


2 2. 6: 10 
ay fe) = 7-2 cos 2 COS 2E 4 SOR OE 4 cost = 4 Oe ye ] 


the 


~if f(x) =« from «=0 to x= 5 and f(z)=m— « from x= F to «=. 


Cuap, MI] 


EXAMPLES. 45 
cosa Cos OL cos bx __ Cos Tx 
a ——————— —_— — Ome 
eR Gane wits eran | \ 
if f(x)=1 from x=0 tow= 4 and f(x) =0 from «= 5 toz=7 
2 2 ~na YD 
a= 5 —4/ oes COs Bar __ cos 4x oe 
Uay 3 12 22 oT 32 42 ore J 
Tr? 6 a 4 i “ 4. 
uy = EO] (Bop) cose Fo 20 + (F Fi) 08 3e 
eae =) e082 + |. 
2 Os 
ey fe) =F +=[ (F- cos wv a cos 22 — 2 aes) cos 38a 


or 


ipa. y as 
edie : ima 
Z De 


» 


a 


if f(x)= x from x=0 to a= and S(@) =Q from ne to x= 7, 
eee, 1 or 1 Ls 
46) ¢ “Be 5 = Seats (e i) 608 ob Fm 1) cos 2x 
il 
Spee ek dae 
Py ee eine 2 += cos 2 dn — 5a cos Be 
i 
eT cos de ++ +] 
, 2. A ‘i 
8) sinha = = & (cosh 7 — 1) — 5 (cosh a + 1) cos 
3 : 1 
a. 5 (cosh 3 —1) cos 2x — io (cosh 7 -+1) cos 8a -+-: 5 
2 Si 208 2 308 2x 308 o 
U9 cos ps = Sin for E __ Cos a Eee __ C08 3x 


- 2? we— 1? pw — 2? pe? — 8? 


cos 4a: 
Sep 


if w is a fraction. 


29. Although any function can be expressed both as a sine series and as a 
cosine series, and the function and either series will be equal for all values of 


x between zero and’7, there is a decided difference in the two series for other 
values of x. 


Both series are periodic functions of # having the period 27. If then we 
let y equal the series in question aud construct the portion of the correspond- 


odd, Bert Senate 
Ahan Low 
tan, 
CAA 
cork. 
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ing curve which lies between the values x=—m and x=7 the whole 
curve will consist of repetitions of this portion. 

Since sin mx =— sin (— ma) the ordinate corresponding to any value of 
a between — 7 and zero in the sine curve will be the negative of the ordinate 
corresponding to the same value of « with the positive sign. In other words 
the curve 

y = a, sinx + a, sin 2x-+ as sin 3a -+°-- (1) 

is symmetrical with respect to the origin. 

Since cos ma = cos(—ma) the ordinate corresponding to any value of x 
between — 7 and zero in the cosine curve will be the same as the ordinate 
belonging to the corresponding positive value of x. In other words the curve 


y =+4b, + b, cos x + b, cos 2” + 5; cos 38a + -:: (2) 
is symmetrical with respect to the axis of Y. 
If then f(x) =—f(— x), that is if f(x) is an odd function the sine series 


corresponding to it will be equal to it for all values of « between — 7 and 7, 
except perhaps for the value 2—=0 for which the series will necessarily be 
zero. 

If (x)= /f(—2x), that is if f(x) is an even function the cosine series cor- 
responding to it will be equal to it for all values of « between 2—=—-a and 
x==7, not excepting the valne «=O. 

As an example of the difference between the sine and cosine developments 
of the same function let us take the series for x. 


Doel asl 2a) Siroe sin ae 

y= 2 sine— 9 aa Seat ae er (3) 
ee j 

LEE cr ages 33 5 mT ] (4) 


[v. Art. 26(@) and Art. 28(a)]. (3) represents the curve 
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Both coincide with yz from c=0 to s=7, (3) coincides with 
y= from sc=—7 to c=7, and neither coincides with y= ~-z for 
values of x less than — 7 or greater than 7. Moreover (3), in addition to 
the continuous portions of the locus represented in the figure, gives the iso- 
lated points (— 2,0) (7,0) (31,0) &e. 


. We have seen that if f(x) is an odd function its development in sine 
series holds for all values of « from — 7m to 7, a8 does the development of 
Siz) in conine series if f(z) is an even function. 

Thus the developments of Art. 26(a), Art. 26 Exs. (2), (4), (6); Art. 28(b) 
Art. 28 Exs. (3), (7), (9) are valid for all values of « between — 7 and 7. 

Any function of « can be developed into a Trigonometric series to which it 
is equal for all values of « between — mw and 7. 


Let_f(2) be the given function of z. It can be expressed as the sum of an 
even function of « and an odd function of x by the following device. 


(2) (x — £) 


f$@+I—7 
Z 


identically; but is not changed by reversing the sign of x and 
is therefore an even function of z; and when we reverse the sign of z, 
fa —fr*) is affected only to the extent of having ite sign reversed and 


is consequently an odd function of z. 
Therefore for al] values of x between — m7 and 7 


fO+HR— 2D) _ 
Z 


a 


where bg == (LO FLO con made and 
FO= AZ) JO = ay sin 2 + 04 5in 2x + 05 81m Ba ++ odd 
where | 2 if Lo I *) —f <2 sin ms.dz. 


4 
b,, and O, can be oe, a little. 
riz) + eis —2) 
7 


49 


i= cos ms.dz 


=;[ fro cos maz.dz + [A—2) 008 made |, 
o q 


b, + b, cos « + b, wos 244+ b, 008 Br +++ Oe 
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but if we replace « by — a, we get 


w -® 0 
if JI(— x) cos ma.dx = — f F(x) cos max.dx = fi J(x) cos max.dz , 
0 0 -_F 


- 


- 
1 : 
and we have b= = f Ae ) cos ma.dx. 


In the same way we can reduce the value of @,, to 


yes 
02 = iff J(x) sin ma.dx. 


Hence icnn sce me: 


S(@) = : by + 0, cos x + by cos 2x + bs cos 8a +--+ > ot 2) 
+ a, sin a + a, sin 2 2a + ls fs Sin (3x fe oe 
——— ow — = ———— 
where _ eal F(x) cos ma.dx = — =f J(a) cos ma.da. (3) 
ane SAY es 
and by, = = ff) sin mx.dx = =f %@ sin ma.da. (4) 
and this development holds for all values of x between — 7 and 7. 
The second member of (2) is known as a Fourier’s Series. 
EXAMPLES. 
1. Obtain the following developments, all of which are valid from x =— 7 
tOn —— "70 e— 
2 sinl Tee 1 
ua . = 2 5 COS + 5 cos 22 — COS Sx + Fe c08 de +: 
T 10 
2sinhrrl. 2 
SEE. er =e Sesienen » } 2» a 
+ = E sin « — = sin 2 2 + sin 32 —sin de +: nes 
a, 2 _. , cosde , cosd2 , cos Tx 
(BY fe) =4— =| et Se ee | 
AQ 


4 sinz sin 2z ive sin 32 = sin4e 
1 2 : > 4 


where f(x) =0 from x=—-7 to x=0 and f(x) = 2 from e=0 to z= 7, 
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Ome) fe. 2 1 
3) f“=- str = li cos @ -+- 52 COS 2a + ga C08 3a + es cos 5a 


2 se 
+ = 005 6 +++ | | 
1 oT . oT. or T\ oom —— 
+ =| (= sam 1) Shuey ya SS a sin 2a + (= te =)sin Sa 
oT. 3 Ves 
a = sin 4x +> ( a =) sin Sa! + ‘| , 
where f(x) =« from x«=—7 tox=0, f(@) =0 from x=0 to pe. 
a Tv Ds 
and tT (a) =xr%—-F>Z from «= = to «~=T7. 


2. Show that formula (2) Art. 30 can be written 
1 
S(2) = 50 C08 Bo + ¢: cos (# — Bi) + ¢2 cos (24 — Be) + ¢s cos (82 — Bs) +°°° 


1 
wp a 
where Cm = (a2 +62)" and £,, = tan-? a : 
™ 
3. Show that formula (2) Art. 30 can be written 


Flee) = Seo sin By +c, sin (@ + By) + easin (Ze + Bo) +e, sin (Be + Bs) ++ °° 


, db 
where Cm = (Ga + Ga)? and) 6 -—tale = 
a 


‘Mm 

31. In developing a function of x into a Trigonometric series it is often. 
inconvenient to be held within the narrow boundaries «= — 7 and «=T. 
Let us see if we cannot widen them. 

Let it be required to develop a function of « into a Trigonometric series 
which shall be equal to f(x) for all values of x between «= — ¢ and. a= e 

Introduce a new variable 

7 
Cie y 


é 


which is equal to — 7 when «= —e and to 7 when «= ec. 


S(@) =f(- z) can be developed in terms of z by Art. 30 (2), (3), and (4). 


We have 
Ceo ee | ? 
+ a, sin z + a, sin 22 + a; sin 3z UL 


where b= : f ie ) cos mz.dz. (2) 


50 DEVELOPMENT IN TRIGONOMETRIC SERIES 
(8) 


a,, = = fxs :) sin ms.dz. 
7 T 


z= 


[Agr 3]. 


and 
z2=-—7 to 


and (1) holds good from 
Replace by its value in terms of v and (1) becomes 


=e + ds cos 


3m. 
Pere cos = + 6, cos mon hen <8 
m : 4) 
Soe is Ge See 
, 


oe 


_ WL : 
+ a, sin — + a, sin 
6 


The coefficients in & are the same as in (1), and (4) holds good from 


2=—o to *= 6. 
Formulas (2) and (3) can be put into more convenient shape 


mI WT 
=F SiG) COS M2. w=4 fre cos * = ~& 
or — * if F(z) cos — —<— Se F(A) cos — ad. ® 


1 e 
=! fre “ys sin ~~ ae = S70 sin — addr (6) 
By treating in like achign ee formulas (1) and (2) Art. 25 and formulas (4) 
and (2) Art. 27 we get 
» rm 2 
J@) = Gey sin — = +} @ sin = + as sin = 5 (7) 
where "ra a. ® 
S = oe =A @ 
‘ 


6 ns Tx 2arz 
5 0 + 6; cos — + d, cos —- + ds; cos 


and F(2) = 5 


and (7) and (9) hold good from a=0 to r=—e 
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1. Obtain the following developments: 
ea oT ek ore: 
(1) 1=S/ sin = + Fin SEE 4 = sin OTE «| 


frome Ole LO es 0 


2c a re bg Pee, I ee Stee al 4orax 
2 = — —_— - § —_— a -_—_—_—r— i —s wy) 
(2) x = [ sin : 5 Sin — ob 5 sin * ri sin ‘ “ ] 
from 2 —=— ¢ to 2c. 
Bure 4e we LS 37x 51rx Trex 
cme oe tm toe tot 


_@) ee Le AN Qara +(Z- 
a2 —| (— gin 7 © gin “2? 4 
s foal? e 


3) 
—— ae Se oe si p mt apr 8 | 


frome — Oto — ee 


ec 4c? 7 ah 2Qrrx 1 31x 1 Aare 71 
(Fa ee tle eis ae cok Ba A Se 
fn ; | ¢0 pa OO + x Tet ap te J 
TOM == — ee LOle a =) 6. 
= tte . 2(1 eo Pad nome 
GAY et = 20 [sam = 3b eIARgES = - 
€ 4 
a ae ome ives ae wey... ], 
c + Or? ee ei Ge 
1te—1 etl Tx e—1 Zax 
amr? oc mess oP Te + 4c? Bee 
ion ie 5 ome | 
e+ 9a? ieee 


mon 2a im @ = a- 
4c 5. URE ih. Bere a ome 
(5) S(#) = = [ sin zs — 32 sin ns +h —-+- sal 


FLOM 1 OM LON — Cl, 


c 
Sexe f(a) = 2 from «=0 to w= 5 and f(x) =e— a from e=5 to 


Ca C. 


— C.t. + . f 
Vid CR Cnet ce ee dowelogrne Fx. as 


se OF Cc (roe ain af ohA , Cee At ey tw, 
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2 Show that formula (4) Art. 31 Gi 
f(a} == 5c COS Bo + COS (= _ ps) ++ ¢, cos (= — fz) 
OTH 
++ ¢; cos (sem —_ Bs) Ae 
, a. 
where Cy = (Qn + b2)* and £,, == tan! 7 C 


3° Show that formula (4) Art. 51 can be written 


f(a) =5 5 sin By + ¢ sin (= a f:) “F ¢ Sin (Ee I: p:) 


OTL 


+ ¢; sin (2 + p:) +- 


l 
where Cm = (G2 + aye and  6,,==tan—* am 


“™m 


32. In the formulas of Art. 31 ¢ may have as great a value as we please, 
so that we can obtain a Trigonometric Series for f(a) that will represent the 
given function through as great an interval as we may choose to take. If, 
then, we can obtain the limiting form approached by the series (4) Art. 31 as 
c is indefinitely increased the expression in question ought to be equal to the 
given function of x for all values of 2. Equation (4) Art. 31 can be written 
as follows if we replace &, 6, b2,°** a1, @2,°** by their values given in 
Art. 31 (5) and (6). 


re=1[1 frye 


ifr cos a Ae = dx + fro cos 27n cos ome ay 45 


Qrrax 
: dr ae UG 1 


=} fron [ 5 + 00s =~ cos =f sin 7 sin TE 
c 


wr 2Qrrx 2Q7rr 2Qrrx ] 
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f(@) = if 7090 E + cos — z@ ~ 2) = cos 2 — =~ —ax)+. = 


= hf 1m [1 + oo =) + 008 2 Qa) po 


+ eos (— 7) = 2) + cos (— =) (A— 2) +> a] 


since. cos (— ¢) = cos ¢. 


f(a) = Xf rayan E : “+= cos (3 “-) (Ae) += cos (- ) (A— 2) 


OF OTT Le vis 
Ge Oe) ot 08 = (= 2) 


+ = cos ay $--+| (1) 


As e is indefinitely increased the limiting value ra ee by the 
parenthesis in (1) is 


feos a(A — 2).da. 


ES 


Hence the limiting form approached by (1) is 


J@= oa {fF S(A)dr uf cos a(A — «).da , | (2) 


and the second member of (2) must be equal to f(x) for all values of 2. 

The double integral in (2) is known as Fourier’s Integral, and since it is a 
limiting form of Fourier’s Series it is subject to the same limitations as the 
series. 

That is, in order that (2) should be true f(x) must be finite, continuous, and 
single valued for all values of x, or if discontinuous, must have only finite 
discontinuities.* 

(2) is sometimes given in a slightly different form. 

oo 0 ro 
Since frees a(A — «).da = { cos a(A — x).da + | cos a(A — x).da 
0 


== 00 —o 
and 
0 0 0 


frees a(\ — x).da = | cos (—a)(A—2).d(— a) =— | cos a(A — x).da 


— oe «2 2 
@o : ao 


—o@ 


frees a(A — x).da = 2 | cos a(A — @).da 
0 vers - al 


* See note on page 38. 
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and (2) may be written 
fla)= = free {00s a( 2) da. (3) 
—o 0 


If f(x) is an even function or an odd function (3) can be still further simpli- 
fied. 

Let f(z) =—f(— =). 

Since the limits of integration in (3) do not contain a or A the integrations 
may be performed in whichever order we choose. That is 


[700 f 0s a(A — «).da = (a (70) cos a(A — x).dd. 
Now ‘a ; yes 


S70) cos a(A — x).dr = {70) cos a(A — «).dr + {F0) cos a(A— @).dd. 
f7e) cos a(A — x).dXr = (f- A) cos a(— A — x).d(— d) 


=— f F(A) cos a(A ++ ).dd 


and (3) becomes 


S(®)= = faa F(A) [cos a(A — x) — 008 a(A + @)].dr 
== faa {70) sin ad sin ax.drX 


or ios 2 rf F(A)dr f sin ad sin ax.da. ool kh (4) 


If f(@)=f(—«) (8) can be reduced in like manner to 
9 @ Qo 
S(e)= ms f. S(Adr f cos ad cos az.da . arin (5) 
) 0 : 
Although (4) holds for all values of a only in case f(x) is an odd function, 
and (5) only in case f(x) is an even function, both (4) and (5) hold for all 


positive values of x in the case of any function. 


EXAMPLE. 
(1) Obtain formulas (4) and (5) directly from (7) and (9) Art. 31. 


ie aa | bel, 
CONVERGENCE OF FOURIER’S SERIES. 


33. The question of the convergence of a Fourier’s Series is altogether too 
large to be completely handled in an elementary treatise. We will, however, 
zonsider at some length one of the most important of the series we have 
obtained, namely 


sin 3a sin 5a sin 7x 


=| sin + a | | [v. (3) Art. 26(6).] 


and prove that for all values of x between zero and 7 its sum is absolutely 
equal to unity; that is, that the limit approached by the sum of » terms of the 
series 


T Tv Tv 
>) 
a . . . . . . 
= [ sin x {sin a.da + sin 2ar sin 2a.da + sin 8x (sin 3a.da+:: 4 A 
T 
0 0 0 


as ” is indefinitely increased, is 1, provided that 2 hes between zero and 7r. 
Tiet 


T T 7 
Dit oe } : d ; : 
S, =— | sin x {sin a.da + sin 2x {sin 2a.da + sin Ba f sin 3a.da-+--++> 
T 
0 0 Qo 


T 


-+- sin nx f sin naata | : (1) 
0 
Then 
Pa 
S,= ff [sin asin» + sin 2a sin 2x + sin 8a sin 3x + ++: + sin na sin nx ]da 
7 
0 
== feos (a — x) — cos (a +) ++ cos 2(a — x) — cos 2(a + &)-- °° 
7 
0 
+ cos n(a — x) — cos n(a + x) ]da 


=i feos (a — x) + cos 2(a— 2) + cos 38(a — a) +-°* -+- cos na) \da 
0 


—2 feos (a +2) + cos 2(a +) + cos 3(a + x) + +++ + cos (a + x) |da. 
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Therefore by Art. 20 (1) 
15” ey + 1) —— 5 
ae 


Sn =i flat a—x 
2 


sin 
z ate 
1 dU sy 
eae ee ae 
i sn, 
1 1 7 Sin (2n = re 
S, =5= = da — 7— a da. 
ee sin “hs: sin 


In the first integral substitute B for —— and in the second integral sub 


ye 2 
stitute 8 for 5 
We get 
ce 1¢ sin (2n + If +1) a a 3 peace (2n + DB ag (2) 
Te sin B sin B 


we 


hing, 


It remains to find the limit approached by S, as » is indefinitely increased. 


34. 5 
sin (27 Spe eee f 
. sin B oe 2 oS 
For 
ae ee eee 28 + cos 48+ +--+ cos 2nB, by Art. 20. 
and 2k = 
cos 2kB.dB=0 
p 


Let us construct the curve 


__ sin (n+ 1)z + la 
sin a 
We have only to draw the curve y=sin (2n-+1)2 and then to divide 
the length of each ordinate by the value of the sine of the corresponding 
abscissa. 
In y=sin (2n-+1)x the successive arches into which the curve is 
divided by the axis of Y are equal, and consequently their areas are equal. 
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Each arch has for its altitude unity and for its base 


eS and is symmetrical witl t to tl di 
Ecce! mteloal Wy as 
Pe ymmetrical with respect to the ordi 


! 
! 
! . . 

! nate of its highest or lowest point. 

‘ 

' : _ sin (40 ae 

H If now we form the curve 7 Te? from 
' 2 sin @ 

4 . . . 
' the curve y=sin (2n-+1)az, it is clear that, since 
\ 
{ 
\ 
\ 
1 
' 
' 
\ 
i 
{ 
{ 
1 
| 


‘ < ‘ 7 . 
sin @ Increases as x increases from 0 to 3° the ordi- 


nate of any point of the new curve will be shorter 
than the ordinate of the corresponding point in the 
* preceding arch, and that consequently the area ot 
sin (2n + 1) 


sin x 


btu 


each arch of y= will be less than 


' 
! 
\ 
| that of the arch before it. 

Tf a; a, %,°°*a,_, are the areas of the suc- 
: cessive arches and a, that of the incomplete arch termi- 
' 
1 
i 
\ 


: ‘ 7 
nated by the ordinate corresponding to «== 


. 2 
a] = 
cal S 
—S 2 
\ sin (2 ils 
ao | ee 
a sin x 


tory 


foment: sin (2n + Le 5, ae oan gee by d) 
pO ea mle 


sin x sin 8 
Hence 


B= = OF ty — Oy by — "ty if n is even, 


Fo tty yt ‘—a, if nis odd. 
These equations can be written 


Ba wt (ate) + (Hat a) 

| (= a5 + a6) HE (— tn 1 Fn) 

! if m is even, and 

| T ay + (— a, bay) + (— 40 +) 

! > 2 . et ae e + — qa, 
hae Stata 26 332 20) ( Oy —2 Uy —1) ( np 
if m is odd. 
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In either case each parenthesis is a negative quantity sinee 


On > Uy > Og > Og’ > Any 
ae P T 
and it follows that a» 1s greater than 3° 
Again 


7 . 
5 % — = (4 — Us) = (U4 = Dy) “oars (qs — Hn —1) +a, 
on 


if m is even and 


ee 
ee 0 ee “lt (M2 dF icy oe CN Ta MON (Gn —J — Gz) 


if m is odd. 
In either case each parenthesis is positive and it follows that a@— a is 


T 
3 than —. 
less than 3 


Since 


ac 
hes = By —— Ay 5 
a 


; : Tv 
@ and a)—«, differ from > 
ad 


by less than they differ from each other, that 
is, by less than a,. . 
In like manner we can show that a—a, and a—a,+a, differ from 
7 : ; 
DY less than a.; and in general that a—a,+a.—a3;+:::ta, differs 
re T 
from > by less than a,; or even that 
mt Oy 
ty — 1 tay — a3 te tk 
p 
differs from — 9 bY less than a, no matter what the value of p, oe pis 


greater Sere unity. 


35. From what has been proved in the last article it follows that 


sin (nr - 1a ae 1x 
f sin x 


: 7 Tah ee 7 
where 6 is some value between pres and 3? differs from 3 by less than 
ON 
the area of the arch in which the ordinate of y= se Cat be correspond- 
in & 


ing to x«=d falls if this ordinate divides an arch, or by less than the area 


of the arch next beyond the point (b, 0) if the curve crosses the axis of X at 
that point, 
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The area of the arch in question is less than pare , its base, multiplied by 


—__+_ , a value greater than the length of its longest ordinate. 
sin (2 — mri) 
Therefore (i mn Sen mE, 
; sin x 
differs from us by less than oma) Pe 
sin (° — ma) 
If now x is indefinitely increased ect a approaches 


sin (Ce ee a) 


zero as its limit, and we get the very important result 


Unt [ (AGED a] = @ 


if 0<b<f. 


ze 3+ 
sin (2n +1)8 1 (sin (2n+1) Bag 
36. S, “heer vhf Geen (Art. 33. (2)] 


“be eA Jey 1 pin ot sin (2a + 1)B B ag 
T T 
0 


sin B sin B 


if : in (Zn +1)B8 1 (¢sin 22+ +B 
oe ali sin 8 Ue 1 fn sin B ge 


This last value for S,, can be somewhat simplified. 
Substituting y=—Af we get 


f sin (2n + DB ag sar sin n+ Vy + Vy 4 pap eneny (20+ 1)f DB ag 


sin B sin y sin B 
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Substituting y=a—f in 


lta ne 1p we have 


pe (2 + DB ag -f sin (n+ 1)y Be =f sin (2n 1p dp 
sin B sin y sin B 


wT fi 
2 2 


ia Cas shee fis (2n + 1) B ag 


sin sin 8 
Hence 
We (2 sin Catt eco ys sin(2n+1)B8B ,,_ 2 (sin nr A) 
es ait sin re af sin B of 2) sin of 
Asin n+ D8 gg 
sin (27 7 
{i Seg aes by (1) Art. 34, 
limit sm 2n+1)8 Ce ar 
caved [ae ap | = if O<e<m by (1) Art. 35 
and 
limit sin (2n +1) =e. 
eee ping ap | =5 if O<a2<a7_ by (1) Art. 35. 
T ] : 
herefore mit (S,J=1+i—t—1 if 0<e<q and 
4 £1 sin a sin 3a al “ae ee sin na Figs |= 4 


for all values of x between zero and 7. 


37. By a somewhat long but not especially difficult extension of the rea- 
soning just given it can be shown that if f(x) is single-valued and finite 
between x2=—7 and x=7r, and has only a finite number of discon. 
tinutties and of maxima and minima between x=—a and «=a the 
Fourier’s Series 


1 
5 00 + 4; cos & + by cos 2a + bs cos 3a ++ 


+a,sina +a, sin 2x + assin 3a-4+°-+> 


Cuap. IIL] DIRICHLET’S CONDITIONS. 61 


where aa = fra) sin ma.da 
laps 
and 62o = {r@) cos ma.da , 


and that Fourier’s Series only is equal to f(x) for all values of a between 
x=—7 and x=, excepting the values of x corresponding to the discon 
tinuities of f(x), and the values 7 and —7 if f(m) is not equal to f(— 7), 
and that if ¢ is a value of « corresponding to a discontinuity of f(x), the value 
of the series when x=c is 

A limit. 

50 Me-) +fe+9I3 
and that if f(a) is not equal to f(— 7) the value of the series when « = — w 
and when x = 7 is 


1 —m) +0m)1. 


If f(x) while satisfying the conditions named in the preceding paragraph 
except for a finite number of values of 2, becomes infinite for those values, the 
series is equal to the function except for the values of x in question provided 


that if J(x)dx is finite and determinate. (v. Int. Cal. Arts. 83 and 84.) 


38. The question of the convergency of a Fourier’s Series and the condi- 
tions under which a function may be developed in such a series was first 
attacked successfully by Dirichlet in 1829, and his conclusions have been 
criticised and extended by later mathematicians, notably by Riemann, Heine, 
Lipschitz, and du Bois Reymond. It may be noted that the criticisms relate 
not to the sufficiency but to the necessity of Dirichlet’s conditions. 

An excellent résumé of the literature of the subject is given by Arnold 
Sachse in a short dissertation published by Gauthier—Villars, Paris, 1880, 
entitled “Essai Historique sur la Représentation d’une Fonction Arbitraire 
d’une seule variable par une Série Trigonométrique.” 


39. A good deal of light is thrown on the peculiarities of trigonometric 
series by the attempt to construct approximately the curves corresponding to 
them. 

If we construct y==a,sina and y—=a,sin 2x and add the ordinates 
of the points having the same abscissas we shall obtain points on the curve 
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y == 0, SiN % -- dy Sin 2a. 


If now we construct v= «;sin 3x and add the ordinates to those of 
y = a,sin x -+ a, sin 2a we shall get the curve 


y = a, sin « + a, sin 2a + a, sin 3a. 
By continuing this process we get successive approximations to 
4/ == a sin a + a, sin 2a + a, sin 3x + a, sin 4a + °° 


Let us apply this method to a few of the series which we have obtained in 
Chapter IT. 


Take 
: ie Le 
y= siu w+ 3 sin da + F sin 5a -b ++ (1) 
vo a 
= () Swhen =a— 0; 7 from @==0 to «= 7, and 0 when #==", 
v. Art. 26 [0](3). 
A Lee ues tg 
y= 2 (sina — 5 sin 2a + 5 sin Be — 7 sin der + se (2) 


== trom: 2—0 to, #7, and: 0 when 27, 
Art. 26[@](4). 


AN Dee Lows Taz: the Se Lee 
y=F| jesine —gsin 30 + 5, sin be — 7 sin Te ++ | (3) 


~ 
oO 


7 T 
SS) MEOW s=a0) We ai and mw—2a from «== to 2= fT, 


Art. 26 [c](2). 


a 


bol bo 


lb og : Link a) ve : 
y= 7 sine + — sin 2a + 3 sin 3a + 5 sin da — 6 sin 6a ++ sin Cire (4) 


=0( when x=0, 


nly 


7 
from «=0 to#= >, and0 from «=> to s=T7, 
~ 


bol 3 


v. Art. 26 [d](2). 


It must be borne in mind that each of these curves is periodic having the 
period 27r, and is symmetrical with respect to the origin. 

The following figures I, II, III, and IV represent the first four approxima- 
tions to each of these curves. 

In each figure the curve = the series, and the approximation in question 
are drawn in continuous lines, and the preceding approximation and the curve 
corresponding to the term to be added are drawn in dotted lines. 
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Figs. I, II, III, and IV immediately suggest the following facts: 


(a) The curve representing each approximation is continuous even when 
the curve representing the series is discontinuous. 


(6) When the curve representing the series is discontinuous the portion of 
each successive approximate curve in the neighborhood of the point whose 
vbscissa is a value of x for which the series curve is discontinuous approaches 
more and more nearly a straight line perpendicular to the axis of XY and con- 
necting the separate portions of the series curve. 

(c) The curves representing successive approximations do not necessarily 
tend to lose their wavy character, since each is obtained from the preceding 
one by superposing upon it a wave line whose waves are shorter each time but 
do not necessarily lose their sharpness of pitch. This is the case in Figures 
I, II, and IV. In Fig. III the waves of the superposed curves grow rapidly 
flatter. 

It follows from this that in such eases as those represented in Figures I, II, 
and IV the direction of the approximate curve at a point having a given 
abscissa does not in general approach the direction of the series curve at the 
corresponding point, or indeed, approach any limiting value, as the approxima- 
tion is made closer and closer; and that the length of any portion of the 
approximate curve will not in general approach the length of the correspond- 
ing portion of the series curve. 

Analytically this amounts to saying that the derivative of a function of x 
cannot in general be obtained by differentiating term by term the Fourier’s 
Series which represents the function. 

(d) The area bounded by a given ordinate, the approximate curve, the axis of 
X, and any second ordinate will approach as its limit the corresponding area of 
the series curve if the series curve is continuous between the ordinates in 
yuestion; and will approach the area bounded by the given ordinate, the series 
curve, the axis of X, any second ordinate, and a line perpendicular to the axis 
of X, and joining the separate portions of the series curve if the latter has a 
discontinuity between the ordinates in question. 

Analytically this amounts to saying that the Fourier’s Series corresponding 
to any given function can be integrated term by term and the resulting series 
will represent the integral of the function even when the function is 
discontinuous (v. Int. Cal. Art. 83). 

We may note in passing that if the function curve is continuous a curve 
representing the integral of the function will be continuous and will not 
change its direction abruptly at any point; while if the function curve is dis- 
continuous the curve representing the integral will still be continuous but will 
change its direction abruptly at points corresponding to the discontinuities ¢f 
the given function. 
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40. The facts that the derivative of a Fourier’s Series cannot in general be 
obtained by differentiating the series term by term and that its integral can be 
obtained by integrating the series term by term are so important that it is 
worth while to look at the matter a little more closely. Let us consider tke 
differentiation of the series saa in Art. 39 Figure I. 


Let 
S, = sine +5 sin Br +5 sind 5a +: oa ser < i sin (2n + 1)z. 
Then oe = cos « + cos 3x + cos 5a + + +++ cos (2n + 1)z. 
If 2=F 
dS, 
ae A) 
and the curve is parallei to the axis of XY for ae no matter what the 
value of n. 
lit @g@=Q Ge R= 
dS, 
prt Niet in Ro ig ey ‘-+1=n+1 


and the curve y=S, becomes more nearly perpendicular to the axis of 4 
at the origin and for «=a as we increase n. 


T 
If === 
ie 3 
oS eek jee, wt al 
Shs an? cet al 
ryV My dS, __ 1 5 9 
That is ae wee me gee) Or w==Bye 
1 ia va i 
as m=1:“ n=3k+1 
maar 10 pgp 2 ee i BN 


ds, 
Consequently when « =5 a does not approach any limiting value as 7 1s 


indefinitely increased. Indeed, in the successive approximations the point 
; sp Ui ; 
whose abscissa is 3 1s successively on the rear, on the front, and on the crest 


or in the trough of a wave, and although the waves are getting smaller they do 
not lose their sharpness of pitch. 


If x has any other value between 0 and a os will change abruptly as m is 
a 


thanged and will not approach any limiting value as n is increased. 
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41. In general if we differentiate a Fourier’s Series 
1 
SF both cos x + by cos 2a + bs cos 8a + +: 


+ a, sinw + a,sin 2x + asin 3x +++ 

ve get 
— b, sin w — 20, sin 2% — 3d, sin 3a — +++ 
+ a, cos x + 2a, cos 27+ 3a; cos 8a +s, 

Differentiate again and we get 
— b, cos x — 2°), cos 2a — 3°), cos Bu — + + 
— a, 8inx — 27a, sin 27 — 37), sin 8a — ++, 

We see that each time we differentiate we multiply the coefficient of sin ka 


ana of cos kx by & while the term still involves cos kx or sin kx. 
Since the series 


cos « + cos 2a + cos 8a -++:: 
+sina+ sin 2~a-+ sin 38~a+::: 
is not convergent, and a Fourier’s Series converges only because its coefficients 
decrease as we advance in the series, the differentiation of a Fourier’s Series 
must make its convergence less rapid if it does not actually destroy it, and 
repetitions of the process will usually eventually make the derived series 
diverge. 
It is to be observed that the derived series are Fourier’s Series, but of some- 
what special form, that is they lack the constant term. (v. Art. 30.) 
If now we integrate a Fourier’s Series 


5 by + by c08 2 Dy 008 Bar + by 008 Bef 


+ a, sin x + a, sin 27 + a; sin 38a - +++ 


we get C+ 5 bor + dy sin + 5b, sin 2x + 5, sin Sep 


1 1 - 
— 4 COS % — F dz COS 2%.— = 3 C08 3&—*°*, 


a e 


~ Trigonometric Series which converges more rapidly than the given series. 
It is to be observed that the series obtained by integrating a Fourier’s 
eries is not in general a Fourier’s Series owing to the presence of the term 


box. (v. Art. 30.) 


42. We are now ready to consider the conditions under which a function of 
x can be developed into a Fourier’s Series whose term by term aerivative shal] 
be equal to the derivative of the function. ae 


oe 20 
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Let the function f(x) satisfy the conditions stated in Art. 37. Then there 
is one Fourier’s Series and but one which is equal to it. Call this series S. 

Let the derivative f'(x)* of the given function also satisfy the conditions 
stated in Art. 87. Then /f’(x) can be expressed as a Fourier’s Series. By Art. 
39 (d) the integral of this latter series will be equal to the integral of f"(~), 
that is to f(”) plus a constant, and one integral will be equal to f(~). 

If this integral which is necessarily a Trigonometric Series is a Fourier’s 
Series it must be identical with S. It will be a Fourier’s Series only in case 
the Fourier’s Series for f(x) lacks the constant term 4 do. 


But we - fP@a by (3) Art. 30. 
{herefore 0 =- =f ai 


and will be zero if f(7r)=/(— 7). 

In order that f'(7) shall satisfy the conditions stated in Art. 37 f(x) while 
satisfying the same conditions must in addition be finite and continuous 
between w=—a7 and «=7. 

If, then, f(x) is single-valued, finite, and continuous, and has only a finite 
number of maxima and minima, between x =— a7 and x=7, (the values 
“e=-—m and x=7 being included), and if f(r) =f(—7) f(x) can be 
developed into a Fourier’s Series whose term by term derivative will be equal 
to the derivative of the function. 

It will be observed that in this case the periodic curve y = S is continuous 
throughout its whole extent. 


43. Since a Fourier’s Integral is a limiting case of a Fourier’s Series the 
conclusions stated in this chapter hold, mutatis mutandis for a Fourier’s 
Integral. 

For example if a function of x is finite and single-valued for all values of « 
and has not an infinite number of discontinuities or of maxima and minima in 
the neighborhood of any value of 2 it will be equal to the Fourier’s Integral 


xf ta f70) COs a(A — x).dd 
and to that Fourier’s Integral ae and the integral with respect to « of this 
Fourier’s Integral will be equal to { f(x)dz. 
If in addition f(a) is finite and continuous for all values of x the derivative 


of the Fourier’s Integral with respect to 2 will be equal to ae), 


* We shall regularly use the notation f(z) for “)_ y, pit. Cal. Art, 124. 


OHA Re ELV. 


SOLUTION OF PROBLEMS IN PHYSICS BY THE AID OF FOURIER’S 
INTEGRALS AND FOURIER’S SERIES. 


44, In Art. 7 we have already considered at some length a problem in 
Heat Conduction which required the use of a Fourier’s Series. We shall begin 
the present chapter with a problem closely analogous in its treatment to that 
of Art. 7, but calling for the use of a Fourier’s Integral. 

Suppose that electricity is flowing in a thin plane sheet of infinite extent 
and that the value of the potential function is given for every point in some 
straight line in the sheet, required the value of the potential function at any 
point of the sheet. 

Let us take the line as the axis of Y and consider at first only those points 
for which y is positive: 

We have, then, to satisfy the equation 


D3V + D?V=0 (1) 

subject to the conditions 
V=0 when y=o (2) 
V=fie) “ yo (3) 


where (x) is a given function, and we are not concerned with negative 
values of y. 

As in Art. 7 we have e~* sinaz and e~*cos aa as particular values of V 
which satisfy (1) and (2). We must multiply them by constant coefficients 
and so combine them as to satisfy condition (3). 

By (3) Art. 32 


JS(@) = 2 ff da “H) COs a(A — x).dX. (4) 


We wish to build up a value of V which will reduce te (4) when =0. 
This requires a little care but not much ingenuity. 
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Take e-%cosax and e~”sinaz and multiply the first by cosad, and 
the second by sinad; they are still values of V which satisfy (1). Ada 
these and we get 

e~* cos a(A—2), 
still a value of V which satisfies (1), no matter what the values of a and 4X. 
Multiply by f(A)dA and we have 
e—% F(X) COs a(A — x).dr (5) 
as a value of V which satisfies (1). : 
V= fe ov f(A) COS a(A— @).dd (8) 


is still a solution of (1) since it is the limit of the sum of terms covered by 
the form (5); and finally 


V= 1 aa fe 50) cos a(A — x).ddr (7) 


is a solution of (1) as it is 2 multiplied by the limit of the sum of terms 
formed by multiplying the second member of (6) by da and giving different 
values to a. 

But (7) must be our required solution since while it satisfies (1) and (2), it 
reduces to (4) when y=0O and therefore satisfies condition (8). 

If f(x) is an even function we can reduce (7) to the form 


foo} 


9 e) 
Vv=— f da {i ONTOS COS ax COS ar.dr (8) 
0 0 


7 


and if f(x) is an odd function to the form 


ay) . ) 
v= = fiafe ¥ f(A) sin aw sin ad.dnr. (9) 
0 0 


(7), (8), and (9) are valid only for positive values of y, but as the problem is 
obviously symmetrical with respect to the axis of X, (7), (8), and (9) enable 
us to get the value of the potential function at any point of the plane. 


EXAMPLES. 


1. Obtain forms (8) and (9) directly by the aid of (5) and (4) Art. 32. 
2. State a problem in statical electricity of which the solution given in 
Art. 44 is the solution, 
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45. As a special case under Art. 44 let us consider the problem: — To tind 
the value of the potential function at any point of a thin plane sheet of infinite 
extent where all points of a given line which lie to the left of the origin are 
kept at potential zero, and all points which lie to the right of the origin are 
kept at potential unity. 

Here f(z) =0 if a<0 and f(z)=1 if «>0. 

(7) Art. 44 gives us the required solution. it is 


i) oo oo] 
7 — — g— ay — . 
y = { da fe cos a(A — «).dd ; (1) 
0 0 
but this can be much simplified. 
We have 
se dn f e*¥c0s a(A— #).da. 
Tm) 
; — AL a 
Now fe 7 COs mx.da = gam 


0 
if a>0Q. (Int. Cal. Art. 82, Ex. 8.) 


ao 


ae x es y 
Hence Je ¥C0s a(A— 2). Si ag eer TT. ae 
yan = (2 -12). 
and eer baer Boyer ves AG + tan , 


Saar ad PS af) =, 
tan (F tan 7) =oin (tan ees: 


and consequently 


Met) asad 
V== (F + tan 7 SS3il ~ tan os (2) 
: ie ee Seeley 
Since log x= log («+ yt) = 5 log (x?-+ y?) +7 tan = 


[Int. Cal. Art. 33 oF 
xa 1 aihes 1 -ad 
i—— loge =i — Flog (e+ yi) =— 5 log (« +y) +7 1—— tan 


ands La ut tan-14 and — + log (a?+ y*) are conjugate functions. (v. Int. 
7 % 
Cal. Arts. 209 and 210.) Hence 
1 
Vi=—5- log @’+y') (3) 


2ar 
is a solution of the equation 
D2V,+ Div, =0;5 (4) 
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and the curves 
1 us = ac Np ae 5 
( 3 + tan *) a ( ) 


and — log (+!) =8 6) 


cut each other at right angles. 

If we construct the curves obtained by giving different values to a in (5) we 
get a set of eguipotential lines for the conducting sheet described at the begin- 
ning of this article, and the curves obtained by giving different values to () in 
(6) will be the dines of flow. 


Moreover since 


Y= — 5 log (x? + 9) (3) 


is a solution of Laplace’s Equation (4), tlie lines of flow just mentioned will be 
equipotential lines for a certain distribution of potential, for which the equi- 
potential lines above mentioned will be lines of flow. 

V=a, thatis 


1 sr ,z 

+(7 ee 5 

= 5 + tan ee (5) 
reduces to y==— «tan ar. (7) 


If now we give to a values differing by a constant amount we get a set of 
straight lines radiating from the origin and at equal angular intervals. 

V,==5,, that is 

— x log (2? +7?) =, (6) 
reduces to 
a? ey? = e-2, (8) 

If we give to 6 a set of values differing by a constant amount we get a set 
of circles whose centres are at the origin and whose radii form a geometrical 
progression. They are the equipotential lines for a thin plane sheet of infinite 
extent where the potential function is kept equal to given different constant 
values on the circumferences of two given concentric circles or where we have 
a source at the origin; and for this 
system the lines (7) are lines of flow, 
and (3) is the complete solution. 

The figure gives the equipotential 
lines and lines of flow for either sys- 
tem, but only for positive values of y. 
The complete figure has the axis of XY 
as an axis of symmetry 
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EXAMPLES. 
1. Solve the problem of Art. 44 for the case where 
J(@)=—1 if c<0 and f(x)=1 if x>0. 

Ans., V= 4 tan-? =. 
ur g 

2. Solve the problem of Art. 44 for the case where 

f@)=a if «<0 and f(z%)=d if «>0. 
Ans., v=; (a td) +=-4) tan“? 
3. Reduce (7), (8), and (9) Art. 44 to the forms 


a- fi YF (A)a 
we ya (A — 2)" 


iby tas 1 1 
ix al! 100 | SE Qaat FEOF ¥] 


respectively. 

46. An especially interesting case of Art. 44 is the following where 
f@)=0 if «<—1, f@)=1 if —1<2<1, and f@)=0 if e>1, 
1+« 


Here V= se [ tan + tan-14 ==] : (1) 
Ga of 


1 Ae al 
Now = log [id —2)i]= ~ log [i —a2— yijij= = log [y+ (1—2)¢] 


= 5 log (i tin)? a2) += tant, 
and 
— hog (—1 — i] = — A hog [(— 1 — 2 — yi] =— Slog ty - A +2)8] 
T 7° 7 
1+~-a 
Y 


=F log [A t2)+ 7] +2 tan 


==. 


Siig es s e+e | te aa + ta arile 
W 
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Hence ae 
Uy fee lina Pe 12) lo Pek 
es (tan } 7 + tan i and wal eee A 


are conjugate functions; * and 


Z (tan- ee + tan7! : 
T Y 


ral ° 


is any equipotential line, and 


date 
108 Ce) eae ae : os 


any line of flow for the system described at the beginning of this article; and 


jG ze ~ lo; (1—~#)?+ 7? 

‘ "i 4e ey 

is the solution of anew problem for which (8) represents any equipotential 
line and (2) any line of flow. 


(4) 


* The function conjugate to 


a [ tan ree + tan— iS *] 
7 y y 


might have been found as follows. If ¢ is the required function and y the given function we 
have by Int. Cal. Arts. 211, 212, and 2138 the relations 


Dg = Dy and D,¢d=— Dzy. 


1 haere Sap 
H Sa 
abe Dy A ie tape A aa 


aR Y y 
and — Dz = | | 
= oe a) (aw) at oO — 2) eas 


If now we integrate D,W with respect to x treating y as a constant and add an arbitrary 
function of y we shall have @. So that 


1 . 
= —5- } log ((1 +2)? + y2] — log [(1 — ay? + 2] | +40). 


Diy 


ED ene ee ee EY) 
rLG+ay+y G—apty |? ay 


Comparing this with its equal a6 Dy oa we find ae =0 and f(y)=C aconstant 


alt Se ee 
therefore 8 ar EEE + 0, 


where C’ may be taken at pleasure, is our required conjugate function. 
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(2) reduces to 


° 


“y + 
outa, an aq 
or x -+t- (y— ctn am)? = esc’ar ; (5) 
Qhir 1 
and (3) to x + a" Z aia av “t- i (0) 
err — 
et + e-em 2 : (ght a eon 2 
or (« a8 eet — _) + ae (or ony _ aed 1 
or (« + etnh bir)? + 7? = eseh*brr. (6) 


(5) and (6) are circles. The circles (5) have their centres in the axis of Y, 
and pass through the points (— 1, 0) and (1, 0); and the circles (6) have their 
centres in the axis of Y. 

(4) is the complete solution, (6) is any equipotential line and (5) any line of 
flow for a plane sheet in which the points in the circumferences of two given 
circles whose centres are further apart than the sum of their radii are kept at 
different constant potentials, or where a source and a sink of equal intensity 
are placed at the points (—1,0) and (1,0). An important practical ex- 
ample is where two wires connected with the poles of a battery are placed 
with their free ends in contact with a thin plane sheet of conducting material. 
The figure shows the equipotential lines and lines of flow of either system. 

The complete figure would have the axis of V for an axis of symmetry. 


| 


dufon, 


v=0 V=0 V=1 Vow Vi=0 


1 1 


EXAMPLES. 


1. Show that if /(z)=a, when-x<—d, f(x)=a, when —b<2@ le 
f(e) =a, when x>b, 


b+u 


Sh 


1 i 
yates zs | (a a,) tan? 
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2. Show thatif f(a)=0 if «<0, f@)=a, if 0<a<h, fe) =u if 
by a a < lida S(@) = tls if be < 40) <a bs : &C., 


Sees 6) 


b,— b 
CS : [ a tan~* me (a — @e) tan? ! ook (d2 — a3) tan~? a ‘ 
Tv wo 


+ (a=) tar B=" 4 | 


8. Show thatif f(@)=—1 if «<—-1, f@)=—z if — i <n Oe 
fia)=1 if «> 1, 
1+2 L—<«£ 


Es =i Wy 
i —= (1 =) tan i +5 log Jee a 


4. Show that if f(#)=—1 if «<—1, f@#=0 if —1<2<1 


f(x) =1 if «>, 
eel am * — tan- ba —=. 
y 


Show that the equipotential lines are equilateral hyperbolas passing through 
the points (— 1, 0) and (1,0), and that the lines of flow are Cassinian ovals 
having (— 1, 0) and (1,0) as foci. The lines of flow are equipotential lines 
and the equipotential lines are lines of flow for the case where the points 
(—1, 0) and (1, 0) are kept at the same infinite potential, or where very small 
ovals surrounding these points are kept at the same finite potential. The case 
is approximately that of a pair of wires connected with the same pole of a 
battery whose other pole is grounded, and then placed with their ends in con- 
tact with a thin plane conducting sheet. 


reel A 
} ==| +2 tan 


5. Show that if f(z) =0 if «<0, f(v)=—1 if 0<a2r<a, f(x) =0 
i e@— ob, and. f(a) = 1 if 2-5; 
ae tan—? =| ; 
Mi wh 


=a 

tan- 
The conjugate function 

[P= a log Sane WAR ea hae ae S28F 2D aE yf 

oar 5 Cenacle al (ct) om eh 


is the solution for the case where a sink and two sources of equal intensity lie 
on the axis of VY, the sink at the origin and the sources at the distances a and 


6 to the right of the origin. One of the lines of flow is easily seen to be the 
circle «?-+-7?= ab. 


47. If the plane conducting sheet has two straight edges at right angles 
with each other and one is kept at potential zero while the value of the poten- 


Cuap. IV.] EXAMPLES. T7 


tial function is given at each point of the second, that is if V==0 when 
z=0 and V=f(rx) when y=0, the solution is readily obtained. It is 


9 @ 
V= 2 faa fe ev F(A) sin ax sin ad.ddr. (1) 
0 0 


v. (9) Art. 44. 
This reduces to 


as y 
v=— {Haar t— - |. ‘ 
T. I( ) lise os ee (Ne )* ( ) 
Velox. o Art, 45, 
EXAMPLES. 


1. If V=0O when y=0 and V=F(y) when «=0_ show that 


Dire. - 
v= = da {ee F(A) sin ay sin ad.dd 
0 0 


2. If V==f(r) when y=0 and V= Fy) when x=0 show that 


aa nf L7O) (Ga a: = x P+ OF ») 


Ei) eye par acemy Ae 


3. If F(y)=% the result of Ex. 2 reduces to 


2b ign Nees Y Uh 
7 —— — =be =e d : a ; 
V = tan - ae nf 70) Xr E +FaA—a? PAT 5 | 


4. If F(y)=1 for 0<y<1 and Fy) =0 for y>1 while f@)=1 
for O<a<1 and f(x)=0 for x>1 


1—-2 1+ 
y wh 


— tan} 


V= 1 [ tam 1 + 2tan-} y 
T x 


ean) 


” 


i Ap, 
+ tan~? — tart EL 4 2tan-1Z | 
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5. If one edge of the conducting sheet treated in Art. 47 is insulated, so that 
D,V=0 if «=0 and V=f(x) when y=0 


») ks bs 
— a f da fe ay SA) COS ax GOB aA.dr 
0 0 


48. If the conducting sheet is a long strip with parallel edges one of which 
is at potential zero while the value of the potential function is given at all 
points of the other, that is if V=0 when y=0 and V=A#(x) when 
y=b the problem is not a very difficult one. 

Since we are no longer concerned with the value of V when y=a 
V=e"sinaz and V=e*”cosax are available as particular solutions of the 
equation 


D2V+ D3V=0 (1) 


as wellas V=e-%sinax and —V=e-%cosaz. 


pO pay A 
Consequently eeeiaeees sin az = cosh ay sin ax Int. Cal. Art. 43 (2)] 
CRU ae OR ates : F 
and —7 7 Sin az = sinh ay sin ax (Int. Cal. Art. 43 (1)] 
and cosh ay cosaxz and _ sinh ay cos ax 


are now available values of V and can be used precisely as e~*”%cosaa and 
e—-*¥sinax are used in Art. 44. 
Following the same course as in Art. 44 we get 


[e2) 


1 (> (sil 
V=— f da { =**4 FA) cos a(A—x).dd (2) 
0 —o 


sinh ab 


as a solution of (1) which will reduce to V= F(x) when y=6 


and to V=0 when y=0, since sinh0O= ome == 0; 


») 
= 


and (2) is therefore our required solution. 
{f Vis to be equal to zero when y=¢ and to f(x) when y=0 we have 
only to replace y by b—y and F(a) by f(x) in (2). We get 


[o2) oj ] eer ‘ 
Fal f da Hf a OU conan a (3) 
“re 


sinh ab 
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If V=f(r) when y=0 and V=F(xr) when y=b then 
va @ . h a 
aa Y) 4r) 008 a(A —~ x).dd 
TT 
0 =“ 


sinh ab 


eT ah 


I 


This can be mite bene simplified by the aid of the formula 
‘sinh pa 7 sin 7 
ae 
Sa cos r7.dx = ay 1 
§ Vr q Vie 
sf 1 og P™ ++ cosh pd 
q y 


i <9". a de Haan, Tables of Def. Int. (7) 265] and becomes 
V== sin= —y) f 1) a = 


2b m(b — ¥) 7 
Os re Azz 


or 


3 8D ue FO mre 
zy, cos “4 + cosh + 7 7 (A—2) 


my (| FQ) HQ) = ae 


— ~ sin 
cosh = 5 (A— #) — cos my" cosh = = (,— 2) + cos 7 


2b 


EXAMPLES. 


1. Given the formula 
dx. He b~—a x 
ES ini (Ha) 
lhe qemne hb? — a? “y joes LAK? 


show that if V=1 when y=0 and V=0 when y=é Vas (6—y). 
yb, V=—1 when y=0 and 


2. Show that if V=0O when 
e<0, and V=1 when y=O and x >0 


The solution for the conjugate system, that is, for a strip having a source at 
(0,0) and an infinitely distant sink is 


. 1 y 
b ee [ cosh 5 ee os? ae |. 
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3. Show that if V=—1 when y=0O and <0, V=1 when y=0 
and 2>0, V=—1 when y=d and x<0, and V=1 when 
y==b and «> 0, 


2 2 7 Tr *) 
Sete hee f fan a Ee 
V=-— tan (tan 5, op (o — y) tanh 9 we) -+ — tan (tan a Y tanh OD 


fa Tx 
9 sinh 7 
— —l 
=— tan 
Tr 


Ty 


sin 


‘The solution for the conjugate system, that is, for a strip having a source and a 
sink at the points (0, 0) and (0, 0) is 


cosh = naa cos —% 
V= = log [ 


Ly 9b; Ty. 
cosh 7 cos Fe 


4. If V=0 when «=0, V= f(x) when y=0 and «>0, and V=O 
when y= and #>0, 


pat fit af taka —w [cos a(A — x) — cos a(A + x) ] f(A)dr 


sinh ab 


ie es 1 1 
= uk ar a See pemece 
2b y eT; : Ty 
cosh ZA =o) — G08 oa cosh = 7 2) ¢6s — 


for positive values of w and for values of y betweeen 0 and 0. 
5. If V,=0 when «=0, Vi= F(x) when y =0 and x>0, and 
V,=0 when y=0 and x>0 


Fe, ae eT : 1 i ; 
oe Lf ~ateoren se 
0 


cosh 7 (A —=2) = Gos - cosh — 7 A + «) + cos —= 


for positive values of # and values of y between 0 and 0. 
6. If V,=0 when «=0, V,=/f(x) when y=9 and x>0, and 
V,= F(a) when y=b and «>0 
y,=V+V, for «2>0 and 0O<y< bd. (v. Exs. 4and 5) 


7. If one edge of the strip described in Art. 48 is insulated so that we have 
= f(«) when y=0 and D,V=0 when y=d show that 


=z fu a (era IEG en an eu 


cosh Ar 
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By the aid of the formula 


pr 
pra i cosh — ~ cos — 
f= cos ax.da = ef zg if p<q, 


cosh ga q rT 
cos -= +- cosh —= 
r uae osh ‘i 


[Bierens de Haan, Def. Int. Tables (6) 265], 
reduce this to 
Sa eae F(A) cosh = = (A— 2) 
V=-—sin= dx. 
: at cosh = (\— 2 ga 
aes z ( x) — Cos i 
8. If V=0 when y=0 or 6 and e<—a, V=1 when y=0 or 6 
and) —@—z¢—a@, and V=(Q when y=0 or 6 and «>a 


; sinh ne) sinh Ro 
V=— [ tan ————— + tan-} a Seseechel e 
T Ty Ty 
sin —* sin 
b b 


9. If V=0 when y=0 or 6 and e<—a, V=1 when y=0 and 
—a~a2<a, V=(0 when y=0 or 6 and «>a, and V=—1 when 
y=6 and —a~<2< 4 


sy tanh 2 = i) tanh 22 ®) + !) 
) 
Vv=— [ tan ————————- + tan! — | : 
T Ty Ty 
tan — tan — 
b b 


10. A system conjugate to that of Ex. 9is V=+oa when y=0O or 6 
and 2=—a, V=—co when y=(0 or 6 and 2=«. In this case 


' sin? + sinh? et), a 2) 
V=— log : d 
oe sin? = + sinh? mien ©) + x) 

) 


49. Let us take now a problem in the flow of heat. Suppose we have an 
infinite solid in which heat flows only in one direction, and that at the start the 
temperature of each point of the solid is given. Let it be required to find the 
temperature of any point of the solid at the end of the time ¢. 

Here we have to solve the equation 

dD ime oi BE (1) 
fv. Art. 1 (11)] subject to the condition 
u= f(x) when ¢=0. (2) 
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As the equation (1) is linear with constant coefficients we can get a particu- 
lar solution by the device used in Arts. 7 and 8. 
Let w= e+e and substitute in (1). We get 


5 == 0702 
as the only relation which need hold between #8 and a. 
Hence UE URES CEM (3) 


is a solution of (1) no matter what value is given to a. 
To get a trigonometric form replace a by ai. 
Then Ce = OT Coe, 
If in (3) we replace a by — ai we get 
u— eT Vat en ant 
As in Arts. 7 and 8 we get from these values 
5 


Vis oO ein ane RANE (hE OS! Ot 


as particular solutions of (1), a being wholly unrestricted. 
From these values we wish to build up a value of « which shall reduce to 
f(x) when t=O and shall still be a solution of (1). 


We have S(®) = i f da { f(A) cos a(A — x).dd (4) 
Tr 
0 —e 
v. Art. 32 (3), and by proceeding as in Art. 44 we get 


w= 1 if? da te watt F(A) COS a(. — a).dr (5) 
Va « 
0 —o 


as our required value of w. 
This can be considerably simplified. 
Changing the order of integration 


U= + Har os cos a(A — «).da. (6) 
Te . 
~ re A =a? 
{ies GOs a(A — @).da = RSA La oe (7) 
. 2a Nt : 
by the formula 
eas Vir a 
f €_@ Cos. 6n.0e —— 4° [Int. Cal. Art. 94 (2)] 


Hence b= as f70) ae aN (8) 
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A—~Zz 
Let now = ; 
B 201 
then A=24+ 2p 
and “= 1, fhe + 20, Bc Pap. (3) 
Vireo, 
EXAMPLES. 


1, Let the solid be of infinite extent and let the temperature be equal toa 
constant cat the time t=O, 


Then “=~ Pdgm” = isle? 


Vr 4 
v. Int. Cal. Art. 92 (2). 
2. let u=ez when t=0O. 


Then = x, (2 + 201. B)e-Pdp =z. 
Viel, 


3. Lee ums? when t=O. 
Then ua 4-20, 


4. let u=0 if ec<—b, v=1 if —b<c<b, and v=0 if ¢>5 
when t=0. 


Then 
b—z 
t 
Bhp? OW? + Bhar 
roe WAS mes z[ Pe a Y -+ bb WP 4+- 10x te —..+] 
Vr. Qt 3 (2oy0) 5.21(2ay/t)? 
bez 
as 


Then 


1 
= (-*p=—| (-#0p+( Fd |=2 cPdp +s 
UL or cP dp= oe ap+fe B ral B 3 
i : 
—_+—* _- oa 
=3 E 7 3.(2oyft)? 2 2nt) = 7.B1(20yt)’ 


6. An iron slab 10 ¢. m. thick is placed between and in contact with two 
very thick iron slabs. The initial temperature of the middle slab is 100°, and 
of each of the outer slabs 0°. Required the temperature of a point in the 
middle of the inner slab fifteen minutes after the slabs have been put together. 
Given o&° =0.185 in CGS. unite. Ans., 217.6. 
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7. Two very thick iron slabs one of which is at the temperature 0° and the 
other at the temperature 100° throughout are placed together face to tace. 
Find the temperature of each slab 10 c. m. from their common face fifteen 
minutes after they have been placed together. Ans., 70°.8, 29°.2. 

8. Find a particular solution of D,w—=«?D2u on the assumption that it 
is of the form w= ZX where 7’ is a function of ¢ alone and X is a function 
ot x alone. 


50. If our solid has one plane face which is kept at the constant tem- 
perature zero, and we start with any given distribution of heat, the problem is 
somewhat modified. 

Take the origin of codrdinates in the plane face. Then we have as before 
the equation 


D, (ms orIDe Ub (1) 

but our conditions are 
uw=Q0 when 20 (2) 
u=f(x) « p= () (3) 


and we are concerned only with positive values of x. 
We may then use the form (4) Art. 32 
S(®) = da | f(A) sin ax sin addr, (4) 
Te 0 
and proceeding as in the last section we get 


ie) 


27 Re eee 
a { da if e~ “o" F(X) sin aa sin ad.dr (5) 
0 0 


as our required solution. This may be reduced considerably. 


ia . 
um =f foyer (ae [cos a(r Cam a) —— GOS a(rA a x) |da, 
0 ry 


: = <p Fd) (aaa — 2 sess )N (6) 
by (7) Art. 49, and this may be reduced to the form 
=eLSe Piet Baia — fi oP f(— a + 2ayi. pap |. (2) 
ety, poy 


EXAMPLES. 
tu Let the initial temperature be constant and equal toe, 
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Then 


me for fora 


2a ¢ 2aVt 
. 


2avt 


24- ¢ 
= —= (e-@d 
Tso Fab 


_ 2e inl a a a ae! 
Vr L2aye 3.(2ayé)® — 5.21(2 2ayi)® 7.3!(2ayt)? T |. 

2. Assuming that the earth was originally at the temperature 7000° Fahren- 
heit throughout, and that the surface was kept at the constant temperature 0°, 
find (1) the temperature 10 miles below the surface 10,000,000 years after the 
cooling began; (2) the temperature 1 mile below the surface at the same 
epoch; (3) the temperature 10 miles below the surface 100,000,000 years after 
the cooling began; (4) the temperature 1 mile below the surface at the same 
epoch; (5) the rate at which the temperature was increasing with the distance 
from the surface at each point at each epoch. 

Neglect the convexity of the earth’s surface and take Sir Wm. Thomson’s 
value of a? (400) the foot, the Fahrenheit degree, and the year being taken as 
units. (Thomson and Tait’s Nat. Phil. Vol. II. Appendix.) 

Ans., (1) 3114°; (2) 329°.5; (3) 1036°; (4) 103°; (5) 1° for every 20 feet, 3° 
for every 50 feet, 1° for every 50 feet, 1° for every 50 feet. 

3. Let the initial temperature be constant and equal to —%, then by Ex. 1 


x 


2av t 
20 : 
u=— — fe-Pap “ 
7 
4, Let the temperature of the plane face be 4 instead of zero, and let the 
initial temperature be zero. 
Then we have only to add é to the second member of the solution in Ex. 3, 
as we may since w= is a solution of @) Art. 49, and we get 


u=b (1 ay Pip). 


5. Let w=6 when x=0 and Ee he) when ¢=0, 


Then 
i. 
2av t Ge = m)e —_ A+ sz) 


wao(1— 2 formas) += F109 ey eh ea 


by (6) Art. 50. 
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6. Let w=—=b when «=0 and wc when t=O. 


Di 
2 
Then u=b-+- (e— 6) i e-P dp. 
™ 


7. If the earth has been cooling for 200,000,000 years from a uniform tem. 
perature, prove that the rate of cooling is greatest at a depth of about 76 
miles, and that at a depth of about 130 miles the rate of cooling has reached 
its maximum value for all time. Let a?= 400. 

8. Show that if the plane face of the solid considered in Art. 50 instead of 
being kept at (aan zero 1s impervious to heat 

_A=-2F Ate? 


Sal Bee GO ee ea v. (6) Art. 50 


51. If the temperature of the plane face of the solid described in Art. 50 
is a given function of the time and the initial temperature is zero, the solution 
of the problem can be obtained by a very ingenious method due to Riemann. 

Here we have to solve the equation 

Du=OCD2u (1) 
subject to the conditions 


Vie IH when «20 
() , (2) 


u= (0 “ p(y) 
We know that 


xz 
2aVi 
Wie i e- dB 


is a solution of (1), v. Ex. 1 Art. 50. It is easily shown that 


x 


ies 
(= a e-PdB, (3) 
where ¢ is any constant, is a solution of (1). 
For 
2 eeu -—* - sk peat ain, 

Du =— = — -——~ 3 UA) a eae ae t—e oP 4a°(t—c) 

Vn 2a 2(t—)8 on Came! 
D ed 1 mes 

is Vir 2aVi— ce 

ae oY a 

ii ——s ae le gosta) aoe (t—c) 2 G=o 


Vir 2avt —e ree 4a*(t — c) oan 
and Dyu=a?D?2u. 
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Let (a, ¢) bea function of 2 and ¢ which shall be equal to zero it ¢ is 
negative and shail be equal to 


if ¢ is equal to or greater than zero; so that if c=0 ¢(a,t)=1 and if 
t=0 A(z, t)=0. 

We shall now attack the following problem, to solve equation (1) subject to 
the conditions 


u=0 if ¢=0 
u= FO) “ «=0 and 0<t<r 
u=F(kr)“§ 2=O0 “© kr<t<(k+1)r, 
where & is any whole number and 7 is any arbitrarily chosen interva] of time. 
if we form the value 


u= F(kr)[b(a, t— kr) — o(a, t — (kK +1)r))] (4) 
u will satisfy equation (1) since zero, unity and 
an par 
2 
— {| e dp 
iE 


Te 
0 


are values of w which satisfy (1). w will be zero if #< hr by the definition 
of the function ¢(z,¢); if e=0 uw=0 if t>(k+1)r and w= (kr) il 
ir <—t <—.(h-+41)r. ; 

Therefore 

k=o@ 
u= >) F(kr)[b(a, t — kr) — $(a,t~ (k++ 1)r)] (5) 
k=0 
is the solution of the problem stated above. 

(5) can be simplified somewhat from the consideration that for a given value 
of t d(a,t—kr)=0 if kr>t. If, then, mr is the greatest whole multiple 
of 7 not exceeding ¢, 

k=n 
“= > F(kr )[ o(a,t — kr) — $(a, t — (& + 1)r)]. (6) 
k=0 i 

If now we decrease + indefinitely the limiting form of (6) will be the solu 

tion of the problem stated at the beginning of this article. 


(6) may be written 


w= Srey [Mew BEDI, 
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and if r is indefinitely decreased the limiting form of (7) is 


“= J F(A) D,p(a,t — Aad. (8) 


Since ¢—A is positive between the limits of integration 


2aV t— 
9 
at —A)=1— = [ e- Pd 
$( ’ y Vire B, 
x tee =” 
and D,$(x,t — ) =— — =e t—x2) 23 
But =e (C8; 
and (8) may be written 
- at 
ve 4a2( (t—d) 2adn, (9) 
or if we let ee ee 
2Qavt—r 
Py hep: 
um—- (OF ke; 10 
Vm sige) *B- a 
2aVt 
EXAMPLES. 


1. SE w«=nt when x=0 and w=0 when ¢=0 


2aV t 
uU=n (455 ey Pip | — a oak 
GN Tr 


2. A thick iron slab is at the temperature zero throughout, one of its plan 
faces is then kept at the temperature 100° Centigrade for 5 minutes, then a. 
the temperature zero for the next 5 minutes, then at the temperature 100° for 
the next 5 minutes, and then at the temperature zero. Required the tem- 
perature of a point in the slab 5 c.m. from the face at the expiration of 18 
minutes. Given; a?=.185, Ans. 207.4 


om LE “a when «=0-. and u= ce when ¢=0, then 


2a ome AG: (—5 )as + = — Se) fA)aa. 


ii zal 


oy 
v. (6) Art. 50. 
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4. If in Art. (51) F(4) is a periodic function of the time of period 7 it can 
be expressed by a Fourier’s series of the form 
1 mason 
F(t) = 5 bo + >Y [@, Sin mat + b,, cos mat}, where a= 
m=1 
: 1 n=o ; 
or F(t) =5 bo + > Pm Sin (mat + X,,), 


m=1 


where PmC0OSA, =4, and p,, sind, =b v. Art. 31 Ex. 3 


m m* 


Show that with this value of F(¢) (10) Art 51 becomes 


M=o 


max 


= =, fe dB + — = em Pn [ sin (mat + Afi G7 L085 40 dp 


aaVi <j 


x 


— cos (mat + X,,) | e—? sin max” d ee] 


4a? 
ea 


and that as ¢ increases w~ approaches the value 


n=Sx 


1 taae x fn | 
uU=5 by = pay Ee z\/me sin (mat ae = ee sie Xm) é 
9 4 
m=1 


Given that 


ow ‘ We = a Vian 
fe sin <. = = eo”? sinbvV2; \ GOS : dx = Le e-”? eos 6 V2. 
v 7 
v. Riemann, Lin. par. dif. gl. § 54. 
5. If we are dealing with a bar of small cross-section where the heat not 
only flows along the bar but at the same time escapes at the surtace of the 
bar into air at the temperature zero we have to solve the differential 


equation 
Dt =a Du — bu. v. Fourier, Heat § 105. 


Show that for this case 


ue +82) sin ax and use +)! cos ax 


are particular solutions, and thatif w=j(x) when ¢=0 


Ot me: n _a-y wee = oe 
Sass’ a fA) = ES’ P f(a + 2aVi.p) dB. 


ef. (8) and (9) Art. 49. 
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If w=0 when «=0 and u=f(z) when t=0 


Ae et 2aVvt.B)dB “fi -B f(— a» + 2ave. pap | : 


aan ai 
ef. (7) Art. 50. 
br 
If w=—e-Z when ¢=0 and w=0 when x=0 
1 ae Ve 9 har Se - 
ua—| ¢*4e-@ t+BY dB—e-s e- © ‘+BY dB , 
Vrl Ben 
VE 2aV t 


and if «=1 when «=0 and w=0 when ¢=0 we have only to add 
be . A br aya 

e-@ to the second member of the last equation, since «ez satisfies the 

equation 


Du=Diu— bu. 


If u=F(t) when «=0 and w=0 when t=0 we can employ the 
method of Art. 51. 


b(a,t—A)= eZ ale fe _ @Vt=)-+ By dB — e- Sf omisor ap], 


aes ~2aVi—a 
a(t—A) 2 2 
— Do(@, t—- A= ee en ee 
t Da 

x =a) a : 
and u= aad ==: Neem ia2xt—a) Ff (A)dr ; 

aN Tr. 
ef. (9) Art. 51, 

2 po Fe ya 
or _ = Ga! Sana. — ——— ps 
: vel oe ( 4a?B? B; 


207 
ef, (10) Art. 51. 
If F(Z) is periodic and has the value taken in Ex. 4, show that the value 
approached by w as ¢ increases is 


1 ba aV2 - 
Uu=s5 bye at An ease? sin ( , 


where p= (P+ V+ mn? aye and g=(—#+ Voi + m2 a)? : 
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x 
Given ifegeoaes — ae ve e~ 2 


“ 
0 


@ 


B? Vr 
fee-Ssins , de == — e— * sin 2d 


9 
to] 


ao — 


errant ip Vir 
and fers cos = dx = —- e~* cos 2d, 


0 


2 > 
—\2 a4 va pot and noe (—@+ Vat $A?. 


Angstrom’s method of determining the conductivity of a metal is based on 
the result just given (v. Phil. Mag. Feb. 1863), and is described by Sir Wm. 
Thomson (Encye. Brit. Article “ Heat”) as by far the best that has yet been 
devised. 


52. If wis a periodic function of the time when #=0O as in Art. 51 Ex. 4 
and we are concerned with the limiting value approached by w as ¢ increases 
we can avoid evaluating a complicated definite integral if we take the following 
course. 

Since as we have seen in Art. 49 w=e'+" is a solution of 


Da Any (1) 
provided only that B=a?a? we have 
1 = eBL* EB 


as a solution. 
Replacing 8 by + fi this becomes 


ies e+ Bti+=VBVai 


or ume 0 B= *VBa an 

- 1 E 
since Vi =v? (1 +74) 
and V—-i=+5 15 (1—i). 


Hence . 
ey (er-—24/8). i= Ca Vee (a—2,/8), (2) 


PEN Oo (e+ 24/2) ; ees, (s:+2 8) ) (3) 


are particular solutions of (1). 
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From these we get readily 
zUma , x ma 
U= Pm oe tVes sin (mat _ Ee -- dn) (4) 


as a solution. (4) reduces to 


U= pm sin (mat+A,) When x=0 


nee, 2 ft) when t= 
and to == Pme a’ 2 Sin (rn — ee when ¢=0. 

If we add a term which satisfies (1) and which is equal to zero when =O 
and to — pp ots sin (rn es = | when ¢=0 (vy. Art. 50) we shall 


have a solution of (1) which is zero when ¢=0 and which is 
Pm Sin (mat+A,,) when «=O. 


The term in question approaches zero as ¢ increases [v. (7) Art. 50] and we 
have at once the solution given in Art. 51 Ex. 4, as our required result. 


EXAMPLE. 


Show that w= e®+¢* isasolutionof D,w=a*D2u—6%u if B=a*a?—2O?, 
and hence that 


2 pene SR Geran jute : 
=e CH TUTE U = e* Bis Vb? = Bi Wa ot PA ee, 


es 


PL, Gx px. yx 
ue v2 sin i Se 42), and ==" v7, COe (se a 42) , 
aNv2 aV2 
where 


p=[(VB+4+2}2 and g=[(Ve+o'—07}, 


are solutions. Hence 


ea per Qe 
C— Dae wisin ( t—t an) 
Pm 2 B a2 m 
is a solution. 
If B= ma this last result reduces to w= p,,sin (mat+A,,) when «=0 
and by the reasoning of Art. 52 it must be the value w approaches as ¢ increases 


if we have the same conditions as in the last part of Art. 51 Ex. 5. 


53. The whole problem of the flow of heat is treated by Sir William Thom- 
son (v. Math. and Phys. Papers, Vol. II), and other recent writers from a dif- 
ferent aud decidedly interesting point of view, which we shall briefly sketch 
in connection with the problem of Linear Flow. 

Suppose we are dealing with a bar having a small cross-section and an adia- 
thermanous surface, and take as our unit of heat the amount required to raise by 
a unit the temperature of a unit of length of the bar. If at a point of the bara 
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quantity @ of heat is suddenly generated the point is called an instantaneous 
heat source of strength Q. 

If the heat instead of being suddenly generated is generated gradually and 
at a rate that would give @ units of heat per unit of time the point is called a 
permanent heat source of strength Q. 

The temperature at any point of the bar at any time due to an instantaneous 
source of strength @ at the point a= A_ is easily found by the aid of formula 
(8) Art. 49 as follows:— 

If a quantity of heat Q is suddenly generated along the portion of the bar 
from 2=X to x=A-+AA, where AX is any arbitrary length, the tem- 
Q 


perature of that portion will be suddenly raised to AX? and we shall have by 
(8) Art. 49 


A+ AA 


Q 1 f SSE 
“= — | & “Gar dX 1) 
2aV rt AA a ( 


as the temperature of any point of the bar at any time ¢ thereafter. 
If now we write wu equal to the limiting value approached by the second 
member of (1) as Ad is made to approach zero we get 


Uv 


u= == (Ome aah 
2a rt ra ©) 


as the solution for the case where we have an instantaneous source at the 
point 2 ==). 


It is to be observed that in (2) w=0 when ¢=0 and w= one, 
2a rt 


when ®#==A and 7-0. 

If we have several sources we have only to add the temperatures due to the 
separate sources. 

Formula (8) Art. 49 may now be regarded as the solution for the case where 
we start with an instantaneous heat source of strength /(A)d\ in every 
element of length of the bar. 

A source of strength — Q is called a sink of strength Y; and (6) Art. 50 
may be regarded as the solution for the case where we have at the start an 
instantaneous source of strength /(A)dA in every element of the bar whose dis- 
tance to the right of the origin is A, and an instantaneous sink of strength 
F(A)dd in every element of the bar whose distance to the left of the origin is A. 

If we have an instantaneous source at the origin (2) reduces to 


() a2 Q 
= Oia (3) 
2av' wt 
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For a permanent source of constant strength @ at the origin (3) gives 


qQ if eee as = . 
us ian (t—r)-t dr 4) 
2aN Tr. mia ¢ 
and for a permanent source of variable strength f(¢) 
1 ee il 
u= =fe 40%t — 7) (t — T) 2 f(r) dr . (5) 
2aV 716 


In (4) and (5) w obviously reduces to zero when t=0 and x>0, but its 
value when 2=0O is not easily determined. We can avoid the difficulty by 
introducing the conception of a doublet. 


54. If a source and a sink of equal strength () are made to approach each 
other while Q multiplied by their distance apart is kept equal to a constant P 
the limiting state of things is said to be due to a doublet of strength P whose 
axis is tangent to the lne of approach and points from sink to source. <A 
doublet of strength — P differs from a doublet of strength P only in that its 
axis has the opposite direction. 

Let us find the temperature due to an instantaneous doublet of strength P 
placed at the origin. For a source of strength @ at «=y and an equal sink 
at x=—vy we have 


@ (eae pees 
= PUT) en ee Ye), 
2aN rt k 


Orit 29) == FP, 


Cy? + 2) ne ne 
U= ———— & sat (C2022 — € 2att) 


FP. ord) ee ne 
cess == ¢ 4a2t aes 
QanV rt 207t 


If » is made to approach zero 


limit [ = sinn Mo] = 55. 
n 40° 207t 
IE ce 
and. =—— Ck 
U art? €  4a2t (1) 
is the solution for the temperature at any time and place due to an instantane- 
ous doublet of strength P placed at the origin. Fora doublet at any other 
point «=X we have 


P(x—a’) Ga} 
oe 2 
4aWrb® i. @) 
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For a permanent doublet of constant strength P placed at the origix we 
have 


us an fentse yea (3) 
: ros 4a%(t— 7) (6 ~ T 3 
dar. 
and for a permanent doublet of variable strength F(t) 
w= elem ey tne a) 
= — 4a2(t—7) Sen T)aTt ’ 
4a re 
or “= : pe BP t(t “Jab 5 
am Gx Tee @) 
if ¢>Q, and 
U == Pa d 6 
ad e : 40?B? B (! ) 
if «<0, if we let e= 
IaVi— ¢ 
es (5) and (6) we see readily that w=0 when ¢=0 and that 
v= @ when x=0O if we approach the origin from the right and that 
(t ees nk 
i 2 when «=O if we approach the origin from the left. 


If the point x=0 is kept at the constant temperature ) and we are con. 
cerned only with positive values of a we can get from (5) the solution given in 
Art. 50 Ex. 4 by supposing a permanent doublet of strength 2a% placed at 
the origin. 

To solve the problem treated in Art. 51 we have only to suppose a permanent 
doublet of strength 2a?F(t) placed at #a=0 and from (5) we get at once 
(10) Art. 51. 


EXAMPLE. 
Show that if D,w=a?D2u—0?u and an instantaneous source of strength 
@ is placed at x=A 


Q bet QA— «<P 
b= —— 0 at We Ait, GIL, IDs, 
2aN rt ee ; 


Show that if an instantaneous doublet of strength P is placed at the point 
z=0 
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If a permanent doublet of strength f(¢) is placed at «=0 


wv a 3 
ms me I) — ey (6 1) Lr )ar 

da 71 —_ » ( 

gran b2.a2 apt 
= = (cP —-pom f(t — eral: 
aor its a 40?8? B, 
t 
whence w=0 when ¢=0 and w>0 or wa2<0 and w= +FO, Ay yee 


2a? 
x=0. 

Hence if we place at «=0 a permanent doublet of strength 20°F(¢) we 
get the solution given in Art. 51 Ex. 5 for the case where w= F(t) when 
¢=0 and «=0 when ¢t=0 provided we are concerned only with positive 
values of a. 

If Fé) =e this reduces to 


ZG b2 x2 
us = eB 4a2g2 d 
Te 
x 
2aVt 


55. As another example of the use of Fourier’s Integral we shall consider 
the transmission of a disturbance along a stretched elastic string. 

Suppose we have a stretched elastic string so long that we need not consider 
what happens at its ends, that is so long that we may treat its length as 
infinite. Let the string be initially distorted into some given form and then 
released ; to investigate its subsequent motion. 

Let us take the position of equilibrium of the string as the axis of X and 
any given point as origin. 

We have, then, to solve the differential equation 


Diy=@D2y () 

(v. (vir) Art. 1] subject to the conditions 
y= f(x) when t=0 (2) 
Diya) “« t¢=0. (3) 


As in Art. 8 we find 
y= cosa(«@tat) and y=sin a(x + at) 
as particular solutions of (1). 
From these we must build up a value that will reduce to 


S(®) = < f da ““(n) Cos a(A — x).dr (4) 
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when ¢=0 and will at the same time satisfy (3). 


y = cos ad cos a(x + at) + sin ad sin a(a + at) 
or y = cos a(A — x — at) 
is a solution of (1). 


1 @ 
Hence =-fd ni § —ar—at). 
y r, da, F(A) cos a(A — 2 — at).dr (5) 
is also a solution of (1). 

(5) reduces to y= f(x) when t=0 but it gives 


a 
Dy= = {ada F(A) sin a(A — 2&).dr 
0 —o 
when ¢=0 and consequently does not satisfy equation (3). 

If in forming (5) we use cos a(@#—at) and sin a(r — at) instead or 
cosa(w-+ at) and sina(x+at) we get 


— = faa F(A) cos a(A — x + at).dr (6) 


Sey 


which is a solution of (1), and reduces to y=jf(x) when t=0, but it gives 


Dy =— of ada 70) sin a(A — 2).dr 
9 —@ 


when ¢=0 and does not satisfy (3). 
If, however, we take one-half the sum of the values of y in (5) and (6) we 


get 


= ; Bioko C08 a(A — &% — at).dr 
0 ares 


+ = fia F(A) cos a(A = a +> at).a | 4 (7) 
ees 
a solution of (1) which satisfies both (2) and (3), and is, therefore, ovr required 
solution. 


This result can be very much simplified. 
If we substitute z—=2x-+ at 


= fda (70) COS a(A=- % — at).dr 


= 4 fda FO) cos a(d — 2).dXA = f(z) = Fw + at) 3 
ms —& 
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and in like manner we can show that 


= fa F(A) cos a(A — a + at).dr = fla — at). 
Ww Pe 
Hence our solution becomes 


y= 5 fatat) + feat). (8) 


This result is of great importance in the theory of elastic strings and it 
shows that the initial disturbance splits into two equal waves which run along 
the string, one to the right and the cther to the left, with a uniform velocity a, 
and that there is nothing like a periodic motion or vibration of any sort unless 
the ends of the string produce some effect. 


56. If the string is not initially distorted but starts from its position of 
equilibrium with a given initial velocity impressed upon each point we have to 
solve the equation 


Diy=eD2y (1) 
subject to the conditions 

y=0 when ¢=0 (2) 

Dy=F(a)« t=0. (3) 


We get by the process used in Art. 55 


ies aS (da fF) [= aAA—ax-+at) sina rA—ax— Jan 
2M. a a 
ihoyp PPsina(A—a-+at)  sina(A—a—at 
me sf roarf] = aAA—x+at) sinaAaA—a 2 aa 
21a , a a 


Sat je a(A~ w+ at) A afte Q(X 2 NG 
a a 0 a 


if w—-at<rA<aw+at, and is equal to zero for all other values of A; since 


(es el Foe eS ea 
, 2 
7 
— 53 if m<0 
— i ()) sue Ge 
v. Int. Cal. Art. 92 (3). 
ut at 
Hence y= a fi F(A)dy (4) 


xr— ai 
is our required solution. 


Cuap. IV.] LONG RECTANGULAR PLATE. 99 


EXAMPLES. 


1. If the string is initially distorted and starts with initial velocity so that 

y= f(x) and D,y= F(x) when t=0 
1 “+ at 
: , £ 
y=5f@ + at) +f@— at) + va J POO 
z— at 

2. If the initial disturbance is caused by a blow, as from the hammer in a 
piano, which impresses upon all the points in a portion of the string of length 
ean equal transverse velocity 5 show that the front of the wave which will be 
seen to run to the left along the string will be a straight line having a slope 


b 
equal to a and a length equal to = V4a?-+ b?. Of course a wave having 
2 = e U : 
a front of the same length with a slope equal to — > will be seen to run to 
the right along the string, and the effect of the two waves will be to lift the 


string bodily and permanently to a distance above its original position. 


Za 


57. We shall now take up a few examples of the use of Fourier’s Series. 
In the problem of Art. 7 let the temperature of the base of the plate bea 
given function of x, the other conditions remaining unchanged. 


nu=o 


Since f(a) = >G. sin mz) 
m=1 
ry gece 
where Tp ore = if; J(a) sin ma.da 
me 
we have 25 e—™ sin mx ey sin ma.da (1) 


Toe 1 
If the breadth of the plate is a eal of 7 


mao 


u = at sin mm fra) sin — 


m=1 


man |. (2) 
58. If the temperature of the base is unity and the breadth of the plate is 
a the solution is, as we have seen in Art. 7, 
; 126. 
— [er sin a + Z e~ sin 38a +2 e~™” sin 5a + °° | § (4) 
T 3 5) 
This series can be summed without difficulty. We have the development 
~ 22 23 at 
es iter oes 4 1h 


if the modulus of z is less than 1. Int. Cal. Art. 221 (4). 
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AL ee 
Hence Ney tlie jh sens flor Sale aby el 
if mod. #¢=— 1. 
and blog 1 +2)—log —2)J=F+4+545 4°" (2) 
iPmod, 2. LG 
But 


log 1 +2) = is [1+ 7(cos 6+ isin ¢) ] 


r sin “sind _ 


5 los [(1 +7 cos $)? + (7 sin ¢)?] + i tané* y— ager $ 


1 oy _7rsing _ 
= 5 log (1+ 2r-cos @ +7”) +i tan 1+7cos ¢’ 
and 
. 1 th eee CATTLE UGS 
log (1 —2) =5 log (1 — 2r cos $+ 7°) — 7 tan ert? 


[Int. Cal. Art. 33 (2)], 
and (2) becomes 


1 De ar C08 be ye ar Bll 
ACE —2rcos 6-7? ' pare 1-7 


__ 7(cos d+isin d) , (cos 8¢ + 7 sin 34) 
= 1 + 3 sas 43) 


From (3) we get two equations 


1+ 2reoso¢-+- 77 __ ros ® res oe 008 Oe ‘ 
es ar a a @ 


* tan! a me r sin ne fees? sin noe ras sin mee ye (5) 
both valid for all values of ¢ provided r<1. 

e~” is less than 1 if y is positive. 

Hence from (5) 


e’sinz . e~*” gin Sp iM 1, , 2677 sin & 
iv een “Ero +e+== — Fan 
1 3 5 2 1—e-™ 
Le , 2 sins 1, 1, sine 
== te == lie hal = 
2 ae—e" 2 sinh 2 
and (1) may be written 
sin x 


9 
od 
u = — tan-!— : 
“Gr sinh y 
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If we replace vr by e~” and ¢ by =z in 
log [1 + r(cos ¢ + isin $)] 
it becomes log (1 + e~” cosa ie~" sin x] 
or log [1+ cos z+ (isin 2] 
v. Int. Cal. Art. 35 (3) and (4) 
a function of z as a whole; and 


log [1 — r(cos $ + 7sin ¢)] 


becomes log (1 — cos 2 — isin 2); 
hence by Int. Cal. Arts. 212 and 213, 
1 1 + 2e-" cos x + e—™ 1 , 267" sin & 
— log ——,————_—,_ ands = tan-? ——_——— 
1 — 2e-" cosa -+- e-# 2 1—¢e¥ 
1 cosh y + cos x 1 sin « 
or ~ log ————__ and_ = tan?-— 
4 cosh y — cos x 2 sinh y 


are conjugate functions, and 
on as ae cosh y + cos x (7) 
7 cosh y — cos x 
‘is the solution for the problem where the isothermal lines are the lines of flow 
of the present problem and the lines of flow are the isothermal lines of the 
present problem. 
For our problem, then, the isothermal lines are given by the equation 


sin x 


= —1 — 


sinh y a 
sin x aw 
—— = tan — 8 
4 sinh y 2 @) 


and the lines of flow by 
1 cosh y+ cos a __ 
ae cosh y — cos peak? 

cosh y + cos z 


or 
cosh y — cos x 


= em, (9) 
EXAMPLES. 


1. If D2u+ D2u=0, and w=1 when y=0, and u=0 when 
z=Q andwhen x=a, 


4 ry wre , 1 _amy Sora , 1 _s Sara: ‘7 
iL——| Gag S10 — -- > —+—e 7% sin z1sts ais 
a -{- 30 4 3 5° 5 
sin - — 
= tai? 
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2. If w=¢(z) when y=0, w=fly) when z=0, and w= Fy) 
when x=a 


w 2 ea fee er pale Op: 
m=) 
Tao. sin Peat — nine 
0 cosh = Q—Y) — cos — cosh 7 (A+ y) — a 
OIC sere artery 
ee 3 cosh sale y)+cos— cosh— aC +y) + cos — 


v. Art. 48, Exs. 4, 5, and 6. 


59. If three sides of a plane rectangular sheet of conducting material be 
kept at potential zero and the value of the potential function at every point of 
the fourth side be given; to find the value of this potential function at any 
point of the sheet. 

To formulate: — 


DiV + D2b =0, (1) 
V=0 when c=0. (2) 
V=0 a ca. (8) 
= 0 “ y=. (4) 
V=f(z) “ y=0. (5) 


Working as in Art. 48 we get 


an, Wie 
sinh — (d — 
a CP) MIL 


mab 


sinh 


as a value of V which satisfies equations (1), (2), (3), and (4) if m is an integer. 
Therefore 


. MT 
eG mae aa Cen mare . mrr 
Ve aeenaie 2 ean ©) 
Paes sinh —— ° 


is our required solution, 
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EXAMPLES. 


1. If s(x) =1 Eq. (6) Art. 59 reduces to 


inh — (4 — ae 
V= 4 sa ee) ain = abe sin 7 @ ”) 4. ONL 
7 ah 3 ’ Sth ae a 
sinh — sinh —— 
ir u 


: bir 

sinh — (4 — /) 

ve 1 a : A hae 
Se sin oa 
5 : 5arb a 


2. If V=0 when «=0, V=0 when s=a, V=O when y=0 


and V=F(r) when y=4, then 


; mT 
9” =o sinh a X 
2 “ . mrr pen aE 
———= —-——— 51 F(A) sin —— adr |. 
a ; wml a : a 
m=1 7sinh —— 0 


3. If F(x) =1 the answer of Ex. 2 reduces to 


oO. 
28 as) Se OTe 5. fig 
sinh id sinh Y s sinh ad 
4 a > Te i th Se hiygiquoe al G . ome 
V=— | —— sin > ——-—— #10 + = ———— sin ——+::: ]. 
. . ah u ee om ut Hire birh ut 
sinh — sinh sinh 


4 


4. If V=0 when sc=0, V=0 when sc=a, V=f(x) when y=0, 


and V=F(z) when y=/, then 


s WATT 
a= snk = () — 7/) 4 
Z . MTL a 
—— ya sin ——__—__——_—_ § f(A) § sin ame dk 
a a ; mb 
mat sinh —— 0 
a 
‘ mT 
sinh J 
4+ a 
MTD» 
slr 


5. If f(z) = F(z) the answer of Ex. 4 reduces to 


mir {b 
phe OB —— . s—y) 
— —— sin — a “709 sin ~ See ZA ay |. 
a 7. md 


m=1 cos 
2a 
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6. If f(x) = F(x) =1 the answer of Ex. 5 reduces to 


he b v) osh = (5 —y) 
4 cosh ™ (| Yer on te Ne a i 31x 


= re eg Ae paid = nie 
— ; sin — ae 375 


zi iy) dab 
cosh —— 
2a 


7%. If V=f(«~) when y=0, V=F(x) when y=b, V=d¢(y) when 
‘=0, and V=y(y) when «=a, then 


pe inh 


2 =7>[ 5 MTX a F709 9 ay MITA x 
. 4 mT! Th 
m sinh 


MTU 
sinh ——* my 
ai 
+ ———_ fF) sin * “7X ay) | 
marb 
sinh —— 0 
(a 
a sinh —— 
wy 
se SS [sin ei ; inh Wa foo sin * a: * an 
ree a= Slr 
2S 
eink mre 
i Senn sin _ MT ay) |. 
sinh 


8. If f(z) =¢o(y)=0 and F(x)=x(y)=1 the answer of Ex. 7 may be 
educed to 


em fe Qi (a 
Se G2) Sa on be =) oy 
i ae cpa Oa cewee tng yb dF 
2b ren), 
ho An fa 
ines 1— (5 9) Sra cosh Tle ) ny 
3 ores OTA. “hohe ee 4cra 7 ee | 
26 2b 
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9. Find the-temperature of the middle point of a thin square plate whose 
faces are impervious to heat; Ist, when three edges are kept at the tem- 
perature 0° and the fourth edge at the temperature 100°; 2d, when two 
opposite edges are kept at the temperature 0° and the other two at the tem- 
perature 100°; sd, when two adjacent edges are kept at the temperature 0° 
and the other edges at the temperature 100°. See examples 3, 6, and 8. 

Ans., (1) 25°; (2) 50°; (3) 50°. 


60. Let us pass on to the consideration of the flow.of heat in one dimension. 

Suppose that we have an infinite solid with two parallel plane faces whose 
distance apart is ¢. 

Take the origin in one face and the axis of Y perpendicular to the faces. 
Let the initial temperature be any given function of « and let the two faces be 
kept at the constant temperature zero; to find the temperature at any point of 
the slab at any time. 

We have to solve the equation 


Dao Diu (1) 
subject to the conditions 
u=0 when «=0 (2) 
Maat ye ese eG (3) 
u=f@)* 10. (4) 


In Art. 49 we have found 
U = e~ et sin ax 
and u = e- Ft COS ax 


as particular solutions of (1). 
u=e-“t sin ax satisfies (2) whatever value is given to a. It satisfies (3) 


m—wA : 


if a=" provided m is an integer. Let us try to build a value of w out of 
C 
amert , WIT XY 6 ots 
terms of the form Ae~~ a sin P which shall satisfy (4). 
We have 
Dane mare (° . Mr 

=— i ié GN". 

I(x) p y [ sin : 70) sin — a | (5) 
m=1 0 4 

ie é mart. MTT : 5 PU. “] 

p= > [ een gin ‘ 705 sin - an | i (6) 
0 


reduces to (5) when ¢=0 and is our required solution. 
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EXAMPLES. 
1. If f(A) =4, a constant, (6) Art. 60 reduces to 


ort. ant, bm re : 5) 
was oe “sin 456 ~*5* sin 22 $5 mee De ‘|. 
7 c 

2. An iron slab 10 em. thick is placed between and in contact with two 
other iron slabs each 10 cm. thick. The temperature of the middle slab is at 
first 100° throughout, and of the outside slabs 0° throughout. The outer faces 
of the outside slabs are kept at the temperature 0°. Required the temperature 
of a point in the middle of the middle slab fifteen minutes after the slabs have 
been placed in contact. Given a? = 0.185 in C.G.S. units. Ans., 10°.3. 

3. Two iron slabs each 20 em. thick one of which is at the temperature 0° 
and the other at the temperature 100° throughout, are placed together face to 
face, and their outer faces are kept at the temperature 0°. Find the tem- 
perature of a point in their common face and of points 10 cm. from the com- 
mon face fifteen minutes after the slabs have been put together. 

Ans., 22°.8; 15°15 17°.2, 

4. One face of an iron slab 40 em. thick is kept at the temperature 0° and 
the other face at the temperature 100° until the permanent state of tem- 
peratures is set up. Each face is then kept at the temperature 0°. Required 
the temperature of a point in the middle of the slab, and of points 10 em. from 
the faces fifteen minutes after the cooling has begun. 

Ans., 22°.8; 15°.63" 1671. 

61. If the faces of the slab treated in Art. 60 instead of being kept at the 
temperature zero are rendered impervious to heat, the solution of the problem 
is easy. 

In this case we have to solve the equation 

D t= Diu 
subject to the conditions 
D,u=0 when «=0 
Du =0 ime EG: 
u=f(r) “ i100 
We have only to use the particular solution 
uU = e~ %2*t COS ax 

as we used U == e~ Fa* sin ax 
in Art. 60. We get 


moo 


[5 FO)A+Y(e-Nee cos = 70) Saran) lemma 


>( 
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EXAMPLES. 


1. Solve example 2 Art. 60 supposing that the outer surfaces are blanketed 
after the slabs are placed together so that heat can neither enter nor escape. 
Find in addition the temperature of the outer surfaces fifteen minutes after 
the slabs are placed in contact. Ans., 33°.3; 33°.3. 


2. Solve example 3 Art. 60 0n the hypothesis just stated, getting in addition 
the temperatures of points on the outer surfaces. 
Ans., 50°; 33°.9; 66°.1; 27°.2; 72°.8, 
3. Solve example 4 Art. 60 supposing that heat neither ee nor escapes 
at the outer surfaces after the permanent state of temperatures has been set 
up. Find also the temperatures of points in the outer surfaces. 
Ans., 30°; 39°.7; 60°.3; 35°.5; 64°.5. 
4, Show that if “=0 when s=0, D,wu=0 te B=, oe u=f(L) 
when t+=0, 


=? Ze Gait tes On + Varn a “"n) gin CO” Cm ttm 4 a). 


m= Y 
Suggestion: Assume u=0 when x=2e and f(2e—z)=f(x), and see 
(6) Art. 60. 


62. If the temperature of the right-hand face of the slab considered in Art. 
60 is a constant y instead of zero we have only to add to the second member 
of (6) Art. 60 a term ~ which shall satisfy the conditions 


Dy, = Diu, (1) 
%,=0 when «=0 (2) 
m%=0 “ t=0 (3) 
M=y “© wre, (4) 


net obviously satisfies (1), (2), and (4); to make it satisfy (3) as well 
we must add a term wu, which shall be equal to zero when 2=0 and when 
g=c andto — me when t=0, while always satisfying (1). It is given 
immediately by (6) Art. 60 and is 


a ua=z=e 
ZY meee - 
Ws o3 > & @ 81 


m=1 


sin “7 an), () 


‘a é 
= — — cos mr = (— 1)" —» 
mr mr 
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C 


m= ow a ed = s 
aaa = = (— — mae tn nee) (6) 


Liglaes 


Hence = y [= i BS (a (an ae oan ay ; (7) 


7m ( 


If the left-hand face of the slab considered in Art. 60 is to be kept at a 
constant temperature 6 and the right-hand face at the temperature zero we 
can get the term wv; which must be added to the second member of (6) Art. G0 
by replacing y by B and # by c—w in (7). We then have 


or Dex (1 Port . MTX 
=| —= (Gone sin m=) | ‘ (8) 
CG T m ra 
m= 1 
EXAMPLES. 


1. Show that if w=6 when «+=0, w=y when r=-, and u=/f(«) 
wnen ¢=0 


w= B+ Oe Bb) E — abs (ars a ney ee sin ame) | 
WT i). 


2. Show that if w= 6 when x=0, w=0 when ¢=0, and D,uw=0 
when x«=c 


* sin 


My 2a? MTA 
¢ 


aii Lf) — 8) sin’ 


m=n 


= = : 1 _Om+1~ant . (2m + Sa) 
a! E =D; (— aay f de2 sin eae | 


m= 0 


f aon wr , L _ 9a2n% Sma. 1. 250% bra 
=B| 1—--(e oe sin—+5e @ sin +e sin ore ys) . 
e [ 7 TE Re aa Oe oe eo 


9 


3. If the temperature of the right-hand face of the slab just considered is 
@ function of the time instead of a constant and the temperature of the left- 
hand face is zero the problem can be solved by a method nearly identical with 
that of Art. 51. 


Cuav. IV.] TEMPERATURE OF ONE FACE VARIABLE. 109 


Let $(«,¢) be a function of # and ¢ which shall be zero if ¢ is less. than zero 
and shal be equal to 


ghar h 
ul “ Gs 1 ) Jie miata: , WUT 
+= > —— e-~e2  sin 
T mM (6g 


m=1 


[v. (7) Art. 62] if ¢ is equal to or greater than zero. So that 
(at) =0 if t<0 
o(z7,t)=0 “ ¢t=0 unless xe 
o(x.t)=1 “ t=0 and w=e 
o(vt)=1 “ xw=e 
o(a,t)=0 “« w=0. 


Precisely as in Art. 51 we get 


limit 5} > [ Ae ) [o(@,¢ — kr) — Bin. t= (he al (1) 


US 


as the required solution of our problem, x being as in Art. 51 the largest 
: ue : : 5 
integer in - where ¢ is any given value of the time. 

Gi 


On our hypothesis the last term of (1), that is, — F(nr)o[2,t— (n-+1)r] = 
the next to the last term (nr) (#,t — 7) has for its limiting value 


F(t) («, 0) = F(t) E be Sees iy mm) 


{ph 


while as in Art. 51 the limiting value of the rest of the sum is 


= i FO)D,$(a,t — ddd. 


n= ow 
_ 2& aie 1 WT XL 
Dy h(a, t — A) =- ae 1)” me ae “2 sin mI. 


m=1 


Hence 


=e x es See a nuTie 
= F)| 21253 (CL” mm) | 
e ( ) E 2 7 >( m ir € 


mi 


MBE Faye ema), 
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2a (—1)™ . mre 
ee ere sin “(FO 


t 
mazar? ain? 
ee “ fFoer cas (t—A) ar) | ; (2) 
0 


2-2 
If we substitute B= a ae (¢{—2) we get 


ening + ESSE PE (ro —fera( feat) } © 


om 


EXAMPLES. 


1. If the temperature of the left-hand face is a function of ¢ and the tem- 
perature of the right-hand face is zero and the initial temperature is zero 


marTt 
ee 


u=(1—)rw- le sin "= (R@) — Sotm(:—shaa)a) |. 


n= 


2. If the temperature of the left-hand face is a function of ¢, the initial 
temperature is zero, and the right-hand face is impervious to heat 


ee eee 
u= F(t) =| Sepa De (¥O 


_ (2m +1) a a "= Fraye eee (m+ 1)%a?n? »ar) |: 


3. If in Arts. 60-63 we are dealing with a bar of small cross-section and of 
length ¢ and heat is radiating from the surface of the bar into air at the tem- 
perature zero so that D,w=a?D?2u—?u, show that: (2) the second mem- 
bers of (6) Art. 60 and (1) Art. 61 must be multiplied by e~**; (0) equation 
(7) Art. 62 becomes 


sinh — — M== 
bee A ee oe m OT TUN, t 
m=y¥y a sar € >| (=1) Dace a or eae 


se ~_ 
a 


wy Wie 
Cuap. IV.] VIBRATION OF A STRING FASTENED AT THE ENDS, mat 


(e) equation (2) Art. 63 becomes 


sinh e = 
= 5 FO ae 2a >) | ae orcas sin - MITTL 7 Fe 
ne = m=1 . cs 


2,2 aca eR sc? + mean? 

— Ret wir feet mayan] 
64. The problem of the motion of a finite stretched elastic string of length 

2 fastened at the ends and distorted at first into some given curve y= Oe 

and then allowed to swing, has been treated and partially solved in Art. 8. 
The complete solution is easily seen to be 


0 


Nie 2 


t 
y= = >) ae —— rf sin _ 


Bice: 


a hy (1) 


The second member of (1) is a periodic function of ¢ having the period 


2 
ae The motion, then, unlike that in the case of an infinite string (Art. 55) is 
; 2b. 
a true vibration, a periodic motion. The period — is the time it takes a dis- 
a 


turbance to travel twice the length of the string (v. Art. 55). 

A careful examination of (1) will show that the actual motion is a good deal 
like that in the case considered in Art. 55. The original disturbance breaks 
up into two waves one of which runs to the right until it reaches the end of 
the string and is then reflected, and runs back to the left or the under side of 
the string, while the other wave runs to the left and is reflected at the left- 
hand end of the string and runs back to the right under the string and is 
again reflected, runs back to the left over the string and so on indefinitely. 

If the curve into which the string is distorted at the start is of the form 


- MITL : : 
y=bsin—— the solution is 


L 
; amrat 
y=bsin 2S fe (3) 
: l l 
No matter what value ¢ may have the curve is always of the form 
“=A sin 


that is, for different values of ¢ we have a set of sine curves differing only in 
the amplitude and not at all in the period of the curve. In this case either 
the whole string if m=+=1, or each mth of the string if mis not equal to 
one, rises and falls, and there is no apparent onward motion. When this is 
the case we are said to have a steady vibration. 
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If m=1 we get steady motion of the string as a whole and if the vibration 
is rapid enough to give a musical note the note is said to be the pure funda 
mental note of the string. If m= 2 the vibration is twice as rapid as when 
m=1, the middie point of the string does not move and is called a node, the 
two halves of the string are in opposite phases of vibration at any instant, and 
the note given is an octave higher than the fundamental note and is called its 
pure first harmonic. 


if m=3 the vibration is three times as rapid as in the first case, there are 
l 21 ; oo he 
two nodes == and #=-, and the note is the pure second harmonic of 


oO oO 


the fundamental note. 
For any value of m the vibration is m times as rapid as when m= 1, there 
20 m—1 


are m— 1 nodes at the points «=—, «= —,°': «= 1, and we get the 
WL WL WL 


m —1st harmonic of the fundamental note. 

It 1s clear from (1) that no matter what the original form of the string the 
resulting vibration can be regarded as a combination of steady vibrations each 
of which alone would give the fundamental note of the string or one of its 
harmonics, and that the complex note resulting is really a concord of the fun- 
damental note and some of its harmonies. 

A finely trained ear can often recognize in a complex note the fundamental 
note of the string and some of its harmonics and is capable of analyzing a 
complex note into its component pure notes precisely as Fourier’s Theorem 
enables us to analyze the complex function representing tne initial form of the 
string into the simpler sine-functions which must be combined to form it. 


EXAMPLES. 


1. Show that if a point whose distance from the end of a harp string is 
1 ete: 
7th the length of the string is drawn aside by the player’s finger to a distance 


6 from its positicn of equilibrium and then released, the form of the vibrating 
string at any instant is given by the equation 


2bn? S ( 1 . mr. mirex mirat 
oe - Os —- . 
m? n l l 


Show from this that all the harmonics of the fundamental note of the 
string which correspond to forms of vibration having nodes at the point 


drawn aside by the finger will be wanting in the complex note actually 
sounded. 
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2. Ifa stretched string starts from its position of equilibrium, each of its 


points having a given initial velocity, so that we have 


y=0 when ¢=0 


Diy = F(x) « t=0 
y=0 .“ 2=0 
y=0 6 w=, 


the solution of the problem of its vibration is easy and gives 


~ 


mao 
2 af = mire . mirat 
y= — — sin sin 
Y aw m l l 
m=1 


0 


F(A) sin 


3. Write down the solution for the case where the string is initially dis- 


torted and each point has a given initial velocity. 


65. If we do not neglect the resistance of the air in the problem of the 
vibration of a stretched string the differential equation is rather more compli- 
cated and the solution is not so easily obtained. The equation is given as (1x) 


ira ae 


Let us solve the problem for the case where there is no initial velocity. 


Here we have D2y + 2kD,y= Diy. 
y=0 when x«=0 
y=0 &6 c= 
= fee ex) 

ay “6 t=(. 


We get particular solutions of (1) in the usual way. Assume 


and substitute in (1). We have 
£2 + 248 = a’a? 


as the only necessary relation between B anda. This gives 


Bp=— bez Vea? +- iF. 


Hence y = oath tV ata? +8 


is a solution of (1) no matter what the value of a. 


(1) 
(2) 


(6) 


To throw it into Trigonometric form replace a by az, and since in actua 
problems &, which is proportional to the resistance, is very small, take — 1 


out as a factor of the radical. We have 


a= ea kt e (ax = tV ara? —K)t 4 


io") 
cr 
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Since a may be positive or negative we can get 
y=e-" sin (ax tt Va2a? — k*) 
and y = e~** cos (ax + t Va?a* — k’) 


as solutions of (1), or by combining these 


y =e" sin ax cos t Vira? — i? (7) 
y = e—™ sin ax sin ¢ Vira? — 12 (8) 
y = e—* cos aa cos t Vata? — He? (9) 
ye cos ax sim t Vira? — ke? (10) 


(7) and (8) satisfy (1) and (2) for all values of a. They satisfy (3) if 


o= a Let us see if out of them we cannot build up a value that will satisfy 
(4) and (5) as well. 
Bie mT 
fO=5 > (sn ey f(A) sin AZ yan). (11) 


n= 


9 m=n ; ————————— 
Ga ae >: (sin oS cos No Ub #70) oy ee r= aa) (12) 


m=1 
reduces to (11) when ¢=0 and therefore satisfies (4). 


n=o 


2 mara eg Xe [i mara _” 
Dy=— ick > (V tee ye, sin “7 gin t 4) See Sie one mr an) 


m= I 


m= w Sl 1 
2k . mire mara Pp . mmr 
ae > (sin iu ‘| ine (70) sin — an) : (18) 
0 


i= 


When ¢=0 the first line of the second member of (13) vanishes but the 


second line reduces to 
Ff Sin Fan). 


aS (0 
== we 
l 
n= 


We must, then, introduce into (12) an additional term which shall equal zero 
when ¢=0O and whose derivative with respect to ¢ shall cancel the term above 
when ¢=0. 
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This is easily seen to be 


mao a l 
ieee i! Mare. er a ey 
2k ae > ——_—_————_. sin —— sin t¢. |/@ 7 _ xe. (f(A) sin marr dn 
Y ma? (A D a H : 
m=1 aaaiaenancamien Som, kk? ° 
[? 


Hence our complete solution is 


S) m=—o S—__\TKQGQGQGQGQG==== 
. y= 9ST (cos eee Ie 


m=1 


7 |- (14) 


k : mara? 
+ ————— sint \/ = —— i) sin - 7 S70) sin” 
Roa i e 
i 
(? 

Here the fact that e~", which decreases rapidly as ¢ increases, is a factor of 
the whole second member shows that the amplitude of the vibration rapidly 
decreases. 

Comparing this solution with that given in Art. 64 for the case where there 
is no resistance we see that the period of any given term 


Py 
Asin ——~ cost [va us a ke 
L P 
ae Oo 
is greater than that of the corresponding term A, sin se co an in Art. 64, 


In other words the effect of the resistance of the air is to flatten some- 
what each component part of the note given by the string. More than this 
since the periods of the different terms of (14) are no longer exact submultiples 
of the period of the first term, the component notes are no longer in perfect 
harmony with the fundamental note of the string, and the ideal perfect har- 
mony between the fundamental note and its harmonics is not quite realized in 
any actual case. 

When £ is very small, as in the case of a fine string, the departure from 
perfect harmony is very slight; but in the case of a coarse string or worse stil] 
of an elastic ribbon, where the resistance of the air is considerable, the 
unmusical character of the sound is very noticeable. 


EXAMPLES. 


1. Solve Ex. 1 Art. 64 allowing for the resistance of the air. 
2. Solve Ex. 2 Art. 64 allowing for the resistance of the air; 


2 ene 1 2. Ue <E aS : mT yk 
He SS Aa — ASSES, 
WR > ( aes sin —— sin ¢ fro im —— ar 


| mara? 


Nee 
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3. Find a particular solution of (1) Art. 65 on the assumption that. it is of 
the form y= 7.X, where 7'is a function of ¢ alone and 4a function of x 


alone. 


66. We pass on now to a couple of problems that require the modification 
and extension of Fourier’s Theorem, the cooling of a sphere in air, and the 
vibration of a stretched rectangular membrane, but as an introduction to the 
former we shall first consider the following very simple problem; to find the 
temperature of any point of a sphere whose initial temperature is any given 
function of 7 the distance of the point from the centre, and whose surface is 
kept at the constant temperature 6. 

Here we are to solve 


D, (ru) = @ Dru) , (1) 

see [v] Art. 1, subject to the conditions 
u=f(r) when t=0 (2) 
1 —0 “< r=e (8) 


if ¢ is the radius. 
Let v=ru, then our equations become 


DIE D9 (4) 
v=rf(r) when t=0 (5) 
v= be 6 (6) 
v=0 ae (7) 
Our problem is now precisely that of Art. 62 and we have as our solution 
mres= > ("an si i fared mds) 
‘ m=1 


m= 2 


ny ee (—1)™ _piats? mar) 
rere ee a, en |. (8) 


Mii 


EXAMPLES. 


1. If fir)=b (8) Art. 66 reduces to «~=6 and there is no change of 
temperature. 
2. If the initial es is constant and equal to 8 


wr 1 42, . 2arr 


Oe = (p—b) | SF esin aon @ ' sin —— 


hel 


“+ a Cm ase sls tgjin OT? i 9 ee 4 > 


Cc 
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3. An iron sphere 40 cm. in diameter is heated to the temperature 100° 
centigrade throughout; its surface is then kept at the constant temperature 0°. 
Find the temperature of a point 10 cm. from the centre, and find the tem- 
perature of the centre, 15 minutes after cooling has begun. Given a?=0.185 
in C.G.S. units. ANS. Geis Oo 40) 


67. If instead of having the temperature of the surface of the sphere 
constant, the sphere is placed in air which is kept at the constant tem- 
perature zero, the problem is much more complicated. For in this case the 
surface temperature can no longer be simply expressed but is given by a new 
differential equation 

D,u+hu=0 when r=—c, (1) 


where / is an experimental constant depending upon what is called the sur- 
face conductivity of the sphere. 
Our equations, then, are 


D, (mi) = &D (rw) 2) 
u=f(r) when t=0 (3) 
D,u+hu=0 when r=e. (4) 
As in Art. 66 let v=ru; then we have 
Dv =aD2v (5) 
v=rf(r) when t=0 (6) 
v=0 « 7=0 (7) 
De +(—>)0=0 when r=. (8) 


ya e-**t cosar and v=e-*sinar have already been found as par- 
ticular solutions of (5) (see Art. 60). 


Gea en? gin ar (9) 


satisfies (7) for all values of a. 
Substitute this value of v in (8) and we have 


ac cos ac + (he —1) sinac=0. (10) 
If a, is a value of a which is a root of the transcendental equation (10) 
VU e-Ut sin ay? (11) 
will satisfy (5), (7), and (8). 


It remains to see whether out of terms of the form given in (11) we can 
build up a value of v which will satisfy (6). 
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When t=0 the second member of (11) reduces to sina,7. If then we 
can express 7f(7) as a sum of terms of the form 4, sin a,7 where a, is a root 
of (10) 


C= > b,.e— “at sin a,r (12) 


will satisfy all of the equations (5), (6), (7), and (8), and will be the required 
solution. 

Here, then, we have a new problem analogous to that of developing in a 
Fourier’s Series, but rather more complicated, namely, to develop any function 


of x in a series of the form > An sina,,« where a,, is a root of the equation 


10); orit we eall acs= 6 and) ie—1—p, where es ¢,, being a root 
; ? I Sen Poas 


of the equation 


¢cos¢+psnd=—O0 (13) 


or more simply of 
o+ptang=—0; (14) 
remembering that the series and the function must be equal for all values of x 
between zero and ¢. 
If $,, is a root of (14) — ¢,, 1s also a root. 
Pm 


Sinee sin — 2 — sin = — r) the terms of the required development 
C 


a 


which correspond to negative roots may be combined with those corresponding 
to positive roots, and therefore we need consider only positive roots. 

¢=0 is a root of (14) but as sin0=0 there will be no corresponding 
term in the development. 

If we construct the curve 


1 
YF oa (15) 
and the curve 
y = tan x (16) 


the abscissas of their points of intersection are values of x which satisfy 
v : . 

te deere that is, are roots of equation (14). It is easy to see that 
there will always be an infinite number of real positive roots, one for each of 
the branches of the periodic curve y=tana which lie to the right of the 


origin. The numerical values of these roots can be obtained by an easy com- 
putation. The construction suggested above shows that as m increases q,, 


will rapidly approach the value (2m — 1) ui if p is positive or if p is negative 
and numerically less than unity, and (2m + 1) . if pis negative and numer 


ically greater than unity. 
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There exist, then, an infinite number of positive real roots of ¢+ ptan d=0 
and consequently of 
ac cos ac + (he — 1) sinac=0. 
68. The development called for in the last article can be obtained very 


easily from a simpler one which we shall now consider, namely, to develop f(a) 
into a series of the form 


S(x) = a sin $,% + a, sin gor + ag Sin pgx + ** 6) 
where qi, 3, ¢3°** are roots of the equation 
¢cos¢+psingd=0, (2) 


the development to hold good for all values of « between x=0 and a=1. 


sk 
—— = Az and form 7 equa- 
med q 
tions by substitut‘ag for x in turn in the equation 


Let us proceed as in Arts. 24 and 27. Call 


S(@) = % sin $x + a, sin dox + a; Sin o3% + +++ - a, sin $,% (3) 


the values Az, 2Ar, 3Az, ++: nAw; this being equivalent to making the values 
of the sum and the function coincide for the x values of « substituted. 

To determine any coefficient «,, multiply the first equation by Az. sin (¢,,Az), 
the second by Az. sin (2¢,,Axz), the third by Aw. sin (8¢,,Ax), and so on, the 
nth equation by Az. sin (nd,,Ax); add the equations and compute the limit- 
ing values of the terms of the resulting equation as m is indefinitely increased. 
This as in Art. 24 is seen to be equivalent to multiplying (3) by sin $,7.da 
and integrating between the limits 2=0 and «=1. 

The first member of the resulting equation is 


J J(&) sin $,,0.da 5 


The coefficient of a, is 
1 


if sin dx sin $,,x.dax , 


and of a,, is 
1 


{f sin? $,, 2.2 « 


120 SOLUTION OF PROBLEMS IN PHYSICS. (ArT. 68 


1 
{f sin $2 sin $,,0.dr = ; if [cos (p, — $m)x — COS ($y + bm)x ]dx 
5 | (Pe — sp sin (Px + Pm) 
2 — by, 


; be + bm 
$, COS , Sin $,, — $,, SiN d, COS $m 
7 $i — ba 
But d, COS d, + p sin d, =0 
and $,, COS >, + p sin $,, =9 by (2). 


Hence the numerator of the second member of (4) is zero, and the coefficien. 
of a, vanishes if & is not equal to m. 


1 
: 1 : 1 sin 2h, 
Jain bnxr.dx = 24, [bm — SiN dy, COS dy, | = 5 [1 = | . (5) 


1 
9) 
Theref — eee rant » ax. 
Therefore Qn oe it f(x) sin $,2.da (6) 
ie 
The coefficient of the integral in (6) can be transformed as follows so as not 
50 involve trigonometric functions. 


$m COS mn +p sing, =0, — by (2) 
$n 008? $,, +6 sin 24,,=0, 


sin 2¢,, cos*d,, 


2h, eas ; @) 


Pm? COS? dm =P? Sin? dy, 


(Ce “+ p) cos? dm =p’, 


COS? dm =P, 
P bm tp? @) 
Hence by (7) and (8) 
180 2bn be (y+ 1) 
ear See 
Pn’ + 
and i.e ae tae tt) “+: D, f f(a) sin $,a.da. (9) 


Therefore our janes Mt neg is 


2b? +p?) oe 
S(2) = = iC ; Aap Sea 1 sin bur f Ha) sin nada). (10) 
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From (10) it easily follows that for values of # between 0 and c 
J (x) = % sin a,x + ag Sin age + a; sin ayr + ++ 


see azct p ~ ey 
=o aie p@ i JIC) Hn ede, 


and a,, is a root of the equation 


where ie 


ac cos ac+psinac=0. 


It is to be observed that if p is infinite (13) reduces to sinae=0, a 


(13) 


WW 


mar ‘ F eee ; 
becomes —— and (11) and (12) give our regulation Fourier sine series (v. Art. 
e 


31), and therefore the ordinary Fourier development in sine series is merely « 


special case of the problem just solved. 


Moreover since the Fourier method of determining the coefficients of such a 


series requires that 


c 


sin a, avsina,vdxz=0 
m n 3 


0 


that is that sin (a, — @y)¢ a si (Am = a,)e — 0 


An — ay an oe ay 

: AC COSA, C  a,C COS a,¢ 

or reducing, that ia Lae LS Ty ak ede Ba 
sl a,,¢ si a,¢ 


or that a,, and a, should be roots of the equation 


ac COS ac 
7S SeIES ae 
Sin ac 


where p is some constant, it follows that we have obtained in (11) the most 


veneral sine development that can be obtained by Fourier’s method. 


EXAMPLES. 
1. Show that the solution of the problem of Art. 67 is 


mao 
es — aa, *t as 
r= Db ne m SIN A)? » 


m= 1 


aZc? +-(he — 1)? 


(Le 


2 . : 
eee ig EE ees Se na a, 
here bm c ae ce 4 he (he ear? 1) Jrvo 81 m* » 


and a,, is a root of 
ac cos ac + (he —1) sin ac=0. 
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2. If the initial temperature of the sphere is constant and equal to B 


nio~— on ~ 
ru = > bpd oom SID dy? 

m= 1 
aZci-+-(he—1)? sina,,¢ 


by ees D Big ee ee : 
ere beet iet azge-+the(he—1) a; 


— 2Bhe | [ane ig ea ae 
an aze? + he (he — 1) - 


3. If the temperature of the air is a constant y instead of zero the surface 
equation of condition is 


Duth(u—y)=0 when r=c. 


The substitution of u,=«w—y, however, brings the problem under Ex. 1 
and we get 
r(u— y) = > Din 7 om? SIN A? 


m=1 


2. e# +- (he—1 : 
where b,, == ; ae a ar (Pe f(A) — y] sin a,,r.dr. 


4, An iron sphere 40 cm. in diameter is heated to the temperature 100° 
centigrade throughout; it is then allowed to cool in air which is kept at the 
constant temperature 0°. Find the temperature at the centre; at a point 10 
em. from the centre; and at the surface; 15 minutes after cooling has begun 


Given «?=0.185 and pes in C.G.S8. units. (v. Ex. 3, Art. 66.) 


800 
Ans., 97°.60 7-07 36; 06°.46: 
5. Show that if in the slab considered in Art. 60 one face is eipaned to air 
at the temperature zero, so that we have D,w=a?D2u, w=0 when +=0, 
u=f(x) when t=0, and D,u-+hu=0 when w=c, then 


m= co 


“= > Ame tmnt SIN. Ay 


m=1 
a2+ h? . : 
where An = 2 oF ie eH J1O) sin a,,r.dA, 
0 


a,, being a root of accos ac + he sin ac= 0, 
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6. If in the problem of Art. 57 heat escapes from one side of the plate into 
air at the temperature zero so that we have D2u+ Dju=0, u=0 when 
-=0, w(x) when y=0, and D,w+hu=0 when «=a, then 


m=o 


u= Sy; Qn O~ *m! SIN Ay 


m=1 


2 2 
9 an Ae h 


7} 7 7 ——s 7 < 1 f 
ia n= 2 rt hha PTY IO) 8 aad 
0 


1, being a root of aacosaa+hasinaa=(0. 
7. If in the problem of Art. 59 there is leakage at one side of the sheet so 
that we have D?V + DiV=0, V=0 when x=0, V=0 when y=8, 


V=f(x) when y=0, and D,V+hV=0 when x=a, then 


m= oe 


i > An sinh a, (6 — y) Siva. a, 


sinh a,,b 


m=1 


where a,, has the value given in Ex. 6. 


69. If we have an infinite solid with one plane face which is exposed to air 
at the temperatures U = F(¢) and heat can flow only at right angles to this 
face, we can solve the problem readily for the case where the initial tem- 
peratures are zero. We have 

Duo Diu 
subject to the conditions 
u=0 when ¢=0 


and D,uth(U—u)=0 when «=0. 
Let a ; vO, (1) 


Then v will satisfy the equation 
Dea Dy, 


and we shall also have v=U when «=0. 


9 .2 
Since U= F(t) ome le F(t — Wie dp (2) 
MP 


by Art. 51 (10). 
D,u—huw=—hv by (1), 


Hence ate — —— nf e'@uda + C3 
v. Int. Cal. § 4, page 314. 
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Determining C by the fact that we~’*=0 when «=o we have 


a 


u = he™ “fe e-"*uda . (3) 


aL 


Substituting the value of v from (2) we have 


a 


2he™ 7 age 0? 
Usime i {P< die fo aC — zap)ee : (4) 


“ 


20 t 
48 our required solution. 
For an extension of this method to the flow of heat in two and three dimen- 
sions and for the interpretation of the results by the aid of the theory of 
smages, see E. W. Hobson, Proc. Lond. Math. Soc., Vol. XIX. 


EXAMPLES. 


1. If the temperature of the air is a periodic function of the time, say 
Pm Sin (mat + .,,) and we care only for the limiting value of w as ¢ increases, 
show that this value is 


ma 


RE Ss 
"Pate | (4 +- aie 5 *) sin (mat —* nae ) 
1 /ma ma a 
(1422) 425 
2a 
1 |ma a2 |ma 
a= Laie cos (mat <—s tee + ha) | . 

y. Art. 52 and Art. 51 Ex. 4. 


Note that if; e sin bade = ne oe) 
a 


and > free cos ba.da = e% (@ cos bx + 6 sin bx) 
q? + b? 


v. Int. Cal. Table of Int. (235) and (236). 
2. If DIV-+ D;/V=0, V=0 when y=0 and D,V+A[Fly) —V]=0 
when «=0 show that 


yay pea cien f F(a)dy eae revert 


vy. Art. 47 Ex. 1. 


70. The solution for an instantaneous heat source of strength Q at the 
point «=A if heat escapes at the origin into air at the temperature zero, so 
that D,u—huw=0 when «=O, can be obtained by the aid of Art. 53. 
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Let w==w,-+ u, where u, is the temperature that would be due to the given 
source if we had no boundary at the origin, so that 


_ YQ _@=» 
ed 2aN rt é dat. [ Art. 53 (2)] 


D,u— hu = D,u, — hu, + Du, — huz=0 when «=0. 


Therefore Dy Uz — hutz = — (Du, — hry) (1) 
when 20. 
J A— 2x ax) 
But — (Dz % — hw) =— aS Cae _ h)e -eae 


in ele h) i = 
when z=0. 


This is easily seen to be the value to which 


Q) (AE — 1) “ae 
oe 2at ieee 


reduces when 2=0O, and this last a is 


(A + 2)? 


DE oe 
( +h) =e 4a2t 


and therefore satisfies the equation 


Dias oDiu: (2) 
, malt 2)2 ee 
since 7 = 42 is the temperature due to a source at x=—A. 
2aV: Tt 
If, then, we determine w, from the condition that 
< Q fAtz _ Atay 
Duby — hite —— Baad ( ot —h)e- aan (3) 


taking care not to introduce any arbitrary constant or arbitrary function of 1 
in our integration, wv, will satisfy equation (2) and condition (1). 

Integrating (3) [v. Int. Cal. § 4, page 314] and determining the constants of 
integration suitably we get 


A+ 2)? (A+ 2)? 
Uy = ae G TR Zi ee Aa2t ae | ; (4) 


Therefore the solution of our problem is 


A— =)? A+ <)? ; Ae 
[ eae + eS —2Qhe”* (-- ee iar ae | (5) 
x 


Q 
i — 
2aV rt 
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lf we replace @ by /(A)dA and integrate from 0 to «© we get as the solution 
for the case where “= j/(«) when t=0 and w>0, and D,w—hu=0 
when «=0 


oe 


— A=Zy x)2 A+ x)2 ze 
= =fh F(A) da ee ee : ahem f oe a |. (6) 
= at 


L 


For an interpretation of this result by the theory of Images and the 
extension of the method to the conduction of heat in » dimensions see G. H. 
Bryaa, Proc. Lond. Math. Soc., Vol. XXII. 


EXAMPLE. 
Show that if w= f(z) when ¢=0 and D,uw+A[F()—uj]=0 when 
x=0 we must take w equal to the sum of the second members of (6) Art. 70 
and of (4) Art. 69. 


71. As another problem requiring a slight extension of Fourier’s Theorem 
let us consider the vibration of a rectangular stretched elastic membrane 
fastened at the edges, that is of a rectangular drumhead. 

If two of the sides are taken as axes and the plane of equilibrium of the 
membrane as the plane of XY the equation for the motion of the membrane is 

D}2= ¢(D22 4+- D22) (1) 
pee fac) Artal: 

Let the membrane be distorted at the start into some given form «= f(a, y) 
and then allowed to swing. Our equations of conditions are then 


20) wien. waa’ (2) 
2 a =a (3) 
Zi) as Yi) (4) 
aA) ae y=b (5) 
z=f(a,y) “ Ge) (6) 
Dias 0 ‘“ fie (7) 


Ve can get a particular solution of (1) by our usual device. Assume 


am eat t But yt 


and substitute in (1). We get y?=c?(a?-+ 8’) as the only relation that 
need hold between a, 8, and y, in order that z==e***++y* may be a 
solution. This gives 


y=xe Va? + p*. 
Therefore z= 0 0+ By #ctVa2 + BP 


is a solution of (1) no matter what values are given to a and B. 


Cuar. 1V.] = VIBRATION OF A RECTANGULAR DRUMHEAD, 127 


Replace a and £ by at and Bi and we have 


wm eiart By + ctVal+ pat 
as a solution, and from this we get 
== sin (ax + By + ct Va? + B) (8) 
and 2= cos (ax ++ By + et Va? + B?) (9) 


as particular solutions of (1), a and £ being unrestricted. 
From (8) and (9) we can get solutions of the following forms 


z= sin az sin By sin ct Va? + B? 
z= sin az sin By cos ct Va? + B? 
== sin az cos By sin ct Va? + 

2 == sin ax cos By cos ct Va? + B? | 
2 = cos ax sin By sin ct Va? + B? [ 
2== COS ax sin By cos ct Va? + p 

2 = cos ax cos By sin ct Va? + 

2 = cos ax cos By cos et Va? + p, 


(10) 


each of which will satisfy equation (1). The second of these will satisfy also 
(2), (4) and (7) whatever values be taken for a and B. It will satisty (3) and 
(5) if a and £ are equal Ee and respectively. 

If, then, we can so combine terms of the form 
MTL. Yy mn 


NIT, on t 
SY CT St Pr 
b a 6 


sin 


as to satisfy (6) our problem will be completely solved. 

This can be done if we can express f(x, 7) as a sum of terms of the form 
fain ein —, 
a b 


etween 0 and a and y between 0 and J. 


the sum and the function being equal when @ lies 


MTL 


t(@, y) can be expressed in terms of sin by Fourier’s Theorem if we 


a 
regard y as constant. We have 


m=O 


- MIL. 
fe) =D tm sin" ™ (21) 


m=1 
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26 
where ln = = f. “f(A y) sin MT dy, (12) 
o a 


F(A, y) in (12) is a function of y and may be developed by Fourier’s Theorem. 


We have SAY) = >? b,, sin ae (13) 
n= 
9 b . 
where bees = fi F(A, #) sin ae dp. (14) 


Substituting for f(A, y) in (12) the value just obtained we have 


nr=P 


24 MTX . nTpe . RY 
= 25S (fa free sin “2 sin b au) sin 


ni=150 


JS (2 y) =4 (sin nein oe “Ft fan f FO; #) si A sin eee du) . (15) 


= 
tt 
~ 
3 
H 
~ 


rs _ vu ee MTL. ny mn 16) 

Hence 2 > 2 (Aine sin —— sin —* cos emt oe z)? (16) 
m=lIn=1 

where Tha a Bi f "Fy w) sin 274 gi in “TE ay. (17) 


is our required solution. 
EXAMPLES. 
1. Show that if the membrane starts from its position of equilibrium but 


with a given initial velocity impressed upon each point so that ~=0 when 
t=0 and D,z=F(x,y) when t=0 the solution is 


u=xzn=e 
1 mre. niry . m: ne 
z=— >) 2 sin “7 sin omt es Se 
a ea m 1) Qa b 
22 


where Ann = al dr f Fa, #) Bina vain Sa du 
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2. If there is both initial distortion and initial velocity 


i saeg mre. ny mn m? 2 
2 == ah Sete [4m COS crt Sata en cs emt) +7] 


la=1 
where A wll (A; &) sin -—— x in Sam dp, 
and cae sieve f F(A, #) sin uma sin ae dp. 
aay cae 
aane 
3. Obtain a particular solution of (1) Art. 71 by assuming z= 7XYY. 


where 7’ is a function of ¢ alone, Y of a alone, and Y of y alone. 


72. A number of interesting conclusions can be drawn from the results of 
Art. 71 and Exs. 1 and 2. 

(a) No one of the three values of z is in general a periodic function of ¢, 
and consequently a vibrating rectangular membrane will not in general give a 
musical note. 

(6) A stretched rectangular membrane can be made to give a musical note 
by starting the vibration properly. For if the initial circumstances are such 
that the solution reduces to a single term, as will be the case if the initial dis- 


tortion in the problem of Art. 71 be such that f(a, y) =A,» _ sin ee sin ae 
. j a ) 


MIre . NITY 

sin; 
b 

or the initial distortion and initial velocity in Ex. 2 be the values just given, 


then the vibration will be periodic and will have the period 


pice il aay (1) 


2 2 

c te ar ots 

Dik el is 
Since 7’ is a function of m and 7 and m and 7 are any whole numbers, the 
same membrane is capable of giving a great variety of musical notes of differ- 


ent pitches. If m and m are both unity we get the lowest note the membrane 
ean give, which is called its fundamental note. Its period 


or the initial velocity in Ex. 1 be such that F(a, y) = B,,, sin 


b 
T,= eae . (2) 
fel veto 
2 
If m and » are both equal to k we get 


2ab 
UP ce ee Sate 3) 
: ke Va? + 64. © 
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therefore the membrane can be made to give any harmonic of its fundamental 
note. 
More than this, since as we have seen 


iy 
fhe n = 
; a on? 
Rg aces 
(ne i? 


is the period of any note the membrane can give, and since if m and m are 
replaced by mk and nk we get 


the membrane can sound all the harmonics of any note which it can give. 
(c) In the case considered above, where the solution reduces to the single 
term 


Pe | 2 2 
Ce PREY on et Sut mM W Fi nb NT 
2 S17) sin —— A,,,, 008 emt \i— + + B,,, sment\|— +s }> 
a b : wie © lie 3 a 2 
, a 2a 3a m—1)a 
if w=—, or —, or —::: or (sella z=0 for all values of ¢, and 
m m m m 
: a 2a m—1)a 4 : 
the lines «= gn ae 2 gee ee Uieae be remain at rest during the whole 
7 D WL 


vibration and are nodes. The same thing is true of the lines 


73. If the membrane is square it may have much more complicated nodes 
than if the length and breadth are unequal, as in this case the period of any 
term of the general solution reduces to 


9 


(i se nf 
Vm? + n? @) 


and there will in general be two terms having the same period, and a musical 
note of the pitch corresponding to that period may be produced by initial cir 
cumstances that bring in both terms. Thus 


a 


. MTL . NTY emt : On jj 
gain ~-— sin + [ 4, n COS ——Vm?+ n2?+ B,,,, sin — Vm? + v2 
3 a ; a 


_ Te ., miry crt ; . CO jf SS 
+ sin “penetie Ene [4 cos = Vm? + n?-+ B,, ,, Sin — Vm? + n? 
} ; a 
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is a form of vibration that will give a musical note. Let us write this 


emt : » MTC... NTU NX my 
#= Cos —— Vo? ++ n? | 4 sin —— sin — + Bsin — sin mY 
} a a a 


a 


Cork = . eT : ary hale 2 
+ sin — Ym? + vn? [o sin y oe (2) 
a a a 
and in studying the forms of musical vibration of which the membrane is 
capable we may take 4, B, C, and D at pleasure. Consider the simple case 
where 4 = C and B= D; then (2) reduces to 


. mm . RIT _ NTL . MIT 
z= (4 sin —— sin — + B sin —— sin mm V (cos * os —— nF i + n? 
a a a a 


+ sin = Vin Fn’) Aa G)) 


Values of x and y that will reduce the first parenthesis in (3) to zero will cor- 
respond to points of the membrane remaining motionless during the vibration. 
Let us consider a few cases at length. 
(2) If m=1 and n=1, the first parenthesis in (3) becomes 


Ty 


(A+ B) sin — sin m=? 


which is equal to zero only when x=0 or y=0O, or x=a@ or y==a, 
that is, for the four edges of the membrane. If, then, the membrane is sound- 
ing its fundamental note it has no nodes. 

(6) If m=1 and n=2, we have 


2 
Asin = sin = oP ai ae ze sin / —0 


to give the nodes. 


Let B=0, ‘then sin = — * sin 22 PT 


=0(0, which is satisfied by y==-; and 


LoS) 


in addition to the edges ane line y oe is at rest and is a node. 
If A=0 «<= 
hia 


is a node. 


bo] Ss 


TL 
sin ™ sin “72 + sin = “sin” =0 
a a 


. We . 14 Ti . We Te . 
gin sin cos ee 2 sin, cos — sin + =0 
a 4 2 a a 


a 


Pe ke TL 
sin = sin = (cos =4 — + cos ue) =, 
a @ a 
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The first factor gives the four edges of the membrane. The second written 
equal to zero gives 


Yy Tx 
cos —- = — cos — = cos ( 7 — — 
7 Tx 
Ty Te 
a a 
e+y=a, 
which is a diagonal of the square. 
If B=—A 
2 UH PAU 4 Phe oe UO 
sin —— sin ——* — sin —— sin = 0 
a a a a 
Ty Tx 


cos —+ = cos — 
a a 


x—y=0, 


which is the other diagonal of the square. 
Other relations between A and B will give Trigonometric curves of the form 


Ty B TH 
cos — = — — cos — 
a A a 


which are easily constructed and which obviously all agree in passing through 
the middle point of the square. 
We give the figures for a few of the cases 
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(c) If m=n==2 we have 
€ 
(- 4+B) sin =™ sin —-=0 
to give the nodes, which are merely the lines 
a a 
ES? and Y= 5° 


This form gives the octave of the fundamental note. 
(dq) If m=1 and n=3 we have 


3 ; 
Asin ™ sin “4 4p sin = gin TY = 0 
to give the nodes. 
5 a 2a 
If A=0 we get as and eniny (1) 
2 
If B=0 .we get y=3 and y=z- (2) 
If A=—B we get 
sin = sin —= oT sin se sin —/ = 0 
a a 


TC TT? 1 nee 
sin — sin —% [ 4 cos? 2 — 1 — 4 cos? — + 1 | =0 
a a AZ a 
ute) Pana 
cos? —4 — cos? == = 0 
a a 


Tl TX 
(cos ay __ cos 72) (cos 74 —-+ cos 7) = 0 
a a 


or ae == (and x+y=a. (3) 
1 
If A=B we get eos? a2 =e cos? —— 5 
or co s=T! + co —=-1, (4) 


a Trigonometric curve easily constructed. 
For other relations between 4 and B we get more complicated Trigonometrie 
curves coming under the general form 


2rry 2rx_ =O A+B 5 
A cos —* + B cos Pp ee ee (5) 
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which all agree in containing the points 


aa a 20 2a a Pda} Pty 
(55) (5-3) (rg) 20d (Hr 3): 


I 
o] [)¢ 


A=B B=-— 2A B=234 


ps 
\| 
| 
ise] 


MISCELLANEOUS PROBLEMS. 


I. Logarithmic Potential. Polar Coédrdinates. 


1. Show that D2V-+ D?V=0_ becomes 
DV + Dy 5 DjV=9 


if we transform to Polar Coérdinates. 
2, Ifin D?V+ = DV+ “ DjV=0 (1) 
we let V=A.® we get 
&®=Acosad+ Bsinad © = Aer? + Be 
R= Aye + Byrne for R= A, cos (a log r) + B, sin (a log 7); 
whence 
V=recosad | V=e+* cos (a log r) V = cosh a¢ cos (a log 7) 


V=r¢sinad | Ve? sin (a logr) | V=cosh ad sin (a log 7) 


V= = cosa | V==e-*+ cos (alogr) | V=sinh a¢ cos (a log 7) 


v= sin ap =e-*# sin (alogr) | V=sinh a¢ sin (a log r) 


are particular solutions of (1). 
3. Show that if V satisfies (1) Ex. 2and V=/(¢) when r=a 


eS 2 bo + D(z) Cn cosmp+a,,sinmd) for r<a 
m=1 
and V= ue bo + D(z) En cosmd+a,,sinmp) for r>a_ 


m=1 


where a 2 sf; Sid) cosmp.dp and a, = 2 ft S() sin mgo.dp 
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4 Show that if V satisfies (1) Ex. 2and V=/(r) when ?=0 and r>0O 


1 - “Aeaosh oo 
V == flerar f Ae) 


FOr ge oa: a(A— log 7).da 


1 $ cosh - (A — log r) 
ek det A AW oe eae sO aie Ae, ee oY, 
oe sf fe ) cosh (A — log 7) — cos 


5. If Veil when ¢=0 and 0O<r<1, and V 


=0 when ¢=0 and 
2> 1 


rob fpen (EY tp mee) 


2Vr. sin 5 
6. If V=f(r) when ¢=0 and V=O0 when ¢=8 
she Psinh (B— $)a i 
a A)d cos a(A — log r).d 
& fe ) af sinh Ba i: tie 
= if sin Be fe OLS 
oa cosh F (log?) — cos a ¢ 
if O<MP@<B. 
7. If V=0O when ¢=0 and V= f(r) when ¢=8 
v= afr ein (ar ae cos a(A — log r).da 
sinh Ba ere. 
=A sin Hea 
B Bu cosh a (A — log r) + cos a d 
8. If V= x(r) when ¢=0 and r<a, V=O when $=8, and 
V=0 when r=a 
0 
Y= a gsin  fx(oe%) [ ies 
=s cosh — (a —~ log “) = COs ue 


eee ee — |. 
cosh — F (4+ 10g 4) =e 
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9. If Y=0 when r=1, V=1 when ¢=0, V=0 when $=5 


ee it Ee 
V==— tan eee o |. 


10. If V=0O when r=1, V=1 when $=0, V=1 when ¢ =F 
9 be 
Vs = tan | sa { . 
7 27 sin 2h 
11. If V=j(¢) when r=a, V=0 when ¢=0, and V=0O when 
¢=B 
r=>0, (“)s sin ls iE hoa 
m=1 $ B 
rae (-)s n ae ioe: 
m=1 ‘ B 
2 7 mrp 
where Co 5 fr4) sin Gas dd and 0<¢<B. 
Qo 


12. If V=f(¢) when r=a, V=O when r=), V=O0 when ¢=0, 
and V=0 when ¢= 8, thenif a<r<b and 0<¢<B 


r= 3 {= a 7 bs as | (;)* a (*) | ean me 
2m f) 


mrp 


where A, = fn sin do. 


13. If V=F(¢) when r=), V=O0 when r=a, V=O when ¢=0, 
and V=0 when ¢= 8, thenif a<r<db and 0<G¢<B 


a mie ae 4 us ts [ (2% ye “)5 | dm ane eh 


m=1 ponutas 
mrp 


B 


14. If V= y(r) when ¢=0, V=O0 when ¢=f8, V=0 when r=e 
and V=0 when r=), thenif a<r<b and 0<G¢<B 


where Om = 3 f F(@) sin dd. 


feet J) Wella i aa OE 
v= dja log b — log a Be mt (log r — log a)r 
ce mB ~ logs—loga ) 
m= 1 sinh 


log 6 — log a 
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lor! 
h pill ey ieee es 
Bere on™ orp toga | x log b — log a 
0 


15. If V=y(r) when =f, V=O0 when $=0, V=O0 when r=a, 
and V=0 when r=d, thenif a<7r<b and 0<¢<B 


: mir 
m= x sinh So etme, 
log)—loga .  mar(log 7 — log a) 
: mT B log b — log a 
ail) sinh —————_ 
log b — log a 
tome 
a 
2 ; MITe 
where hm = aa fw ) sin dx 
log 6 — log a log b — log a 
0) = 


II. Potential Function in Space. 
1. Show that 


1 co wo ive} o ' 
Ka, y) = = faa fap far fro, 4) cos a(A — w) cos B(M— y).dp, 
0 0 —x —@ 
for all values of « and y. 


2. Find particular solutions of D?2V-+ D?V-+ D?V=0 in the forms 


Vai +8? cos (ax + By) 


Ve 0-* 

Vert’ e+P sin (aw + By) 

V=sinh z Va?-+ B®. sin (ax + By) 

V = cosh z Va?+ sin (ax + By) 
&c. 


3. Given D2V-+ D}V+ D3V=0, and V=jf(«,y) when z=0, solve for 
positive values of 2. 


iL faye afd w)du 
Result: v= pe eee : 
2m. fa? (A =a (hy) 7) 
4. Confirm the result of the last example by showing that if f(z, y) is inde- 


pendent of y 


V=1e FMA (v. Ex. 8 Art. 45), 
TJo ete Acme) 
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5. If DiV+D)V+ D3V=0, and V=1 when z=0 for all points 
within the rectangle bounded by the lines r =a, x=—a, y=}, and 
y=—o; and V=0 when z= 0 for all points outside of this years 
then 


2rV = 


Gale se het EA i aa Sa) wk CD a 
(6— y)? 2 Ci 2) y+ 27 (a — 2)* + (6 —y)? + 2] 


1 a ete y= eta) + bay +2 
Sec e® FaG= oy baw tot O ayes 


b ie 2 ocee melts set (a—2pPbo+y?—z[e—2)?+ O+y?+ 27] 
(@—2)7(64- ¥)? +27 (a— 2)? + O+ y)? + 27] 


45 sin7 abet yale toy tot ye +2") 
20 @+aVvety+Alataylt Oy +2) 
if —axn2<a, and 


= ay = 2) = y= (a= 2) + O-y? +2) 
4, VV = 
7 V(b —y) sin O_- a) (0 — 9) ei @— a) (6—y)* +2") 


wee SE ee 
(a + ax)*(b —y)P+ 20 (a +x)? + (b— yet 2] 


EY figs OO APE Ot tot 
Vo+y)? G@—=a0+ yo Aaa Ory +?) 


Ge Ose) ee Oe) Oa a +t at 
pay Or ae] (ae) (0 +)? 27] 


—sin 


ieee — 210r 20. 

6. If the value of the potential function V is given at every point ot the base 
of an infinite rectangular prism and if the sides of the prism are at potential 
zero the value of V at any point within the prism is 


M= oO N= a b 
4 Yn, 22 MTL . MITY 2 MTN. NT, 
=F te eS sin —— 8 in Fa (FO #) Lae sin “TF dp. 
m=1n=1 0 0 


If V=1 on the base of the prism this reduces to 
») y 
Ap (2m - 1)7rx ee (2n z 1)ary 
az 
(2m -- 1) (2n +1) 


mMma= onan 


16 ae Vemt ie , Qu+b? 
L— =! >: > é a2 b2 


m=0 n=0 


7. If the value of the potential function on five faces ot a rectangular 
parallelopiped, whose length, breadth, and height are a, b, and ¢, is zero, and 
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if the value of Vis given for every point of the sixth face, then for any 


point within the parallelopiped 


2 2 
m nN 
m= ono sinh m(c— 2) qe ie 
a b MTX nTy 
in-— sin —~ 
a b 


nT 
A sin “TH 
b 


Ann = 7 ‘an fra #) sin - 


8. If the value of the potential function is given on two opposite faces of a 
rectangular parallelopiped and is zero on the four remaining faces, then within 


where 


the parallelopiped 


sinh m(¢ — 2 Ne — 
( ) ok Bis mre sin 27H 


nrnu=Sonr=—@o 


eS = Dy Amn mm. ne a 6 
m=1n=1 sinh are ate 


. m? 
sinh mz en 
i. MNe . ATTY 
in S50) SS 
a 6 


n=nn=on 


+X DP inn 


m* n* 


m=1 n=1 sinh are eos 

eC! Be 
where AS. -5 fa if F(A; FB) sin “™ sin ate dp 
sin “7H Alp 


and ak ‘afro. #) sin 


9. If the value of the potential function is given at every point on the surface 
of a rectangular parallelopiped, what is its value at any point within the 


parallelopiped? 
III. Conduction of Heat in a Plane. 


1. Find particular solutions of D,w=a?(DZu-+ D7u) of the forms 
6 FOP ain ( ae Ay) 


(She 


be OT MEF B*)t cos (ax ss By) : 


2. Given the initial temperature of every point in a thin plane plate, find 


the temperature of any point at any time, 
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sh eee e AN, pdt 


e— ‘af ¥ f(a “S 2Qave. B, y + 2Qave. y)dy. 


—o@ 


3. For an instantaneous sowrce of strength @ at (A, “) 


Q _ A=x2P+u—y? 
u= ree é nate 2 v. Art. 53. 


For an instantaneous doublet of strength P at (0, ~) with its axis perpen- 
dicular to the axis of Y 


Jere ae v. Art. 54. 

For a permanent doublet of strength P at (0,) with its axis perpendicular 
to the axis of Y 

igen x ee a +(m@—y)? 
Qa? a) + (u = yy)? 4a2t 

If the strength of the doublet were Pd and the heat were uniformly 
generated and absorbed along the element dy of the axis of Y beginning at 
(0, #) we should have 


re PP etsy xd ae WE eu 7 tan aha y 
onus a+ (u—y)?  2Qrra? oes 


ashlee Se 


and since d tan is the angle ARA', where A and A'are the points (0, “) 


and (0,4 -+ dp) aa R is the point (ay), w=0 when «=0 unless 
w<y<petdp, in which case u==, if a approaches zero from the 


2a? 
positive side; and w=0 when ¢=O except in the element du. If then 
u=0 when ¢=0 and w=f(y) when x=0 we have only to suppose a 
doublet of strength 2a?f(a)da placed in each element of the axis of Y and 
then to integrate; we get 


1 eta af) 
z Se et uy 


For a permanent doublet of strength F(¢) at (0, 4) we have 


Uy 
ax _ 2+ (e—yP _ 
cea a é 4a%(t—T) (Car) °F (r)dr 
0 


ndig Di 1 xrl'(0) aoe a . aF"(r) es EEE 
27a? La? (sm — ye 0 > (ft == yee pine ]. 
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From the reasoning above this must be zero when t=0 exceptat the point 
(0, #), must be 2a?F(t) at the point (0,4), and 0 at every other point of the 
axis of Y when ¢ is not zero. 

Hence if w=0 when t=0 and u=F(y,t) when x=0 


17 @F(u,0) _2tuny 1D, F (pt) tun? 
(a pee eau oy reper BU ae 
ad e+ (p—y e+ (u—yy wen” 


For an extension of this solution by the method of images to the case where 
there are other rectilinear boundaries and for its application to the correspond- 
ing problems in the flow of heat in three dimensions see E. W. Hobson in Vol. 
XIX Proc. Lond. Math. Soc. 

4, If the perimeter of a thin plane rectangular plate is kept at the tem- 
perature zero and the initial temperatures of all points of the plate are given, 
then for any point of the plate 


aa sy OTH TY - _ ATM 
oar aS Se ‘sin ; fa fro. ) sin —— sin 5 du 


Mi — ema 


if 6 is the length and ¢ the breadth of the me 

5. A large mass of iron at the temperature 0° contains an iron core in the 
shape of a long prism 40 cm. square. The core is removed and heated to the 
temperature of 100° throughout and then replaced. Find the temperature of a 
point in the axis of the core fifteen minutes afterward. Given a?=.185 in 
C.G.8. units. Ans., 52°.9. 

6. If the prism described in Ex. 5 after being heated to 100° has its lateral 
faces kept for 15 minutes at the temperature 0° find the temperature of a point 
in its axis. Ans., 20°.8. 


IV. Conduction of Heat in Space. 
1. Show that 


‘| a ie=) wo eo ». «o . 
wi fda fap dy If du FO, Hv) COS a(A — x) cos B( — y) Cos y(v — 2) dy 
0 0 0 Sy Aah as 
=f (ay; #) 


for all values of a, y, and 2. 
2. Show that 


M=0 N=O P= 


_ NT 77. 
Sen) => > > Anne Sin 2 sin SE in 2 


C 


m=l1n=1 p=1 


where Ann» = Ef fin fo HL, v) ae A — ar a Fo 


fork Se —<a, 0 y= be <6. 
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3. Obtain particular solutions of D,w==a(D2u-+ D2u+ D2u) of the 
forms 
== 6~ +B + YD sin (ax + By + yz) 


er FP + y¥ cog (ax + By + yz). 


4 Given the initial temperature of every point in an infinite homogeneous 
solid find the temperature of any point at any time. 


il > . ‘. — Q=2P?+ (u—y)?+v—2) 
— Sahm)’ ary td ufe 4a2t SO; By v)dy 


1 @ ; oo : ao 
==, f e8* dB ( e-¥ dy ff e- ® f(a + 2aVt.B, y + 2aVt-y, 2 + 2aVi.3)dd. 
5. If the surface of a rectangular parallelopiped is kept at the temperature 
zero and the initial temperatures of all points of the parallelopiped are given, 
then for any point of the parallelopiped 


NM=aHn=H pP=o 


enon? (B+ e+e) UT ae UL pie 
=> > >A ae ip € Md a)'sin sin a sin 


ee) 


where = Amnnp = beak Sfoafin fro. #,v) sin a sin ae sin dy. 


6. An iron cube 40 em. on an edge is heated to the uniform temperature of 
100° Centigrade and then tightly enclosed in a large iron mass which is at the 
uniform temperature of 0°. Find the temperature of the centre of the cube 
fifteen minutes afterwards. Ans., 38°.4. 

7. An iron cube 40 em. on an edge is heated to the uniform temperature of 
100° and then its surface is kept for fifteen minutes at the temperature 0°. 
Required the temperature of its centre. Ans., 9°:5. 
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ZONAL HARMONICS. 


74, In Art. 16 we obtained 


¢== Ap, (@) + Ba, @) (1) 
[v. (6) Art. 16] as the general solution of Legendre’s Equation 
OE dz 
C2?) eee 2a in +m(im+1)z2=0, (2) 


m being wholly unrestricted in value and # lying between —1 and 1; where 


m(m — 2) (: ‘m+e 
py ies a 1) ae mm Mn 1)(m+3) A 
m(m — 2)(m — 4)(m + 1)(m + 38) (m +5 
= ) a )¢ ) ) a ot cee (3) 

and 

SS \ peo opie es /. Dy 
Ana m a ¢ + 2) ate (m —1)(m yu + 2)(m + 4) by 

(m —1)(m — 3)(m — 5) m ++ 2)(m + 4)(m + 6) 

os ) ) a ) ates; (4) 

and we found V=r"p,n (cos 6) 


it 
V= pm +1 Pm (COS 6) 
V=7"q,, (COS 8) 


1 
j xe OS e a 

V= pmt Im (COs 6) J 

m being unrestricted in value, as particular solutions of the special form 
assumed by Laplace’s Equation in spherical coérdinates when V is independ- 


ent of @; that is, of the equation 


1 ; 
TDAGV ie ane Do (sin 0D,»V) =0. (6) 


* Before reading this chapter the student is advised to re-read carefully articles 9, 10, 13(c), 
25, 16, and 18(c). 
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For the important case where m is a positive integer we found 
2=AP,,(x) + BQn(x) (7) 
[v. (10) Art. 16] as the general solution of Legendre’s Equation (2), whence 
V=r"P,, (cos 6) | 


v= —— : P., (cos @) 


pm + 1 


8) 
V=r"Q, (cos 0) o 


1 
= ati Ym (Cos 8) 


are particular solutions of (6) if m is a positive integer. 


Boye (2m — 1)(2m — 8)---1 = nm _ mm—1) Ries 


m! 2(2m — ie 


m(m — 1)(m me 2)(m Ee) m4 =] 
2.4.(2m — 1) (2m So @) 


[v. (8) Art. 16] and is a finite sum terminating with the term which involves 
ry if m is odd and with the term involving 2® if m is even. 

Tt is called a Surface Zonal Harmonic, or a Legendre’s Coefficient, or more 
briefly a Legendrian. 

(m--1)(m+2) 1 
Qn (2) = ») sls m+1 +4 9 (9 2 m+ 3 
(2m + 1)(2 ae a 2.(2m+3) 2 
Pa ete a gee! il to] (10) 

2.4.(2m + 3)(2m + 5) api 6 
io 1. ore > 15) fy. (2) Art, 16.j 

It is called a Surface Zonal Harmonic of the second kind. 


wenfne)} 


Qm (x = aa 1)? T(m Spee aie 1) — Pm (#) 
=n? SC) @ (11) 


[v. (13) Art. 16] if m is odd and —1<a@<1. 


on] (4 1) 
Qn (2) = (1)? ee In (2) 
=(— 1)2 IL. os Moe Vm (x) (12) 


TaD 


[v. (14) Art. 16] if m is even and —1<a2<cl1. 
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In most of the work that immediately follows we shall regard # in P,,(x) as 
equal to cos @ and therefore as lying between — 1 and 1.* 


75. In Article 9 the undetermined coefficient a, of 2” in P,,(a) was 
(2m —1)(2m— 3) +1 


; for reasons which shall 
Mm. 


arbitrarily written in the form 


now be given. 
In Articles 9 and 16 z= P,,(z) was obtained as a particular solution of 
Legendre’s Equation 
d*z 


lz 
(1 — x?) ie 20 oe + m(m +1) z=0 (1) 
by the device of assuming that z could be expressed as a sum or a series of 
terms of the form a,2”" and then determining the coefficients. We can, how- 
ever, obtain a particular solution of Legendre’s Equation by an entirely differ- 


ent method. 
The potential function due to a unit of mass concentrated at a given point 


(21; Yr; #1) is 
es (2) 
(@— a)? + YH)? + (%— %)? 


and this must be a particular solution of Laplace’s Equation 
Di Viet D Ie -\- DPV == (., (3) 
as is easily verified by direct substitution. 


If we transform (2) to spherical coordinates using the formulas of 
transformation 


x=? cos 6 
Y= sin 6 cos d 
2==7sin Osin d we get 
1 
v= —— (4) 
Vr — 2rr,[cos 8 cos 6, 4+- sin 6 sin 6; cos(p — $1) ] +7? 


as a solution of Laplace’s Equation in Spherical Coérdinates 


1 : e 
PD2¢V ) =- cay Do(sin 6 DpV) + Gale DjV=0 [xin] Art. 1. 


If the given point (a, 71, 21,) is taken on the axis of XY, as it must be that 
(4) may be independent of ¢, 6,=0, and 
1 

SS (5) 


Vi? — 2rr, cos O-+ 72 


* English writers on Spherical Harmonics generally use « in place of a for cos # We 
shall follow them, however, only when we should thereby avoid confusion. 
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is a solution of 


1 F 
rD2(r V) ain a D,(sin 0 Ds V) =0. (6) 
Equation (5) may be written 
il 1 
v= : (So eae a (7) 
1—2-cos6+-t 
es if 
or V= 2 eee . (8) 
‘ft —2= co8 6+ 
1 


V1 —2zcos 0+? is finite and continuors for all values real or complex of 
x. It is double-valued but the two branches of the function are distinct except 


for the values of z which make 1—2zcos 6-}2?=0 namely z=cos6+/sin 6 
and #=cos@—isin@, both of which have the modvlus unity and which are 
critical values. 

1 


—————————_ is finite and continuous except for the values of 
V1 — 2z cos 6+ 2? 

z—=cos 6—isin@ and z=cos 6+ sin 6 for which it becomes infinite; it is 
double-valued but has as critical values only these values of z. It is then 
holomorphie within a circle described with the origin as centre and the radius 
unity, and can be developed into a power series which will be convergent for 
all values of z having moduli less than one. (Int. Cal. Arts. 207, 212, 214, 
220.) 

ik 


If then + >7, —————————. an be developed into a convergent series 
\ ee el cos 6 -- ty 
r 7 
involving whole powers of = 


Let > (is be this series, p,,, of course, being a function of cos 6. Then 


il . rye 
v= aay i 7” 
[v. (7)] is a solution of (6). Substitute this value of V in (6) and we get 
pm mn 1 d : Lm 
| aan mm te Pm ake are sin @ a6 (sin 6 “ha) | == ()) . 


As this must hold whatever the value of 7 provided > 7, the coefficient of 
each power of 7 must be zero, and hence the equation 


i eh ff ay) + m(m + 1)Pp =0 (9) 


Binp'de nr de 
must be true. 
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But as we have seen in Art. 9 the substitution of «= cos 6 in (9) reduces 
it to 


2 a), ‘ Pm 
¢ a) now D0 8 + mm +1) p_a=9, 


dx? 
and therefore 2—=Dm 


is a solution of Legendre’s Equation (1). 


If +<*, ——————— can be developed into a convergent series 
24 2 
1—— cos 6+-— 
" 


ne 
involving whole powers of —.- 
5 


qu ‘ i 

Let De — be this series. Then 
x 
il 


1 ie 
y= — 4 — 
i Ty page ie 
(v. 8) is a solution of (6); substituting in (6) we get 


om Ae Cage) 
pales es ea a 7,"+1 sin 6 dO ak AW A Be 


whenee it follows as betore that 


2S Pm 
is a solution of Legendre’s Equation. 

But p,, is the poeticiont of the mth power of = in the development of 
(1 aang - cos 6 + “y? according to powers a =) or oe the mth power of . in 
the ferelopmen of (1 — 27 cos a4 fi) aecondine to powers of = or 
more briefly it is the coefficient of the mth power of z in the development of 
(1 — 2x2 + 2*)-% according to powers of 2, standing for cos 6. 

(1 — 2az + 2*)-$ = [1 — 2(2a — 2)}-+4 


and can be developed by the Binomial Theorem; the coefficient of 2” is easily 
picked out and is 


2m —1)(2m— 38)-+-1 E Urea ees 
m! 


2(2m — 1) ei 


m(m —1)(m—2)(m—3) 
, a 2.4.(2m — 1)(2m — 3) e f 
But this is precisely P,,(x). [v. Art. 74 (9)] 
Hence P,,(x) is equal to the coefficient of the mth power of z in 
the development of [1—2az-+-2?]-4 into a power series, the modulus of 2 
being less than unity. 
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76. If w=1 P,(@w)=1. For if w=1 (1—2xz+2%)-3 reduces to 
(1 —2z2-+ 2*)-} that isto (1 —2)~!, which develops into 


1 2 a? 2? + 2t+-::, 


and the coefficient of each power of zis unity. Therefore 


Fatah =1. (1) 


We have seen that if m is even P,,(a) contains only even powers of a and 
terminates with the term involving @°, that is with the constant term. 
The value of this constant term can be picked out from the formula for 
m Feiss — 
P,,(2) [v. Art. 74 (9)]}. Ibis (—1)?—2 a ae »); 
follows: — It is clearly the value P,,(x) assumes when x=0; it is, then, the 
coefficient of 2” in the development of (1+ 2?)-; but 


) 


or it can be found as 


Pee o L857 


a2 — —_ — s @ ao a 
Qe 2)- $=1 sea 5 Se 24.6 ~ me DAG So 


21.3.5 — 
and the coefficient of 2”, m being an even number, is (— 1)? et Ls 


If m is odd P,,(x) contains only odd powers of # and terminates with the 
term involving « to the first power. The coefficient of this term can be 


, m—1 8.5.7. °° 90 ; 
picked out from (9) Art. 74 and is (—1) ? ioe 21 or it can be 
P(x) 


found as follows:—It is clearly the value assumed by in when «=0. 


It is, then, the coefficient of 2” in the development of 


Cpa 


Bw? ——- —____ & 


and the coefficient of 2” in this development is (— 15% 


m being an odd number. 


77. To recapitulate: 


1.3.5: Gm = 2) [ a TUBA) 
Ee Set" ; 


m(m — 1)(m — 2) j= 8) 7 
1" 2.4.(2m — 1)(2m — 3) 


_ m(m — 1)(m — 2)(m — 3)(m,— 4)(m — 5) Los ae aoe 1 
2.4.6.(2m — 1)(2m — 3)(2m — 5) P il (1) 
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m being a positive integer, is a Surface Zonal Harmonic or Legendrian of the 
mth order. It is a finite sum terminating with the first power of x if m is 
odd, and with the zeroth power of « if m is even. 
P,,(x) is the coefficient of the mth power of 2 in the development of 
(1 — 2az + 2")-4 into a power series. Hence if 2<1 
(i = 2a2-+- 2)— 3 == P,(x) + Pi(a).2 + Pa(a).27 + P,(x).2” 
te Pa) e i Ee) 2" Pe Pe) a ae) 
Whence 
ii 


oes m1 vi ee 
fe YB cos 6+ 7? a [ Pa(eos ie r FC08 Or ha Raheem 


+ P,,(cos 8) + | if r>1, 
; | (3) 
= [ Pa(cos 6) +- P,(cos 6) + =. P,(cos 6) +--+ °° 
1 1 1 


+ = P,(cos 6) +--+ | if r<ny. 
1 
z= P,, (2) 


is a solution of Legendre’s Equation 


dz dz 
=e Dap te os 
t=) a ee + m(m + 1)z 


when m is a positive integer. 
Fiemme 
V=7"P,,(cos 6) 


and =e : P,,(cos 6) 


pmtt 


are solutions of the form of Laplace’s Equation in Spherical Coérdinates 
which is independent of 4, aes 


rD?(rV) ciara 9 Pe (sin 6DyV)=0. (4) 
P,,(1) =1. (5) 

Fee = x) = Pore (x). (6) 
Pon 4.3 (— ¥) = — Pon 41(&)- (7) 
Pom41(0) = 0. (8) 


1.3.5. °+*(2m—1 


Px. (0) = (* 1)" — DA Gime one (95 
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ES | =(-1)" 3.0.06" Bs Ca ok) (10) 
dx ic 2.4.6, +++ 2m 


For convenience of reference we write out a few Zonal Harmonics. They 
are obtained by substituting successive integers for m in formula (1). 


P(x) = il 
P(x) =2 


P,(2) = + (32!—1) 


P,(2) = 5 (525 — 32) 
1 ar 2 

P(x) = 8 (85a* — 302? + 3) 
: il 
j (11) 


P;(x) = 8 (632° — 7028 +- 152) 


P,(z) = Ae (643528 — 12012x* + 693024 — 12602? + 35), 


Any Surface Zonal Harmonic may be obtained from the two of next lower 
crders by the aid of the formula 


Gy Di @) = Grr leh, @) + 2P,_,(@)—0 (12) 
which is easily obtained and is convenient when the numerical value of x is 
given. 

Differentiate (2) with respect to z and we get 
— («—2) 
=P 2P,(x).% + 3.P3(x).27 + ++ 
(1 — 2az + 2%)3 NOU RCEROE = LAGE ing 
whence 


a = (1 — 2xz + 2)(P,(x) + 2P,(x).2 + 3P;(x).2?+ +). 


Fence by (2) 
(1 — 2az + 2%)(Pi(x) + 2Po(a).2 + 3P,(x).22-+ ++) 
+ (# — x) (Po(%) + Pi(a).2 + P,(x).22+++)=0 (13) 
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(18) is identically true, hence the coefficient of each power of « must vanish. 
Picking out the coefficient of 2” and writing it equal to zero we have formula 
(12) above.* 


78. We are now able to solve completely the problem considered in Art, 9. 
We were to find a solution of the differential equation 


rD3(rV Ns be = = alsin 6DeV) =0 (1) 
subject to the condition 
: M 
es Bhat a 2 
p (FL Ht when 6=0. (2) 


We know (v. Art. 77) that 
V=r"P,, (cos 6) 


and V= : Pn (C08 8) 


pat 
are solutions of (1). 
For values of 7<c¢ 


M mM 1.374 1.8.5 78 
(+75 a Satie steal (8) 


Therefore for values of r< ¢ 


VA == 2, (cos 6) — ee, (cos 6) 
L.3r oe a 
a Fg a Po(cos 6) ++ | (4) 


is our required solution; because each term satisfies equation (1), and there. 
fore the whole value satisfies (1), and when 6=0 


P,, (cos 6) = P,, (1) =1 


[v. (5) Art. 77], and hence (4) reduces to (3) and (2) is satisfied. 
For values of r > 


M a Sipe po Inoepiee 
@+ryt Soa g4G ee | (5) 
1 41. 3ct 1.3.5 08 
=u o-5 ot5io—geeat | 


* For tables of Surface Zonal Harmonics v. Appendix Tables I and IL 
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Therefore for values of r>c¢ 
V=— =|< Po (cos 6) — 2 (cos 0) 


1.3 ¢ 1.3.5 cl 
+54 = P,(cos 0) — 593 ¢ © P,(cos 6) ++ Api 


is our required solution. For it satisfies (1) and reduces to (2) when 6=0. 


79. As another example let us suppose a conductor in the form of a thin 
circular dise charged with electricity, and let it be required to find the value 
of the potential function at any point in space. 

If the magnitude of the charge is / and the radius of the plate is a the 
surface density at a point of the plate at a distance r from the centre is 

Pi, M 
on AatV a2 — 7? 


; oe Tae | ; 
and all points of the conducwr are at the potential = - (v. Peirce’s New- 


tonian Potential Function, § 61.) 
The value of the potential function at a point in the axis of the plate at the 
distance « from the plate is a seen to be 


Vex M( a, ea 
¢ Va? — 77)? + Ve—r (a+r) 
es aes oe x —— a> 
~ 94 ou ba r+ a! Oh 
Aa i RD ae lisa ) hug M 
dz & C8 +a) at+-2? 
| M ei ee 
i bai a a a 
if a4, 
M a” at a 
ee a8. wo: ag xt) “tg: re 
ifn > a. 

Integrating and then determining the sec constant we have 
eee ee | 
2a a 2 yy? 2 ee aye) Wa 

iti7= a, 


Mla as am? “a 
=4(¢_ #4 2+] 


ay hind Bas ba® Tan? 


ha a 
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We have, then, to solve the abe 


ED OT “, Da(sin 6 DV) = =0 


subject to the conditions 


_ y? a yt 
+ 37 ~ Bae! Fal 


when @=0 and 7,<a 


Mia a? a a 
ae yaa | t-te et | 


when 6=0 and r><a. 


The required solution is easily seen to be 


Cee. lita ee: 1 Le 
V ea 5 7 P1(008 8) + 3 oa Ps (cos @) — 27, P5(cos 6) +- | 
if r<a@ and 0<z, 
I l 3 
and yaa|*— - 2 P, (cos 6) +5 oP, (cos 6) — ae (cos @) + °° | 
at 7% a. 
EXAMPLES. 


1. Given that if a charge M of electricity is placed on an ellipsoidal con- 
Mp 
Atrabe’ 
where p is the distance from the centre of the conductor to the tangent plane at 
P (v. Peirce, New. Pot. Fune. § 61); find the value of the potential function at 
any external point wher the endicty. is the oblate spheroid generated by the 


ductor the surface density at any point P of the conductor is equal to 


rotation of the ellipse — = 1 about its minor axis. 


peta) 
a2 | : 
Ans. (1) If the point is on the axis of revolution 


[ sin aber a = 89 asin i ba — a? + b? )] 
-ak aVa? + a? — 0? Na? + a? — 6? 


x being the distance from the centre. 
(2) If the point is on the surface of the spheroid 


v= ple ( Chi Veo =a LF - tot Gs) |: 
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(3) If the distance r of the point from the centre is less than Va?-- 02 and 
O<5 
M oe 
Va? - — 2p (a? = Wom! 
pd 


+373. 3( — = 3 Ps (eos 6) ~ 5(e =P) <5 s Pe (cos De ‘|. 


v= 


<1 P, (cos 6) 


(4) If the distance r of the point from the centre is greater than Va? — 6? 


ML (ai— 0%; (a? — b?)5 
Vai — B _ era P,(cos 6) 


a. a P,(cos 6) — as 


ieee 


BaD) p, (cos 6) +--- |. 


2. If the conductor is the prolate spheroid generated by the rotation of the 


a2 y? 
ellipse 3 ee = =1 about its major axis, show that if the point is an externa! 
a 
point and is on the axis at a distance x from the centre, 
v= M ee = Va" — 0" 
War? 9 2 — Va — 8? 
If the point is not on the axis and +> YVa?— 4? 


a [= pee =! (cos 6) 


el oY ad 3 P, (cos 6) ieee OE as P,(cos 0) +: -]. 


80. As a third example we will find the value of the potential function due 
to a thin homogeneous circular disc, of density p, thickness &, and radius a. 

The value of V at a point in the axis of the disc at a distance x from its 
centre is readily found and proves to be 


Vi. = 2arpk (Va? + a? — x) =F Wet a— Zz). 


If «>a 


Malm lng mel Leer el exc ab Bea 


rh hes. [Bg Hees aes 
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el let iho 
VF Fa = a (1+ ~yee[ 14352 2 —staget | 


2M We sijihee . SB? aleaieshaia ‘] 
a Ts, > [1-2+ ie i ae aa aed 2468081 ; 


Hence the solution for any external point is 


dace a bess 
Ae WC Rie 24.6 8 7 Pe (cos 8) + oa 


if r= a@, and 
v= 22 [1 — : P, (cos 6) 


+52 * P, (cos 6) — 34" 4, Pa(008 6) +575 GP a(cos 6) — ~~ | 


if r<a@ and Go 


EXAMPLES. 


1, The potential function due to a homogeneous hemisphere whose axis is 
taken as the polar axis, is 


HEN or, Beal GE Bulla ae Bilallcty Gs 
y==[* ay —, P (cos 0) — ie ph Ot OE Sarre , Ps (cos 6) —-: | 


if r>a, and is 


rai [S45 ae (cos 6) ae Pp, (cos 6) 


3.1 7 ola 
ech 1 Pa(cos ) — pet” MPS core | 


if r<a and i. 


2, ne ea) functioa due to a solid sphere whose density is propor 
tional to the distance from a diametral plane is, at an external point, 


8 Wb.30 75.3.1 a 


ee 247 ' 94678 


P. (cos 6) 


__ 9.3.1.1 a8 ole 3 Rene 
aor Ge a 3 Ps (cos 6) + poets | — P¢(cos 6) — |. 
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3. The potential function due to the homogeneous oblate spheroid generated 


: aoe, af : : ae 
by the rotation of im + =1 about its minor axis is, at an external point, 


1 2 ea. ye! 
v= : M . x oe a aes wal il ba) 
XG (@—1) 2(a* — b?)4 aVx? + a? — 0? 


+ sin71 he ce =) — 
Na? + a? — 


if the point is on the axis of the spheroid at a distance 2 from its centre. 


J 1 (a? — p\r i (a? — b*), 
v= iat eat es = omar P, (cos 8} 


bens 3 
ae 
if r>(a?—)%)t, and 


3M a 
(@—t Ee (@ oa eer a Ges 2 es 0) 


1 ees 
73 GF 


— 


y? P; (cos 6) te ie ma P; (cos 6) — | 


if r<(a—1)F and au 


4. The potential function due to the homogeneous prolate spheroid 


2 2 
a y 
= jal about its major axis is, at an 
a” b~ 


| 


generated by the rotation of 


external point, 


3M 1 (a? —1?) 1 (a— 0b); 
her == (2 — 14 1.3 r 3.5 thie Fa (cos ) 
1 (a? oe i? (7—VW); 


157 7 


P,(cos #) +°: ‘| 
if r> (a?— 3%). 
81. The method employed in the last three articles may be stated in 


general as follows:— Whenever in a problem involving the solving of the 
special form of Laplace’s ar. 


DIV +=; 5 Po (sin 6DsV)=09; 


the value of V is given or can be found for all points on the axis of X and 
this value can be expressed as a sum or a series involving only whole powers 
positive or negative of the radius vector of the point, the solution for a point 
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not on the axis can be obtained by multiplying each term by the appropriate 
Zonal Harmonic, subject only to the condition that the result if a series must 
be convergent. 

It will be shown in the next article that P,,(cos @) is never greater than 
one nor less than minus one. Hence the series in question will be convergent 
for all values of 7 for which the original series was absolutely convergent. 


82. In addition to the form given in (1) Art. 77 for P,,(x) other forms 
are often useful. 

It ought to be possible to develop P,,(cos 6), which may be regarded as a 
function of 9, into a Fourier’s Series, and such a development may be obtained, 
though with much labor, by the methods of Chapter II. 

The development in terms of cosines of multiples of 6 may be obtained 
much more easily by the following device. 

We have seen in Art. 75 that P,, (cos @) is the coefticient of the mth power 
of z in the development of (1—2zcos 6+ 22)- ina power series, and that 
ifmod #<1 (1—2zcos 6+ 2%)~% can be developed into such a series. We 
know by the Theory of Functions that only one such series exists, so that the 
method by which we may choose to obtain the development will not affect the 
result. 


(1 — 2z cos 6 + 2%)-3 = (1 — x(e% 4 e- 8) 4 2*)-¥ 
=(l—z e%)—3 (1 — ze-%)-4, 


hee ze%)-+ may be developed into an absolutely convergent series if 
modz<1, by the Binomial Theorem. We have 


Lo emer teets 
(1 — z68%)- baits er =o = ztesoi t.. 


1 raga aegis 5.7 
4 — 27 %)\—- 5 = + PSA aS w2 p—2 e585 O08 ek md ae ae 
(l—2er#)-t=1 DY OS Sama all “ er erage ti 


The product of these series will give a development for (1 — 2z cos @-+ 2)-4 
in power series. The coefficient of 2” is easily picked out, and must be equal 
to P,,(cos 6). We thus get 


7 3.5.°°: (2m — mn 
P (70g 0) wey. B.D. ++ (2m — 1) enbig p-moig by 2m (e On — 2)64 + et 2m) 


ig 2.4.6 — ++: 2m 2n—1 


1.3 2m(2m — 2 


cEOwe (2 ne BLY 7h ae OC 407 te {m— 408) t... ‘| 
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» 
P,, (cos @) = oe [2 cos mé -+- 2 ai 


2.4.6. +++ 2m “1.(2m = 1) bes (= 270 


1.3 m(m — 1) 
1.2(2m — 1)(2m — 3) 


1.3.5 m(m — 1)(m — 2) . 
+2 103 (2m — 1)(2m See: 5) COS (Mm — 6)6 + vo]. (1) 


ae cos(m — 4)0 


Tf m is odd the development runs down to cos 6; if m is even to cos (0), but 
in that case the coefficient of cos (0), that is, the constant term, will not contain 
the factor 2 which is common to all the other terms, but will be simply 


|e ny. 


2.4.6 
We write out the values of P,,(cos 6) for a few values of m 


P, (cos @) = 1 
P; (cos 8) = cos 6 


P, (cos 8) =; (3 cos 26 + 1) 


P; (cos 6) =26 (5 cos 36 + 3 cos 6) 
P,(cos @) = as 64 cos 46 + 20 cos 20 + 9) 
1 (2) 
P;(cos 6) = 798 [63 cos 56 + 35 cos 36 + 30 cos 6] 
P, (cos 6) = = [231 cos 66 + 126 cos 46 + 105 cos 26 + 50] 
P, (cos 6) = we [429 cos 76 + 231 cos 56 +189 cos 36 + 175 cos 6] 
P, (cos 6) = a [6435 cos 80 + 3432 cos 66 + 2772 cos 46 


+ 2520 cos 26 +- 1225]. 


Since all the coefficients in the second member of (1) are positive, and since 
each cosine has unity for its maximum value it is clear that P,, (cos 6) hus 
its maximum value when 6=0; but we have shown in Art. 76 that P,,(1) = 1. 
Therefore P,,(cos 6) is never greater than unity if 6 is real. It is also easily 
seen from (1) that P,(cos 8) can never be less than — 1. 


160 ZONAL HARMONICS. fArt. 83, 


83. P,,(x) can be very simply expressed as a derivative. We have 


Pat = (27 Dens * | om — m(m — 1) Tia 


2.(2m — 1) 


4 MOHD — 2B) gto] 
2.4.(2m — 1)(2m — 3) 


(2n =—Den= yee: ie ne ee +}. (m+1)m am—t 
f Paltz = (m + 1)! =| n= pay 


ie (m + 1)m(m — 1)(m — 2) bo HE | 
2.4.(2m — 1)(2m — 3) 


[7Pn @de?= fae {Py (@)dex 
0 0 0 


— (2m —1) em —3)** [ames ae 
(m + 2)! 2.(2m — 1) 


Bl hed ale ae LL a —- | 
2.4.(2m — 1(2m — 3) 


aa ee (oni) (aia eee m __ 2m(2m — 1) m2 
J Cas (2m)! | a 2(2m — 1) 


a 2m(2m — 1)(2m — 2) )(2 (Gis a8) gem—4 =] 
Das (2m —1)(2m — 3) 


fa (2m — ae Senet E am — pgp tn —2 4. a 1) KPa 


3! 
The quantity in brackets obviously differs from («?— 1)” by terms involving 
lower powers of x than the mth. 


__ m(m ~ —- = 1) (im — 2) — 2) nm |. 
mn bt. 


Leo. (ANG ad) Oe 
(2m)! det! 


Hence Py(X) = (a? — 1)", 


a™ 2 ™ 
oe APES a daw Geeta (1) 


This important formula is entirely general and holds not merely when 
x==cos 6, but for all values of a. 
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84. The last result is so important that it is worth mule to confirm it by 
obtaining it directly from Legendre’s Equation 


@2z . dz 
(1 — x) — Pare — 22 In + m(m + 1)z=0 (1) 
v. (1) Art. 75. 
Let us differentiate (1) with respect to 2 a few times representing 


dz aig meee ON a s 
oe by 2; Tae PY a", Tat PY a", &c.. We get 
2.) 
(La) = —— 2.28 = 4 [mn 1) — 2 |e! = 
dx? 
re Cel ot _ e ‘ '" 
(l=) sie om Fae 1 Lm + 1) — 21-2) |e" =0, 
dx 
= —2 An — — + [m(m +1) -201+24+3)]}e"= 


and in general 


(1 — 2) a — 20+ 1) = + [m(m +1) —-2 +2434-+-+n)}2em=0 
o = (1 —2%) si — $1) ante =0. (2) 


Following the analogy of these steps it is easy to write equations that will 
differentiate into (1). 


Let Ae, oo 2, ot =e, &c. Then 
(d= at) S34 mim +1) =0 
will differentiate into (1), 
(1 — 2?) ha BT e+ Emm + 1) — 2.1}z.==0 
if differentiated twice will give (1), 
= a?) 78 ve —2 4 2.2x os aoe [m(m + 1) — 2(1 + 2) ]zs == 0 


if differentiated three times will give (1), and in general 
(a pee Te 4 O(n — 1) = + [mm + 1) —n(n—1)]2,=0 (3) 
AX 


if differentiated » times with respect to # will give (1). 
If n=m-+1 (8) reduces to 


oe Pent + nae ath =O, (4) 
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and the (m+ 1)st derivative with respect to x of any function of «x which 
satisfies (4) will be a solution of (1). (4) can be written 


dz 
— ye mez, = 
(Lime a) es + 2mxz,, = 0 


and can be readily solved by separating the variables and integrating. v. Int. 
Cal. (1) page 314. It gives 

Rp == Ce" — 1)”. 

Mar MN fnpd' ao ™m 
a5, d Te C d (x 1) (5) 


Hence = 5 
da™ dx™ 


xX 


is a solution of Legendre’s Equation (1) and agrees with the value of P,,,(x) 
obtained in Art. 85. 


85. The equations obtained in Art. 84 are so curious and so simply related 
that it is worth while to consider them a little more fully. 
We have seen that ; 


2 a 
(1 — 24) ae + 2mx = =0 (1} 
differentiates into 
ay hte dz 
(hesa2, Tet 2(m — 1x = + 2mz = 0; (2) 


that if we differentiate (2) m times we get Legendre’s Equation 


dz dz 
aoe Qa on + m(m + 1)z =0; (3) 


(aa. 


that if we differentiate (2) 2m times we get 


= CFE dz 
(dd —z*) qa ie le = 03 (4) 


that if we differentiate (2) m— n times we have 
eee yn ee eat oa n—1)]z=0; 5) 
dat FG, : ( J-=0; ( 
and that if we differentiate (2) m-+n times we have 
Ce) no eee nee n-+-1)]2= 6 
da? dx Oe \e=0. (6) 


By the aid of (1) we found in the last article a particular solution of (2), 
namely 
2 = (a? — 1)”. 
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{ff we substitute in (2) z= u(z?—1)™ following the method illustrated 
fully in Art. 18, we get as the general solution of (2) 


da 


z= A(e?—1)"+4+ Baw? —1)™ @ope (7) 


A and B being arbitrary constants. 
oe : : : 
line — eri is easily written out [v. formula (42) page 6. Table of Inte- 


grals. Int. Cal. Appendix]. If «<1 it vanishes when x=0. If a>1 it 
vanishes when «=o. If then «<1 (7) can be written 


SEI SN TEES DM Press pee (8) 
and if «>1 ‘ 
2 == A(x?—1)™-+ B(x? —1) == (9) 


and in these forms unnecessary arbitrary constants are avoided. 
From (7) we can get the general solutions of (3), (4), (5), and (6). 


~— gore — 1)™ 2 fd [ 2 m dx 
seg ae ee, he 1) (asl (10) 


is the general solution of (3). 
po" ? Le qm ‘ » dx. 
= 4 Oe a an [ —1) foe (14) 


is the general solution of (4). 


ele es] © 


is the general solution of (5). 


ERE Cis dye qm+ 5[ "( dx. =| 
a Slee, = 13 
A da” +n dx m+n (x? 1) (x? = 1)" +1 ( ) 


is the general solution of (6). 

In each of these forms A and B are arbitrary constants and the integral is 
to be taken from 0 to 2 if <1 and from x tow ifa>1. 

Of course (10) must be identical with the forms already obtained in Arts. 16 
and 18 as general solutions of Legendre’s Equation. 

Equation (4) is so simple that it can be solved directly, and we get its 
solution in the form 


dx 


(x e8 (2? —1)"*1 (14) 


2—A,+ B, 


which must be equivalent to (11). 
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Comparing (14) with (7), the solution of (2), we see that every solution of (4) 
can be obtained from a solution of (2) by dividing the latter by (27 —1)”, or 
in other words that if we write (2) 


: dz, , ; 
Cli Bop rie = + 2(m —1)2 ee + 2mz=0, (2) 
es fe 
and (4) as (1— wh) ae —“!_ 2(m 4 eee = (4) 


2=,(77—1)™; and the substitution of this value in (2) will give (4), and 


the substitution of 2, = in (4) will give (2). 


io Haha 

We have, then, two w s of obtaining (4) from (2); we may differentiate (2) 
2m times with respect to x, or we may replace z in (2) by 2,(@?— 1)”. 

If we use the first method we have seen that Legendre’s Equation (3) is 
midway between (2) and (4). That is if we differentiate (2) m times we get 
(3) and if we then differentiate (3) m times we get (4). Let us see if the 
half-way equation in our second process is Legendre’s Equation. 


If == y(a®—1)5 
and y = % (a? —1)3 
Pee 1), 


So that if in (2) we replace z by y(?—1)} and then repeat the operation 
on the resulting equation we shall get (4). Making the first substitution we 


find, 
dx at; F 


not Legendre’s Equation but a somewhat more general form. Of course its 
solution is 


ne at as 


» 


y = 0; (15) 


d. pda 


Y= A(x? eae is 7+ Bie? ea io (at (a? —1)™t0" 


(16) 


(2) and (4) are special forms of (5) and (6). Let us try the experiment of 


substituting in (5) 2=y(1— 2*)= and in (6) =a We find that 


both substitutions give the same equation 


d*) D 
a) Fae Z| mm +) — ps |y=0. a7) 
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cn 


The solution of (17) can be obtained from either (12) or (15) and is 


aA gore — a) Qm-n ae * 3. dx 

Ure a = He \4 damn +o damn | @ =i ) cesta ' (18) 
or 

Me mn ( qdmt Rac" a? yy qmt+ Rn a da i 
y=1—-2z a4 A ym x +3, | @ =<) steal (19) 


which of course must be equivalent. 


86. In addition to the value of P,,(@) given in (1) Art. 83 there is another 
important derivative form which we shall proceed to obtain. It is 


P,,(cos 0) = Cd ym+1 ppm (-) 7 (1) 


We have seen in Art. 75 that ee can be developed into 


eS 1 
1-2 — cos 6-- = 
r fee 


a convergent series if 7,<7 and that the (m-+1)st term of that series is 
P,,(cos 6)r,” 
pm i ; 
Ne 1 - ies 1 1 


ee aye oft ry? VP—2ryrcosOtr? Var+ + 22—2ar, +r? 
Fea IY 3 we 
? r 


Let us obtain this term by Taylor’s Theorem. 


Si 1 
Vente pe 


Regarding this as a function of (# — 7,) and developing according to powers 
of 7, by Taylor’s Theorem we get as the (m+ 1)st term 


ee ie a Mm m Ll 2 CY, m fue (-). 


ee 0) m il 
Hence Falco) ce DF E ~). 


87. We have now obtained four different forms for our zonal harmonic, 
a polynomial in a, an expression involving cosines of multiples of 6, a form 
involving an ordinary mth derivative with respect to x, and a form involving 
a partial mth derivative with respect to ». We shall now get a form due 
to Laplace, involving a definite integral. 


Ch Li (a) 
Ieee 6 (@—2)s 
if a? >? [y. Int. Cal. page 63” 
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1 


G— leas can be expressed in the form ei @—P} by taking a=1—eza 
Oye a! 


and b==2Va2?—1 and nomatter what value 2 may ek z can be taken so small 
that a? will be greater than 6% Then by (1) 


Peal. naa?! ip t= ae 
oe | —2az-+ 2); serene Vie Lf; 1 — 2(« + V.r?—1. cos ¢) 
= a fl @ Va? — 1. cos d)z+ (x1 + Vx? —1. cos $)?2? 


+ (a+ Vx? — 1. cos p)8zt + ++ Jdd 
if z is taken so small that the modulus of 2(@ + Vz? —1. cos #) isless than 1. But 


by Art. 77 (2) P,,(x) is the coefficient of 2” in the development of : : 
(1 —2a2-+-2"); 
hence P,,(«) = 2 fi [a + Vz?—1. cos ¢]™d¢. (2) 
7 
0 
By replacing ¢ by 7 — ¢ in (2) we get 
P,,(@) = “ft —Va?—1. cos 6] "dd. (3) 
0 
i 1 il ber 1 : f 
G— ira Dt Sy, (1—a0t4 5) and if mod - <1 or in other words if 
il ede A br a 32 
eee 
IN (1 oak ar can be developed into a convergent series involv- 
_—_— Gh _ —— 
22 


ing powers of : , and the coefficient of (:)" will be Pal) but this will be 


the coefficient of 2—~"—! in the development of according to 


(1 — 2¢e-- zt 
descending powers of z, mod z being greater than 1. 

If now we let a==2za—1 and b=2V22—1, a@@—W?=1—2rz+ 2? and 
2 may be taken so great that a?—0?>0. Then by (1) 


id yan 


do 
1. = 202 + aye 743 oe —~ mma Vato TC COs 


Tv 


ala (————— 
ue 2(x — Va? — 1. cos ¢) [1 -——=—_ | 
z(a — Va? — 1. cos $) 


nia gol 1 SSS SY 
=1f—ek aay aes (@@— Vx? — 1. cos) 
i a rae 
ye cos $)?~ ax jas 
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and the coefficient of z-"—?! is . tf ip 
(o— a T( ery 7 


1. cos @]"+h 
Hence P (2) = pees . (4) 
Bt |e — Vc? — 1. cos gies 
Replace @ by 7— ¢ and we get 
: 1 d. . 
Pat) =5 { — = oe ©) 
J [x + Va" — 1. cos $] 


88. In the problems in which we have already used Zonal Harmonies 
(v. Arts. 78-81) we have been able to start with the value of the Potential 
Function at any point on the axis of Y, and it has been necessary to develop 
the expression for V on that axis in terms of ascending or descending powers 
of a, If, however, we start with the value of V in terms of 6 for some given 
value of 7, that is on the surface of some sphere, we must develop the function 
of 6 in terms of zonal harmonies of cos 6 (v. Art. 10), and our problem becomes 
the following: —To develop a given function of cos 6 in terms of zonal har- 
monics of cos @, or to develop a given function of « in terms of the functions 
P,,(x), « lying between 1 and — 1. 

The problem resembles closely that of developing in a Fourier’s series, 
which we have already considered at such length. 

Let S(@) = AoPo(#) + Ai:Pi(@) + A2Po(x) + AsPa(@) +°°° (1) 
for all values of # from —1 to 1 and let it be required to determine the 
coefficients. 

If /(x) is single-valued and has only finite discontinuities between «= — 1 
and a=1 we may proceed as in Art. 19. 

Let us take n-+1 terms of (1) and attempt to determine the coefficients. 
Take n+1 values of x at equal intervals Ax between x=—1 and a=1 
sorthab (- 2)Ax—=2; f(—1-+ Am), f(—1-+ 2Az), f(—1+ 3Az),°:: 
F[—1+ (~+1)Az] will be the corresponding values of f(x). Substitute 
these values in (1) and we have 


f(—1+ Ax) = ApPo(— 1+ Az) + -4,P,(— 1+ Az) 
+ dpP,(—1-+ Az) +++ + A, P,(— 14 Az) 
F(—1+ 2dx) = AyPo(—1 + 2d) + AP;(—1 + 2d2) 
+ APA + 280) $0 ApPy(— 1+ 200) (2) 
fit — an) = AyPs(l — Aa) + A,P,(V — Ae) + A,Po(1 — Ax) + ~ 
+A4,P, 


OA 


(1 — Az), | 


that is. 2-1 equations from which in theory the n+ 1 coefficients 
Ay, A,,°**:-A, can be determined. 
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Following the analogy of Art. 24 let us multiply the first equation by 
P»(—1-+ Ax).Av, . the second by P,,(—1-+2Az).Ax, the third by 
P,,(—1+3Ax).Av, &c., and add the equations. The first member of the 
resulting equation is 

k=n+1 
DA 1+ ka2)P,,(— 1+ kA2).As, (3) 
k=1 
and the coefficient of any A as A, in the second member is 
k=n+1 
Ee 1+ kAa)P(—1-+ kda).Aa. (4) 
k=1 


If now » is indefinitely increased (3) approaches as its limiting value 


1 
JPOP alee (5) 
. 1 
and (4) approaches i P,(@)P, (a)da. (6) 


We have now to find the value of the integral (6) or as we shall write 
it for the sake of greater convenience 


f P,,(a)P, (x)de. 


1 
D T%( ta m *(é Lae n 
89. f Pol) Pa ale c= Qm+nay! oak co x == wv) dae 
=] -1 ‘ a 


by (1) Art. 83. 


1 


u 2 m nr n UO me - 2 
fes 2 1) ad C= 4)" ne we [“ (x? — 1) d” RG —— | 
=I = . 


dix dix" 
ol 


1 
Sins nt (a? — Ly ll Coe ae. 1)" 
4 Gp eo da"—} de (1) 
by integration by parts. 


Now if 2= X(a?—1)" 
di —— §), 7 fon n— n aX Vi a 2 aX 
ae are X (ee mle? =) oR (et 1 pa Es “t- (e471) =| . (2) 
Hence the pth derivative with respect to a of any function of a containing 
(s?—-1)" as a factor will contain (~?—1)"~? as a factor if p<n. 


Cuar, V.] DEVELOPMENT IN ZONAL HARMONIC SERLES. 169 


d?~ (ae oo A 


» then, contains (2*—1) as a factor and is zero when 2=1 


da} 
and when x=—1, 80 that (1) reduces to 
1 1 
Le m 1 eB iin n m+ lf? m m——1/yn2 n 
{7 (a? —1)" d*(a’? —1) eae Gee we 1)", a3 (of m1) ae, 
da” da* dam dan~* 


It follows that 
1 i , ; i 
Ll — 1 2g Ms bid (va yea 1 )” Pe as = typ (7 pe 1 nek d D(x? oro 1) es 
dia dat dant? da —P 
—I 


_ ; "a D(a? ae 1 i "+ P(g? a 1 ” ; 
= ly (= ~ dx. (3) 


oj 


If m<n we get from (3) 


| 1 
1" (x? oe ] a dA" (a? ee, 1)” shy = do" (an? ee rt y n—M (92 bao 1 n 
f dant dat sailors Sate dg dat—™ ie 


ail —I 
1 


: J[r—m—1 ge — ‘} n 
= (— 1)"(2m)! E a =(, 


—% 


2 
since iam = (2m)! 
If m>n 
+ oe, m a u ; tii— (pp m (fm go? —14\y 
1 had 1) Baz 1) lai J. ale AB (“ ’ 1) We 
da” dx” , ax? dx 
= { —1 


1 
? 1 ieee aad (av = 1 um 
= (—1)"*(2n)! [ees | =0. 
1 


If, then, m is not equal to 2 


1 
fi P,,(2)P,,(x)de =0. (4) 
—!1 


1 
If m=n we have to find [CP ne) Pde. 
—s 


; y \m im 
1 d(x? —1)" di (— 1)” on. 


1 
fPnie) Pde — 22m Ny dx” dz” 
ie ei ; e a 1 re 
fe Ae i= (1 fF tye 
dat” da” } dz. 
Pat") —4 


by (3), = (—1)"(2m)! f (2? —1)"de. 
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! 1 os 1 
{i (2? —1)"de = iG —1)"(@e+ te = — f (2 — 1)" + 1)"+ de 
=) —1 -1 


m! . Pr 


Qimt+ lin! 


=(— 1)" (m + 1)(m + 2)+*-(2m-+1) : 


(= Ly Qi lyme t 
Hence Serato "dat = Fo (m + 1)(m + 2) +++ (2m 7) 


or f [Pn(@) Pda = rae . (5) 


90. The solution of the problem in Art. 88 is now readily obtained, and 
we have 


S(@) = Ay Po(x) + Ar ik + A, P(x) + °°: () 

where a 2m = 1 eee (2) 
=1 

The function and the series are equal for all values of x from «=~—1 to 


#==1, and f(a) is subject to no conditions save those which would enable us 
to develop it in a Fourier’s Series. [v. Chapter III.] 
Of course (1) can be written 


J(cos 0) = Ay Po(cos 8) + A; P;(cos 8) + A, P2(cos 6) + + °° 


where A= alk a : if J (cos 6)P,,(cos 6)d(cos 6) 
or if f(cos 6) = F(6) 

F'() = Ay Po(cos 6) + A; P,(cos 6) + A; P2(cos 6) + +> (3) 
Zee ee 2m a 1 f F(6)P,,(cos 6) sin 6.46 (4) 


and the development holds good from 6=0 to 6=7. 
If f(z) is an even function, that is, if f(— «x)= f(x) (1) and (2) can be 
somewhat simplified. For in that case it can be easily shown (v. Art. 77) that 


if S(&) Po, (a) da = 2 ip J() Py, (x) dx , 
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and that if. f(t) Pox 4 (a)dx = 0; 
so that if f(— x) = f(x) i 

Flee) = Ay Po(x) + Ae Po(a) + AgPy() + Ag Po(z) +o (5) 
where Ay = (4k +1) (p F@) Pay) dee. (6) 


If f(x) is an odd function, that is, if f(— x) =— f(a) it can be shown in 
like manner that 


F(@) = A,P,(2) + A;P;(x) + A;P;(2) a. A,P, (a) ot eee (7) 
where Aye (4k + 3) {FOP a. eae. (8) 


If it is only necessary that the development should hold for 0<2<1 any 
function may be expressed in form (5) or (7) at pleasure. 


1 
91. We can establish the fact that if P,,(@)P,(«)dx =0 by a more gen- 


2551 
eral method than that used in Art. 89. 
Let Y,, be any solution of Legendre’s Equation 


< [a os. =| +m(im+1z2=0 — [v. (1) Art. 16). 


which with its first derivative with respect to a is finite, continuous, and 
single-valued for values of x between — 1 and 1, —1 and 1 being included. 


Then “ [a — x!) <a | + m(m + 1)X_, = 0 (1) 
and < a — x’) “| +n(n+1)X,=0. (2) 


Multiply (1) by ¥, and (2) by X,, and subtract and integrate and we get 
~ ad aX, 
[mom +1) — rn 1) f Xue =(Xq Fe [ A — 07) SE Jae 
=1 “1 


1 
d dX, 
= <| aay yea | 
Pies 5 Cas) } dz. 
==] 
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Integrate by parts, 
[m(m +1) —n(n +1)] if XX qlee = [ Ante 


asl 


nt) Toe 


te 2=—1 


1 1 
€ aX,, Lx. 
a fot: Ce Om de Pde: aoe SF de. (3) 
Caaf | —1 


dx dz 


1 
Whence fAnknde =0 (4) 


unless m=. 
(2) gives at once the important formula 


dX, 
23) ae X 
7 Xa ent a”) Ez da A m oe. 
f pie eS m(m + 1) — n(n + 1) (5) 


from which come as special cases 
dP,,(x) 


1 Nee a) |’. (#) Pn() dx 
if P(2) Py(2)d0 = ———= = foal) ©) 


and since P,(#)=1 


os al) 


(1 — 2) tFale) 
oh 2 tiled, ater 8 Beaks U6 
fPateiee= aoe - (7) 
unless m=0O. 
EXAMPLES. 


1 
1. Show that [ Pnie)de = 0 if m is even and is not zero. 
0 


1 m—1 al 
=(—) * inim+1) 2.46 
odd. v. Art. 91 (7) and Art. 77 (10). 
2. Show that 


Dulas >> 21 


oth aa 1) if mis 


en oe 


1 
Pra) Py(o)de =0 if mand 7 are both even or both odd. 
0 


peters min! 


Leis m } ; 
ent (ee te t= 1) (5 1 a ! 


if m is even and n odd. v. Art. 91 (6) and Art. 77 (8), (9), and (10). ef. J. W. 
Strutt (Lord Rayleigh) Lond. Phil. Trans. 1870, page 579. 


1 


3. Show that f P,,(x) Pde = 1 _-v. Art. 89 (5). 
. [Pm()] 2m+1 ©) 
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92. Formula (4) Art. 91 can be obtained directly from Laplace’s Equation 
by the aid of Green’s Theorem (v. Peirce’s Newt. Pot. Fune. § 48). 

Take the special form of Green’s Theorem [(148) § 48 Peirce’s Newt. Pot. 
Func. | 


if ii UT2V —VV2U)dadydz = if (UD, V—VD,U)ds (1) 


where \/? stands for (D?+ D?+ D2), D, is the partial derivative along the 
external normal, and the left-hand member is the space-integral through the 
space bounded by any closed surface, and the right-hand member is the surface 
integral taken over the same surface. (v. Int. Cal. Chapter XIV.) 

If U and V are solutions of Laplace’s Equation V?7 = V?U=0 and (1) 
reduces to 


if: (UD, V — VD, U)ds =0. (2) 


Now r”X,, and r”X, are solutions of Laplace’s Equation if «= cos 6 
(v. Art. 16). 

If the unit sphere is taken as the bounding surface and U=r"X,, and 
V=r"X,, (1) and (2) will hold good. 


D,, U = De" Xy) = mI" 1X, 


™ 


De = ye LX, 


—n) 


ds = sin 6.d6d¢, 


and (2) becomes if dd f (nX,,X,, — mX,,X,) sin 6.46 = 0 
0 0 


or 2ar(n — m) of X,,X, sin 0.d6 = 0. (3) 
0 
Since «= cos 6, sin 6.d@=—dx and (3) reduces to 
uy 
af) ‘X,,X,da = 0* (4) 
—1 
unless mn. 
93. We can now solve completely the problem of Art. 10 which was in 
that article carried to the point where it was only necessary to develop a 
certain function of 6 in the form 


A,P,(cos 9) + A, P,(cos 6) Piapded 4(COs U) es 


* Tt should be noted that this proof is no more general than that of the last article, for, in 
order that Green’s Theorem should apply to r”X,,, this function and its first derivatives must 
be finite continuous and single-valued within and on the surface of the unit sphere. (v. Peirce, 
Newt. Pot. Func. § 48.) 
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given that t(9) =1 from 6=0 to 6 =F 
and J(0) =0 from g=5 to 6=T. 
This amounts to the same thing as developing /(x) into the series 
F(a) = AyPo(z) + ArPi(@) + 42Pa(@) + AsPs(x) +°°* 
where F(x) =0 from x«=—1 to e=0 


and F(xz)=1 from «=0 to x=1. 
By Art. 90 (1) and (2) 


Te tesa at 
Ay= 5 [ Poade=5 fde=y 
0 0 


1 
9 
A= sila = ( Pa(e)de. 
0 


and any coefficient 


ByfArt. Ol ex. 1 
1 
if P,,(a)dx =0 if m is even 
0 


mot 1 3.5.7. +9 9m 
= S Ll) 2 
m(m -+ 1) 2.4.6. +++ (m—1) 


Hence A,=0 if m is even 


a ee 2 1.3.5, °° ° Ne 2), me 
cones 2m + 2° 2.4.6.+++(m—1) if m is odd. 


if m is odd. 


ea (oon Pies 

Then) FQ) or pig ee ge (1) 
ars (ems Wb de Gs. 

and uot zr Pi(cos Nee ce 3 Ps(cos eps 54" Ps(cos Ay+:: (2) 


for any point within the sphere. 


94. If ina problem on the Potential Function the value of V is given at 
every point of a spherical surface and has circular symmetry * about a diameter 
of that surface the value of V at any point in space can be obtained. 

We have to solve Laplace’s pea in the form 


TD (nl) leer ng vao(sin 6D V)= (1) 


* See note on page 12. 
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subject to the conditions 
V==f(O) when r==a 


V=0 “ Y= 0, 


We have SO) = Ag P (wos 6) -+ A, P (cos 4) oa A,P’ (Cob 6) 4 mo 


where An = = ss : 


J ‘f(6) Py(Coe G) sin 6.46. v. Art. 90 (4), 
Hence 


V= Ay+ A, (2) P,(cos 6) + A, ( ") P,(c08 6) + A, (2 zy" (cos *)-t--° 2) 


is the required solution for a point within the sphere, and 


“ a? ar? a\* 
v= A,(*) +4, (<) P,(cos 8) + Ay (“) >,(c08 8) + Ag (“) P,(008 6) ++*+ (3) 
is the required solution for an external point. 


EXAMPLES. 
1, If on the surface of a sphere of radius ¢ V is constant and equal tog 
aay We 

show that V==a« for any point within the sphere and y=— for any 
external point. 

2. Two equal thin hemispherical shells of radius ¢ placed together to form 
a spherical surface are separated by a thin non-conducting layer. Charges ot 
statical electricity are placed on the two hemispheres one of which is then 
found to be at potential o and the other at potential 4. Find the value of the 
potential function at any point. 


arf 7 


V= ++ —a [45 - P, (cob 9) — 1.57 P,(c0s 6) 
+5 Lot P,(cos 6) — | 
for an internal point 
V= ats 40-0 [75 = Ps(cos 6) — i 5a F2(008 6) 
411 132 Pycosd) —--- | 


for an external point. 
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3. If Vi;=f(cos 0) when r= and V,;=0 when r= show that for 


a<xr<b 

m= 2 br +] ye bm +1 al" malt 

y= >A mri m+ P= o) (— +1 —<) P (C08 @) 
m= 0 
1 
Z 1 
where A <= SES (He) Plate. 
—1 


4. If V,=F(cos6) when r=6 and V,=0 when r=a then for 
axr<b 


ee sm yn +1 bm a" +1\—1 
V,= 2.(G> m yr + a) (<- hm + i) Pn(CO8 6) 


m=0 


where Bb, = oe, ae freee 


5. If the value of the potential function is given arbitrarily on the surfaces 


of a spherical shell but has circular symmetry * about a diameter V= /,+ IV, 
(v. Exs. 3 and 4). 

6. Two concentric hollow spherical conductors are insulated and charged. 
The inner one of radius « is at potential p, and the outer one of radius 4 is at 
potential g. Find V for any point in space. 


Veit Oe, 
es — (2 1) +; ae (1—*) ee 
Fe 


See 


yal the Te Oi 
7. If V=0 on the base of a hemisphere and V=j(cos #) on the convex 
surface, show that for a point within the hemisphere 


k= 


p\%e+1 
V=> Aon 4.4 (“) Pox 4 (COS 8) 


a0) 
where Agy 4 = (4h +3) f. F(x) Pax 4 («dx [v. Art. 90 (8)}, 


8. If the convex surface of a solid hemisphere of radius a is kept at the 
constant temperature unity and the base at the constant temperature zero 
show that after the permanent state of temperatures is set up the temperature 
of any internal point is 


ae 


37 if al ye WIL ihe ae 
Way E1(008 0) i oa ROOF Oty ve P;(cos 6) — +: 


* See note on page 12. 
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9. A sphere of radius @ and with blackened surface is exposed to the direct 
rays of the sun in air at the temperature zero. Find the stationary temperature 
of any internal point. 


Suggestion: Dw hu — Mf(@)=0 when ra. 
j gn 
Let u =A mo P,,(cos @), and (6) =D Bm P,,(cos 6). 
Then we have 


yn fm »*m(COs 8) + h >. AF (cos 6) —- M Bn Pn(Cos #)=0, 


whence FR MB, 


ni 


awe 


Ts lee oa eae aaa 


8 


S(8) =- it3 5 P1(cos 0) ney. gt? 2(cos 0) — == P,(cos 6) + - 


(Ak+1)2h)! 
(4k + 4) ( 2k cae )2?*(k!)? Py(Cos @) + siete 


csi on 1)% = of ee 


v. Art. 97 Exs. (2) and (3). cf. J. W. Strutt (Lord Rayleigh), Lond. Phil. 
Trans. vol. 160, page 587. 


95. The formulas of Art. 90 enable us to develop a given function of # in 
terms of Zonal Surface Harmonics, the development holding true for values of 
x between —1and-+1. If, however, we can show by outside considerations 
that a given function of x can be expressed in Zonal Surface Harmonics, the 
development holding true for all values of #, the formulas of Art. 90 will give 
us the development in question. 

For example if 2 is a positive integer x” can be expressed in terms of Zonal 
Surface Harmonics no matter what the value of «, and no Harmonic of higher 
order than 2 will enter. For the formulas giving the values of P,(#), P(x), +: 
P,,(a) (v. Art. 77) may be regarded as n algebraic equations of the first degree 
iu terms of 4,07, 2°,---a" and. F4(%), P2(x)50°° LF, (2). 

From these equations the »—1 quantities a, x?, a°,---a"—1, can be elimi- 
nated, and there will result an equation of the first degree in a” and P,(@), 
P,(x),*++ P,,(x), which will enable us to express a” in the form 


Ay + A,P;(x) + AsPo(x) + +--+ A,P, (2), 


no matter what the value of x, and we shall have the same formula when 
—1<a<1 aswhen «>1 or a2<—1. 


1 
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Let us obtain this development. By Art. 90 (1) and (2) 
a" = Ay Py (x) + AP. (2) + ApPo(x) +--+. (1) 
1 


where papal! en fe OP ,(x)da. (2) 


—1 
1 
d™ (at* — 1)" 
on Art. 83. 
ae * ony * dx” a by () ‘ 
—1 


Then A,, = 


By integration by parts we get 
1 


[2 (a? — 
sere Pb ‘ee =n(n—1)(n—2)*+°(n—m +1) | 8-1 — 27)", (3) 


da™ 
=I 
if m<n-+1, 
<b) she eae 


By integration by parts we readily obtain the reduction formula 


il 1 


fea — a)tdex ae - gee 1 ae de whence 
—1 


=i 
1 
2™m! 


feond _— x7) "dae = = (n—m+1)(n—m+3)---(n+m—D), “(n + m— afer 


—T 
1 


fortnde ae tori if n+m is even, 
2 =(0 if n+m_ is odd. 
(2m + 1)n(n —1)(n — 2) ++:(n—m+1) 
m (n— m+ 1)(n— m+ 8)(n— m+ 5) +n + m+1) 
if m<n+1 and m+n is even, 
=0 if m>n orif m+n is odd. 


~ Hence A 


Therefore 


~ mer ach [ Cnt 1P.@) + @n—3) XD pay 


+ @n— 7) PEQEN=D Pye) 
an 1) ee P,_(a) + | (4) 


the second Se ending with the term 


the term a 5 P(x) if nis odd. 


P (a) if n is even and with 


ae 
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For convenience of reference we write out a few powers of a. 
2° =1= P(x) 


r= ria 
=P, 2(7") +5 3 Po(#) 


at== P(r) +2 > P(x) 


a d, 


8 4 x 
at = oe P,(x) a 7 P,(@) +3 P,(#) 


8 3 
ah = = Pea) +5 Pea) +2 P(e) 


eo 531 P (2) + a P,(x) + a P.(x) + - P,(2) 
16 
oa = 799 11) + BMO+ GMO +S P(x) 
128 40 1 
"= gagp 2 3@) ee 195 eno bere ie Pi@) + 9g Pale) +5 Pole), 
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If a given function of x can be expressed as a terminating power series it can 


be developed into a Zonal Harmonic Series by the aid of bee Given that 


2) == Gy Cyt Gea 4 ag’ 


let S(«) = By + BP, (a) + B,P2(x) + B;P;(2) a tees 
then picking out carefully the coefficient of P,,(x) we have 

— m! (m +1)(m + 2) 
es 1 3.0.5>* (200 — 5 | a 2.(2m + 8) Om +2 


Oe OT ate] O 


vt (m+ 
2.4.(2m + 3)(2m + 5) 


96. The development of oF) is useful and is easily obtained. 


dP, (x) 


Let ie 


ee OnE RICE ecb ae 
he lass Pa (a) FeO ae 


—1 


Then 
by Art. 90 (2); 


f P,,(2) ee) Bes [Pa(e)P(2)]) if P, (x) Sal) dx. 


C) 


(2) 
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w= 1 
[PoP ae) ] =0 if m+n is even 
oo = 1 
=2 if m-+7n is odd. 
Since P,,(a) is an algebraic polynomial of the nth degree in a, Fe) is an 


algebraic polynomial of the »—1st degree in x Therefore in (1) m is less 


Leon (GE ae ; eUqte 
than ; consequently Tal) is an algebraic polynomial in « of lower degree 


than » and 1 aP 
ii P(x) Fale) dz =0 by Art. 95 (3). 
<= iy a‘ 
We get then A, =2m+1 if m-+n is odd and m<n, 
=0 if m+n isevenor m>n—1; and 
aP,,(2) ‘ 2 ‘ 
rae (2n —1)P,,_1 (2) + (2n.— 5)P,_5() + (2n — 9) P,_, (2) +-*-(3) 


the second member ending with the term 3P,(x) if nis even and with the 
term P(x) if n is odd. 
From (3) a number of simple formulas are readily obtained. For example 


Cle GMP : 
aan 1 
f Palade a 2In+1 [Pn—@) -e Pr+i(2)] ° (5) 


(2n + 1x Fe =n Sue) Ett) Aa) 6) 


[v. (4) and Article 77 (12)]. 
aP,(2) 


dx 


G1) = nxP, (x) — nP,,_)(#) (7) 


[v. (5) and Article 91 (7). 


97. By the aid of the formulas of Art. 96 a number of valuable develop. 
ments can be obtained. 

Let us get cos n@ and sin 76 being any positive real. 

z==cos @ and z=sin n@ are solutions of the equation 


d®z 
ae? + NZ == 
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or if we let «= cos 0, of the equation 


be 2 
= rE 4 nte=0. 


d—2) > 


Let ag Po(@) + P(x) + agP2(x) + >>> 


be the required development of cos 76 or of sin 2, 


Then s a, [| a-# ay = af a) —r dP n(X) + we Pa(e) | = (0) 
dx 


m= 0 


z= P,,(«) is a solution of Legendre’s Equation (v. Art. 77). Hence 
PP (2) dP, (x aP (x 
(1 —2*) nl a ea —-7 Fal) — mm + 1)P,,() » 
and (1) becomes 


> Am Sen 2 2 Sale) + [n? — mm + YIP aCe) | =0. 
ie 
m= 0 


Formulas (4) and (6) of Art. 96 enable us to throw (2) into the form 


nru=o 
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(1) 


by (1) 


(2) 


W— mi dP W(t) 2 —(m+1)? dP,,_ 1) 3) 
yen Ee +1 da: Im +1 dx ( 
m=0 
: d. 
(3) must be identically true. Therefore the coefficient of ra must 
equal zero, and we have 
P ee? 2m +5 n® — m? (4) 
m2" 9m +1 nr? — (m+ 337" 
If we are developing cos 76 
Qo = cos n@ sin 6.d6 by Art. 90 (4) 
= iftsin (n+ 1)6 — sin (n —1)6]d0, 
0 
1 1+ cos n7r ; 
TD) n? aa ©) 
md ay == cos 76 cos 6 sin 6.46 by Art. 90 (4), 


(6) 
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(4), (5), and (6) give us 


cos n6 = — reese [ Pa(cos 6) + 5 3 333 P'2(cos 6) 


n?(n? — 
eae ed er — ela igre | 


= ear eae a 3P,(cos 6) +7 v7, Py(cos 6) 
n? — 17)(n? — 3°) os 
Uae Br ae = Fee i 


If ~ is a whole number 1+ cos nm or 1—cosn7 _ will vanish and the series 
will end with the term involving P,,(cos @). For this case (7) may be rewritten 


(2n +-1)P,,(cos 6) 


+ (2n—3) ee ep P,,_2(cos 6) 


v7 —(n—2) 
ioe pe Gee (ee 1] 
+ (2n One = (n—2) |[n? — (n — 47] P,,-4(c08 8) + * |. (8) 
If we are developing sin 6 


7T 


wel, ‘7 Ls sin UT 

aa sin 26 sin 6.d0 = pe aay 
0 5 f sin nO cos 6 sin 6.d0 = P hie SF and 
i a 
Asin? 
sin 20 = — a a | Pa(eos 6) + 5a Re P'2(cos @) 
n ee = 25) 
a: Ge gy ae 

1 sin nr 


| 8Pr(cos +7 Wasede Pon ge F3(008 é) 


aed eit P,(cos 6) + | , (9) 


(1? — 4°) (a4 — 6?) 


2° n? — 22 


If mis a whole number sin x7 =0, and all the terms of (9) vanish except 
those involving P,_,(cos 6), P,,,(cos 6), P,,,3(cos 6) &c., which become inde, 
terminate. For this case it is necessary to compute a, _, independently. 
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We have 


Tv 


iL 
_—1 = —5— J sin 26 P,_,(cos 6) sin 6.46 


0 


a ae i 
= 2n Ste os (nx — 1)6— cos (n+ 1)0)P (C08 0)d0. 


0 


oan — 1135.0 an — 2) ; 
Hence Aone pee be Wee (On =p g [v. Art. 82 (1)], 
and 
7 Eee aha -— 3) 
sin 26 = — 5 ae ene 9) | en— 1) P,,_,(cos 6) 


mat, 
+ (2n-+: a ae cre 


On4-7 t= (te 1) nt (9 - 1)*) ne 
ee ao pe aaa] eet |-@o 


EXAMPLES. 
1. Show that 


eseo=2[ 1 +5 (5) "P.(cos 6) +9 (5 53) P,(cos 6) +14 ($52) Pa(eos 8) +: | 


whence 


re ile =F/1 +5 5( (G) P(r) +9 (:2)'P.@) 4213 (72) Pe) ai vs] 


[v.Art. 90 (4) and Art. 82’). 
2. Show that 


om 9=2[ 8 (5)Pi(cos &) +7 (2)(5) Paccos 6) +11 (2)($2) Pa(cos 6) +- | 


whence 


qin F[3(5 \r@+r(3 *)(5) Py(e)-+ 11 (lee 5) Px) ue | 


[v. Art. 90 (4) and Art. 82]. 
3. By integrating the result of Ex. 1 and simplifying by the aid of Art. 96 
(5), obtain the development 


sinte = 2 E (5) Poy +7 ($4) Px) 


+11 (sy @) 2) +18 (cies) 20? a 
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OT aNe i Ne a 
whence 6 =F | Po(eos Oh (5) P,(cos 6) —7 (53) P;(cos 6) 


Lo ae 
—1(3%)7 .(cos 4) — ae 


4. By integrating the result of Ex. 2 and simplifying by the aid of Art 96 


(5) obtain 
ihc 5, ae on ({)() Pala) — 05 Alga) Fae) 
nee Mag ) Peary | 
whence 


2 2 2 
sin d= Z| 5 Py(eos &) — 5 (5)(5) Pa(cos 6) — 9 (3)(sz) Pa(cos 8) — | 


To make clearer the analogy of development in Zonal Harmonic Series with 
development in Fourier’s Series we give on page 185 a cut representing the 
first seven Surface Zonal Harmonics P,(cos 6), P2(cos 6),++-+P;(cos 6), which 
are of course somewhat complicated Trigonometric curves resembling roughly 
cos 6, cos 26,:+:cos 76; and on page 186, the first four successive approxi- 
mations to the Zonal Harmonic Series 


i 3 ion wa Seat es, 
5 + 7 Pi(cos 0) ae: 3 Ps(cos 8) + 75 2° ag P3(cos 8) — [1] 


[v. (1) Art. 93], and 
5 | Po(cos 3 (5) Pscos = 7 (55)? (cos 6) 


tt (55) Pa(cos O)aa= | (xr) 
iv. Hxed Art. 07): “i 


[1] is equal to 1 from 6=0 to O=5, and to 0 from => to 6= 7; and 
[11] is equal to 0 from 6=0 to 6==7. 
The figures on page 186 are constructed on precisely the same principle as 


those on pages 63 and 64, with which they should be carefully compared. 


98. By applying Gauss’s Theorem (B. O. Peirce, Newt. Pot. Func. § 31) or 
the special Form of Green’s Theorem, 


SSI REE ={D, Vile es an ff f pax dydz, 


g 7) 

eN if 
: en 
ii ERY al ‘ 
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vy, page 184, 


Cuap. V.] THIN SPHERICAL SHELL 187 


[Peirce, N. P. F. § 49 (149) to a box cut from an infinitely thin shell of 
attracting matter by a tube of force whose end is an element of the surface of 
the shell we readily obtain the important result 


4arpk = D,V,— Dy Va. (1) 


where p is the density and « the thickness of the shell, V, the value of the 
potential function due to the shell at an internal point and V, its value at an 
external point, and where D, is the partial derivative along the external normal 
to the outer surface of the shell. 

If we have to deal with a surface distribution of matter we have only to 
replace pk in (1) by o where o@ is the surface density, whence 


dro = D,Vi— Dy Ve (2) 


(v. Peirce, N. P. F. §§ 45, 46, and 47). 

Formulas (1) and (2) enable us to solve problems in attraction when we 
know the density of the attracting mass, and problems in Staticai Electricity 
when we know the distribution of the charge,by methods analogous to that of 
Art. 94. 

For example let us find the value of the potential function due to a thin 
material spherical shell of density p and radius a. 

Since V must be a solution of Laplace’s Equation and must be finite both 
when 7=0 and r=o we have 


V, => A, ‘(COS 6) 


V; =D Bn = P,,(cos 6). 


V, and V, must approach the same limiting values as r approaches a. Hence 


B,, 
’ = Aa” 
amt} 
or iif. = mAs 


DiVi=D.V a yas 6), 


D, V,= D, V,=—SYm +1) “2 Sie  ?P n(C08 6). 
Therefore by (1) 
4rpK =>) (2m + 1)4,,a"~"P,, (cos 9) 


if « is the thickness of the shell. 
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Let p =f(cos 6) => Cin-E m(C08 6) 
vhere Cz ome ie f(x) P,,(a)da by Art. 90 (2). 
Then ArKC,.== a ti) A as, and 
A,= mabe ands Bp == int i Cant, 
and V, = 4rak D4 ae és ¢ ie - P.,(c08 6), (3) 
and V,=47rak Ye 2 i “ri P,,(c0s 6) . (4) 


99. We can now get the value of the potential function due to a spherical 
shell of finite thickness, provided that its density can be expressed as a sum of 
terms of the form C7*P,,(cos 6). 

Let a be tie radius of the outer surface and / be the radius of the inner 
surface of the shell. 

1st.— Let p= Ci" P,,(cos 6). Then for the shell of radius s and thickness ds 


gm 


Y= darsds 5 — om. ee P,(C0s 6) by (3) Art. 98 
Csk gmt] 
and Vz = 4arsds ——— 2m fi P.,,(cos 6) by (4) Art. 98. 
Then if r<d 
4rC (ee a ere) 
r= fra (Oneal alee srt) ae (@) 
if r>a 


r=fr= AT Cs MGES ETE Rhee Sy P (GOs 9) (2) 
= (2m +1) (k + m + 8) ymtl 


and if b <i r < a 
r a AnrC pe+m+s — fk+m+3 
a Ve V, = 
if 2 +f 1 Qm + 1 (k -4- m + 3)r0t1 
Qk—mt+2 __ pk—m+2 


G—m+2)_ m |p nikc08 6) RS) 


2d.—If p => Cy» P,,(cos 8) the solutions will consist of sums of terms ot 
the forms given in (1), (2), and (3). 
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EXAMPLES. 
1. If the shell is homogeneous 
v= Mee =") ifir<d, 


dL 
v= ; mp(a> — = od i So; 


, 2b ie fee 
y= 2np| a wy i i er 
2. If the density is any given function of the distance from the centre 
Me. 
V=— if r>a, and V=aconstantif r<b. 


‘. 
3. If the density at any point of a solid sphere is proportional to the square 
of the distance from a diametral plane 
eee 4 2 
v= =—|- 2420 P,(cos | it Ge eee 
4, If the density at any point of a sold sphere is proportional to its distance 
from a diametral plane 


v= la je lee? Ae Race 
e+ ES Pe 050) — 67 4 P,(oos ) + ga S P,(cos 6) — +: | 


if r>a. Compare Ex. 2 Art. 80. 


100. We have seen in Art. 18 (c) (8) that © 


dx: 
Om(@) = CP ON ee resee , (1) 
: ‘ dx 
no ne term being understood with f Car. ae 
i rational fracti Lb s infinite only for «=1 
G—=)(P,oF is a rational fraction and becomes infinite only for «a 5 
a—=—1, and for the roots of P,,(#)=0, all of which are real and le 
between —1 and 1, as can be proved by the aid of the relation 


aloe? mers ae 
ens 27m! aut ‘ 


te a? STI Niger ear is finite and determinate and contains no 


constant term. Hence if «?>1 


- dx ‘ dx 
WO=—FOST—aPrar eer © 


for the constant factor of @,,(x) has been chosen so that C=—1. 
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If x?<<1 the second member of (2) is not finite and determinate, and we 
are thrown back to the form (1), and C’ proves to be unity. 
(1) gives us readily 


agenese 5 log = ans (3) 
© a 
Que) =— 1+ Slog = @) 
igs <1, 
(2) gives us Qo(x) = ; log : ae : (5) 
x+1 
: O(a) =—1 + log +4 6) 
hie ona oral 


From Art. 85 (10) it follows that 


On(=) = 0 fom os] if 2<1, 


dx. 
= co |e hier. f= he a eA 


Stoo m+19m ! 
C can be determined and is equal to cee if a?<1, and is equal 


—1)m2Pmyny! (2m)! 
ee ay 
(2m)! 
— Lette! qm i dx 
He — ( A R/S ey ee [ 12 __ m Se ee 
nce Q,,(x) = (2m)! i] dx™ (x 1) . (e ae Ly + | (7) 
ite at 1, 
—1)m2™m! dm a dx 
d a) = ( [ ioe es NLC (een 
an Qm(X) = (2m)! ! dx” (a 1) 7 (a? == ie + | (8) 
if 29> 1. ; 


(7) and (8) give us for @o(z) and (x) the values already written in (3), 
(4), (5), and (6). 


By the repeated application of the formula 
(m+) Qn ga) — (2m + 1)2Q,(2) + Qa) =, (9) 


which may be obtained for the case where «<1 from Art. 16 (13) and (14), 
and for the case where x? >1 from Art. 16 (9), any Surface Zonal Harmonie 
of the Second Kind can be obtained from @)(a) and Q,(x) as given in (3), (4), 
(5), and (6). , 
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Analogous formulas for p,,(x) and g,,(x) can be obtained without difficulty 
from Art. 16 (4) and (5). They are 


(m 1)? En 41(@) — (2m + 1p, (2) — m?qn_1(e) = 0 (10) 
and Pu+ 1(@) = (2m =k 1) LY, ( a) 7 Pm —1(%) = 0 (11) 
and they hold good for any value of m. 


EXAMPLES. 


1. Confirm the values of Q(x) and Q,(x) given in Art. 100 (8), (4), (5), and 
(6) by expanding them and comparing them with Art. 16 (13), (14), and (9). 

2. If the value of V on the surface of a cone of revolution can be expressed 
in terms of whole powers positive or negative of 7, V can be found for any 
a in space, cf. Art. 81. 


If V=>( A,,?™ + = vu) when 6=a then 
Fa mm Be, Pn(Cos 6) 0) 
} => (4n i ot =a) P,,(C0s a) 


ae > ai =a) when @=a, and V=0O when 6=— 8, 


oy ek »m Dn Qn(COS B)-P-m(C0s 6) Fd lige (cos B) Wm (cos 9) 
V=Di( dure + et) | Be (oos a) Ox (00s B)= Pecos B)Gn(008 2) 


4, Find V for points corresponding to values of 6 between a and B when 
V can be given in terms of whole powers of 7 for 9=a and for 6=f8. 

5. Find by the method of Art. 16 solutions of Legendre’s Equation of the 
form 


[ree ome 1) eee (m —1)m Cee + 2) Cea 


rn (m — 2)(m —1)m(m + 1)(m + 2) (m + 8) 


248) ea 


OED @ $1) + S= a EE? 41) 


m — 2)(m — 1)m(m + 1)(m + 2)(m +8) , 
pS a eee = (+ 1)°+ 


2=_,P, (x) =1 


Tf m is a whole number, ,P,(*)=P,,(%) and _,P,,(«)=(—1)"P,,(z). No 
matter what the value of m, ,P,,(x) is absolutely convergent for —1<2<3, 
and _,P,,(x) is absolutely convergent for —3 <a <1. 
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6. By the aid of (7) Art. 16 show that 


v= sin (n log r)k,,(cos 8) , V= on sin (n 10g 7)/,,(cos 8) , 
. 


Vr 
ig! 1 
i ‘ cos (2 log 7)k, (cos 6) , V= ip cos (7 log r)l,(cos 8) , 
(he Li 
are solutions of Laplace’s ae 


PDAS) Icey g Po(sin 6DV)=0, 


Be ie. Lv+G +f 2) JL» +G) I | 
bt OIL Gy T+ 0] Chile 


and 


Alay PAY 2 
oe ee [0] IL 0, 


= 944 ni() call 3! 


[Ole OTO1, 


k,(x) and J,(a) are convergent if a?<1, but are divergent if «?=1. 
7. Show by the aid of Example 5 that 


1 be 
V= Vi sin (n log 7) K,,(cos 6, V =-— sin (n log r) K,,(— cos 6), 
, 


ir 


a A 1 
v= ie cos (n log r) K,,(cos 8), v= ie cos (n log 7).K, (— cos 6), 


are solutions of CDE) he ares a Po(sin 6DeV) =0 
2 
nt (i) 
if K,,(2) = 1P_ ae = oe) 
PG) eG 
+3308 “He Vigo es 


_Le+@'IL"+¢ y+ “6 ay. 


vet) eG) J Tu) as 


avi+- 


it 
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“+0 


and 


K,(— 2) = _1P_34 42) =1+——— (2 +1) 
he a Alba + ae 
[+O1-+O1-+01,,.,,, 


K,(cos 6) is convergent except for 6=7, and K,(—cos6) is convergent 
except for 6==0. 

k(x), 1,("), K,(x), and K,(—-) are sometimes called Conal Hurmonices. 
They are particular values of z which satisfy Legendre’s Equation written in 
the form 


For an elaborate treatment of them see E. W. Hobson on “ A Class of Spherical 
Harmonics of Complex Degree.” Trans. Camb. Phil. Soc., Vol. XIV. 
8. If V=f(r) when 6=8, ‘ 


K,(co : 
V= aS (Ane) K re “ cos[a(A—logr)]da; if O6<8. 


9. If V=f(r) when 6=£8 and r<a, and V=0 when r=a, 


ena : a(COS 8) ( = *) : 
v= 2 faa feo) B K.(c0s f) sinaAsin(alog-}da; if 6<£. 

10. lf V=f(r) when 6=8 and a<r<b, and V=O0 when r=a 
and when r=, 


aa! Ky:(COS Kn(cos 9) . mm (log r — log «) 
SA ” Kin(COs Bp)” ~ logb—loga 


: pag EL ae and 
where m er Ape t 


log - 
2 V2 es ; Mra } 
Be, eee cee OY Bey pre: ae — ee lit 66 < £8; 
”~ log 6 — log @ yf eaf(aer) sin 5 — Toga as B 
tf) 
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11. If 6>8 cos 6 must be replaced by (— cos 6) in examples 8. 9. and 10. 
12, If V=f(r) when 6=£f, and V=0 when 6=y, 
1 A (a4, keq(0O8 8)lq(608 y) — Ka(CO8 y)la(COS 8) 
= —— 3 (er — cos — : 
fos ale) k,(cos B)l,(cos y) — k,(cos y)/,(cos 3) SE Ne SNORE: 
18 <0 <4, 


13. If V=f(r) when O=B and a<r<b, V=O0O when 6=y and 
a<r<b, and V=0 when r=a and when r=, 


m= oo 


v=>A Km:(CO8 8) lm(COs y) — kmi(COS y)lm:(COS 8) _. re mm (log r — log a) 
= ” Km'(CO8 B)lm:(COS y) — km'(COS y)bm/(COS B)> log 4 — log a 


where Pape 
Re log 6 — log a ane 


6 
2 RC ms ; MITE 
4n= jog b —log a yf ef (ae) sin 5 — Toga 2 
0 
if 6 —@= 7 and @<—7< b. 
14. If V=f(r) when @=B and a<r<b, and V=O when r= a 
and D,V-+AV=0 when r=8, 


<1, ta (ets ; r 
Tes ™ K. (cos. "(608 De (a, log ay where 


log e 
a 


2(a2 + 16%) 


et a2(log b — log a) + hb[hb(log 6 — log a) + 1}, 


e5 f(ae*) sin a,,a.da 
and a,, is a root of the equation 


a GOS (a log *) + hd sin (a log \ a) v. Art. 68 Ex. 5. 


CHAPTER VI. 
SPHERICAL HARMONICS. 


101. When we are dealing with problems in finding the potential function 
due to forces which have not circular symmetry * about an axis and are using 
Spherical Coérdinates, we have to solve Laplace’s Equation in the form 


: i 1 ee 
rD?2(r ¥) + Se D,(sin 6 De VR) -b ante D; yi) (1) 


[v. (xir) Art. 1]. 

To get a particular solution of (1) we shall assume as usual that V is a 
product of functions each of which involves but a single variable. 

Let V=#&.@.6; where F& involves 7 only, @ involves 6 only, and ® ¢ only. 
Substitute in (1) and we get 

a(sin 6 *) 

d?(rR) 1 d6 LES OADY a 
ent sosaint @ dd? 


o, 
© sin 6 dé 0 (2) 


a(sin 6 ye ) 
rsin?éd*(rRk) , sind dos 1d 

R dy? ® dé ~ &d¢? 

As the first member does not contain ¢ the second member cannot contain 
#, and as it contains no other variable it must be constant; call it n% Equa- 


tion (2) is then equivalent to the two equations 


or 


a’® 
—— 772i = 3 
dee hb = 0 (3) 
a{ sin 6 =| 
x dr) hg ea ee 4 
aud Pada eenesind 0 Eni Giga 4 


(3) has been solved before and gives us 


&’= Acosn¢d+ Bsin nd (5) 
[v. Art. 13(@)]. 
The first term of (4) does not involve @ and the second and third terms do 


not involve 7. 
* See note, page 12. 
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Rain ; 3 
: oc) must, then, be a constant; we shall call it mQ@m+1) as in Art. 
ay 


R 
13(c). Then (4) breaks up into 
pO = =m(m +1)R (6) 
Vi 
, af sin 0 | 
— mim — — 1 
2G sin 6 d6 + [mem ae) sin? 6 @) 


(6) was solved in Art. 13(¢) and gives 
FE At eh ata (8) 


If in (7) we replace cos 6 by » we get 


d ,, d@ n? 
du [a — p’) a + | mom + 1) seme fea = |e =()) (9) 
the equivalent of 
dz 5 
— x? = = z= 10 
Gus) a = [ mem +1) = ries —| 0 (10) 


[v. (17) Art. 85], which was solved in Art. 85 for the case where m and 7 are 
positive integers and 2<m-+1.  v. (18) and (19) Art. 85. 
From (19) Art. 85 we get as a particular solution of (9) 


= — up TEA = sine 9p PEL, ats 


if we restrict ourselves to whole positive values of m and x, as we shall do 
hereafter unless the contrary is explicitly stated, and suppose m not less 
than n. 

A second but less useful particular solution of (9) is 


n ape m 
@=(1— 2); Peake : 


Combining our results we have as important particular solutions of (1) 


V=7"(A cos nd + B sin ng) sin” 6 oe ’ (12) 
il 2 fe 
and Y= mei (A cos nf + B sin n@) sin” 6 a , (13) 


where m and » are positive integers and »<m-+1. 
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102. sint 9 alt) or Gd — 2p); na F'n) 
g dp” 
of cos @, and we shall represent it a P(m)* and shall call it an associated 
function of the nth order and mth degree. It is a value of © satisfying 
equation (9) Art 101. 
By differentiating the value of P 


is a new functicn of pw, that is 


(~) given in (9) Art. 74 we get the formula 


m 


n 2m)! sin” 6 m—n OSS = 2) ( Oy Ae 1 pie ee 
P2(u) =~! pace — (m— 2) ) 


2™m!(m —n)! 2. (2m — 1)" 


(m— nm) (m —n—1) \(m— 2 — 2)(m—n—3) prada, 
7 2.4,(2m — 1)(2m — 3) | @) 


the expression in the parenthesis ending with the term involving p? if a —n is 
even and with the term involving » if m—~wv is odd. 
For convenience of reference we give on the next page a table from which 
P.r(#) can be readily obtained for values of m and n from 1 to 8, 
cosapP,*(m) and sinnd P,?(u), that is, 


ig 5 (H) = a d” tag (H) 


mer ‘ n 
cos nN sin” 6 and sin np sin” 6 du" 


dp” 


are called Tesseral Harmonics of the mth degree and mth order, and are 
values of V which satisfy the eae 


m(m +1)V seer: 9 Po(sin 6 DeV) Erey Ps V=0 (2) 
or its equivalent 
mim 1) V -- D1 — pf) Dd, Ansan ——; RRA Cee 02 (3) 


There are obviously 2m-+1 Tesseral Harmonics of the mth degree, namely 
dP, ee aa 
Pr(H), cos p sin 6 ae , sin ¢ sin 6 a 
? oP OPA) 
cos 2¢ sin? 6 : aHe) sin 2¢ sin? 6 : ae 


te sp eim 
cos 3¢ sin® 6 eal, sin 3¢ sin® 6 aa 


m Rony alan 
cos m@ sin” 6 g ane sin m¢ sin” 6 aralt , 


If each of these is multiplied by a constant and their sum taken, this sum 
is called a Surface Spherical Harmonie of the mth degree, and is a solution of 
equations (2) and (3). We shall represent it by Y,,(#, #) or by Y,,(#, $)- 


* Most of the English writers represent this function by 7',(u). 
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Table for 
im ete py Sk oe 
1 
3u 3 
[nt aa = eae 
5 (5u? — 1) 15 15 
5 15 
3 (7u3 — 8u) = (ijt) 105. 
15 105 aa 
a (214 — 14p2 + 1) > (Bue — u) mae (Out 1) 
2 105 316 
a (33u5 — 30.3 + 5y) ae (33ut — 1842 + 1) a (1143 — 3p) 
7 é 6h en : 315 j : 
7] 35 (429u° — 495ut + 135.2 — 5) TF (1435 — 110p? + 15y) | =S> (143 ut — 66u? + 3) 
are r ——— 
8 i (715p7 — 10015 + 38543 — 35y) = (143u8 — 1434 + 33u2 — 1) ae (39u5 — 26u3 + 3u) 


rm Yi (H, p) and a Yn(h, ) are called Solid Spherical Harmonies of the 


mth degree, and are solutions of Laplace’s Equation (1) Art. 101. 
To formulate : — 


a C a"P,,(#) . . a"P,, (#4) 4 
Yin(My ) => 4, cos nd sin” 6 du + B, sin n¢ sin” 6 qu | (4) 
n=0 
or Y(t) = A Pn (#) +,[4q 608 26 P2(u) +B, sinnpP2(u)] (6) 
n=1 
is a Surface Spherical Harmonie of the mth degree. 
A Tesseral Harmonic is a special case of a Surface Spherical Harmonic, and 
a Zonal Harmonic a special case of a Tesseral Harmonic; P,,(m“) being the 
Tesseral Harmonic of the zeroth order and the mth degree; it might be 
written P2(u). 


EXAMPLES. 
1. Show that 


2 n? 
reduces to 


a) SY 904 1) 4 + fmm $1) — ant 1)y=0 


if we substitute (1 —2’)>y for z, even when m and n are unrestricted 
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a"P,, 
esc” 6 PH(4) = ae . 


E n= 4. n= 5. 


945 
a (i —1) 10395. 10395 
Se 1052? (13,2 — 1) 1351354 135185 
ee (65.4 — 26,2 + 1) meats (5p8 — 1) ed (15u2— 1) | 20270254 | 2027025 


2. Show that if in the second equation of Ex. 1 we let y=3a,x* we get 


(m—n—k)\m+n+1+h) 
+E +2) m 


whence =p}(x) and z=¢f(«) are solutions of the first equation of Ex. 1, 
no matter what the values of m and n, if 


pe) = aang [1 DOE AED 
et m —n)(m —n — 2) mhett sy nee) ee 


(v. Art. 16) 


Ta oe 


and 
Yn(x) = (1 — 2%)3 [ « 
. m—n—1) BoA EES Beams, woe], 


(m—n—l)(m+n+2) , 
a 3! sf 


If m—n is a positive integer, p(x) or g%(x) will terminate with the term 
involving 2”—”, and in that case 


Sn ee | 
yo ¢ — ie = — (m — n)(m — 2 — 1) is = D ) gm—n—2 


mn m—n)(m—n—1)(m—n—2)\(m—n—3 wont, 


2.4,(2m — 1)(2m — 3) 
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the parenthesis ending with a term involving x? if m—~z is even and x if 
m—n is odd, is a solution of the first equation of Ex.1. If m and n are 


2mm \(9n, — n)! 
f 5 , oe, am mlm mn)! 
integers this value of z is (2m)! ) PA a). 


103. We have seen in the last chapter that in many problems it is import- 
ant to be able to express a given function of cos 6, that is of mw, in terms of 
Zonal Harmonies of #. So it is often desirable to express a given function of 
fe and @ in terms of ‘esseral Harmonics of « and ¢. 

If, for example, we are trying to find the Potential Function due to certain 
forces and have the value of the function given for some given value of 7, 
that is, on the surface of some given sphere whose centre is at the origin of 
coordinates, of course the given value will be a function of 6 and ¢ and if we 
can express it in terms of Spherical Harmonics of @ and ¢ we have only to 
multiply each term by the proper power of 7 to get the required solution of 
the problem. For we shall then have a value of V satisfying Laplace’s 
Equation and reducing to the given function of @ and ¢ on the surface of the 
given sphere. 


104. Suppose that we have a function of uw and ¢ given for all points on 
the unit sphere, that is, for all values of « from —1 to 1 and for all values of 
¢ from 0 to 27, w and ¢ being independent variables, and that we wish to 
express it in terms of Surface Spherical Harmonics. 

Assume that 


m= eo ra=m 


TS >) =>, [ Aone Pa(H) Ae cos npP*(w) + B,,, sin ndP2(u)) | ele 


m=0 n=] 


Let us consider first a finite case, and attempt to determine the coefficients 
so that 


m=p n=m 


At $) =| ArmPal) +E (Ann 208 MBP HH) + Bam Sin. npP3H)) | @) 


m=0 n=] 


shall hold good at as many points of the sphere as possible. The expression 
in brackets in the second member of (2) is a Surface Spherical Harmonic of 
the mth degree and contains 2m -+ 1 constant coefficients. The whole number 
of coefficients to be determined is then the sum of an Arithmetical Progression 
of p-+1 terms the first term of which is 1 and the last is 20 +1, and is 
therefore equal to (p+ 1)* 

Let the interval from p= — 1 to 4 =1 be divided into p+ 2 parts each of 
which is Ay so that (p + 2)Ap = 2, and let the interval from ¢ =0 to ¢=27 
be divided into p+ 2 parts each of which is Ag so that (p+ 2)A¢ = 2r. 
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Then if we substitute in equation (2) in turn the values (—1-+ Ap, Ad), 
(— 1 + 2am, a4), -+* [— 1+ (p + 1)dpm, 44]; (— 1 + Ap, 2a), 
(— 1 + 24pm, 2A4),***[— 1 + (p + 1)Ap, 2446]; ++- [—1 + Ap, (p + 1A], 
[— 1 + 2Ap, (p + 1)A¢g),**> [— 1+ (p + 1)Ap, (p + 1)A¢)]; since the first 
member in each case will be known we shall have (p+ 1)? equations of the 
first degree containing no unknown except the (p+ 1)? coefficients, and from 
them the coefficients can be determined. When they are substituted in equa. 
tion (2) it will hold good at the (y+ 1)? points of the unit sphere where p+1 
circles of latitude whose planes are equidistant intersect »-+1 meridians 
which divide the equator into equal ares. If now p is indefinitely increased 
the limiting values of the coefficients will be the coefficients in equation (1), 
and (1) will hold good all over the surface of the unit sphere. 

To determine any particular constant we multiply each of our (p +1)? 
equations by Aw A¢ times the coefficient of the constant in question in that 
equation and add the equations and then investigate the limiting form 
approached by the resulting equation as p is indefinitely increased. 

As pis indefinitely increased the summation in question will approach an 
integration; and since dud¢=— sin 6.d6dq is the element of surface of the 
unit sphere, and as the limits —1 and 1 of yw correspond to 7 and 0 of 6 the 
integration is a surface integration over the surface of the unit sphere. 

In determining any coefficient as 4,,, in (1) the first member of the limiting 
form of our resulting equation will be 


on 1 
fu [74s 8) c08 nb Pawan. 
0 —1 


In the second member we shall come across terms of the forms 


9 1 


Qn 1 on 
fi dd f sin /f cos np P,i() P2(m)dm, f dd { cos lp cos nb P,(m) Pr(m)de, 
0 —1 0 =a 
rT 2 1 


Qn 


1 on 
fi dg { sin nd cos nd [Pr(M) Pau, if; dd { cos? np[Pr(m) Pap, 
aT = 


0 0 


and other terms all of which come under the form 


fj a { Yi(4 ¢) Yn, dab 


where Y,,(u#,) and Y,(u,¢) are Surface Spherical Harmonics of different 
dlegrees. 

If we are determining a coefficient B,,, the only difference 1s that sin xp 
and cos n@ will be interchanged in the forms just specified. 
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105. The integral over the surface of the unit sphere of the product of twa 
Surface Spherical Harmonics of different degrees is zero. 


or 1 
That is S48, Ville $) Vint $)du = 0. (1) 
0 —1 


For as we have seen U=7Vj(u,¢) and V=r"Y,,(u,) are solutions of 
Laplace’s Equation. Hence by Green’s Theorem 


jf (UD, V — VD,U)ds =0 v. Art. 92. 


D,V = D,V = mr™—-V (14, $) 5 
D,,U = D,U = b’-1Y (4, $) 5 
UD,V — VD, U = (m — Dr t™—1 Vip, b) Yin(Hs b)s 
= (m — 1) V,(u, 6) Yn(¥, ) 


on the surface of the unit sphere; and 


(m =D) f YilHs 8) Vint Bas = (om —D [db fF Vile $) Yeo $e = 0. 


Hence unless 7= m 
23 1 
18, f Vile 4) Yin(ts $d = 0 
0) —1 


EXAMPLES. 
1. Obtain (1) Art. 105 directly from the equation 


mm +1) Yn (ob) + Dual — #) Dy Yn(H, b)] + 7 ps} ‘m(My &) = 0 
v. (3) Art. 102, and Art. 91. 


2. Show that the integral over the surface of the unit sphere of the product 
of two Tesseral Harmonics of the same degree but of different orders is zero. 


Suggestion: 


207 


or or 
fon kp cos lp.dp = | sin k¢ sin lp.dd = { cos kd cos lp.dd = 0. 
0) 0 


C1) 
1 
106. af Pr(w)Pr(wdu=0 unless l=m 
1 


2 (m+n)! if 
~ Im +1 (m—n)! 


Z=m., 


Cuar. VI.) DEVELOPMENT IN SPHERICAL HARMONIC SERIES. 208 


For 
[Pw Puwde = -f = wy SO), OF a ay 


= (1 — yr) mH), a ie 
ace ae re "] 


eS | eee z ne nd ye PP ale) | MP 
us pe 


aps? 


1 
n—l n 
= (Tw. 4 la- yn d Pn) des 
J du” du dy” y 
by integration by parts. 
Replacing n by n—1 in equation (2) Art. 84 and remembering that 


PaeP 
a) is a possible value of 2"—” we get 


da" 1 
a" Pn(#) a" P(e a P(t) 
(1 — 2?) ane — 2np = + [m(m + 1) — n(n —1)] di Pn =(), 


or if we multiply by (1 — w)"—?} 
py tO) — ony — pet aD 
+ (m-+n)(m—n-+1)1 — pry) ol 0 


> 


2\n a" P. m #) a pS hae ss KB 
= oes pie ee |= tmnt yd — py a, 
Hence follows the reduction formula 


1 
fa yf eee ll) og 
-1 


dpa” dp” 


= (mmm —n+4) f = py POE), POP) ay 


du 


Using this formula » times we get 


i PHu)PAw)dp = or f P(w)P (wd 


==() unless!) == 97 


te (m+n)! n)} if 
ae (m—n)! 


‘=m 
v. Art. 89 (4) and (5). 
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107. We are now able to Sea ate the solution of the problem in Art. 104 
ant. since fos np.dp = a np.dp=m and fis= 27 we get as the 


eserfficients in (1) Art. 104 


Aggy = Et ea dp f "Ks )Pn( Ae» (a) 
Jy pl fe #f Au 9) cos mpPau)dn, 2) 


Baym eee f ap i "Ais #) sin npP2(u)dp, (3) 


whence 


m=o 


F049) =L| ArnPn(H) +2 nb + Bay sinng)Pa(H) | A) 


m=0 


and the development holds good for all values of mw and ¢ corresponding to 
points on the unit sphere, provided only that the given function satisfies the 
conditions that would have to be satisfied if it were to be developed into a 
Fourier’s Series. 

If we use #, and ¢, in place of w and ¢ in (1), (2), and (3), we can write (4) 
in the form 


Fe 8) =F VOm+1)| F (0b: (Han, Pal) Pa onde 


rn=m 


ert fi F(Has br) Pr“) PA(Hr) Cos n(p — o)din | . (6) 


Formulas (1), (2), (3), and (4) are convenient for actual work; (5) is rather 
more compactly written. 


108. As an example let us express sin?@cos?@singcos¢ in terms of 
Surface Spherical Harmonics. 


Here SH $) =5 #3(1 — p*) sin 2g. 


1 
2m +1 r 
Aig = f “(1 — w)P,,(u)dp (sin 26.d¢=0, 
0 


=—1 
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1 
2m +1 (m—n)! r 
Aun = amt . a 4 f (1 — uw) Px(m)dpu { sin 26 0s nd.dp =0, 


Qn 


1 
2 m—n)! 
Bon = aed Coe {i HAL — bw) Pr(m)du if sin 2¢ sin np.do, 
1 


4a, (m+n)! 


=0 unless »=2. 
or 


20 
If n=2 fi sin 2¢ sin nd.do = (sin? 2¢.d¢=-a, and 
0 


0 

1 

sn na eee a ag OE mH) 

Bin = 4 (m + 2) Se Coat) du? be 
1 


1 


1 2m+1(m—2)! qmt+2 (y2—1)m 
mE ORD fy HUI gy 


 2"m! 4 (m+2) ante 


1 pf 
qmt+2 2 1)m m—4 (2 — 1\m 
fea-»yp ES dp = 720 SS 1 ds 
| —1 


! 
=i 


Cae du™—* 


by repeated integration by parts, 
=0 if m>4, 


1 
= 720 f(u?—1)td = 098 if m=4, 
—1 


and Bos = 


By a like process we find 


1 
By s = 0 and Bao» = 42 3 Hence 
: Ek. f : 1 , 
sin? 6 cos? 6 sin ¢ cos ¢ = ro} P}(m) sin 26 + Tos P?() sin 24, (1) 
pre Beye a a at) Lites: pe a(S) 
=o sn 2¢ sin? 6 i + Top St 2¢ sin? 6 eae (2) 
ee ai 4 ain? 6 (Tudo) Sin 2 
=7i 5 6 sin 26 + 745 6 (Tu? —1) sin 2¢. (3) 


The required expression might have been obtained without using the 
formulas of Art. 107, by a very simple device, as follows: 


sin? 6 cos? @ sin ¢ cos ¢ = ; be’ sin? 6 sin 2h. (4) 
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hd 
If now we can express wv’? in the form eS, the work will be done. 


VT 
pi pet 


4.3 du?’ 
ae . c 5) Art. 95 
Seaianlopt sts (5) Art. 


a ~ 35 - 7 as 


d* P(#) 1d *Po(H4) | 


pence ee ie du? 2 dw? 


and substituting this value in (4) we get (2). 


EXAMPLES. 
1. Show that 


cos® 6 31n? @ sin ¢ cos? d = | cana P3(o) + on rw | sin 3h 


7 ites P3(H) — a9 Pal) — 63 P3(u) |sin p- 
2. Show that 


cos 26 = 2 cos 26[ 2 Pu) +0 P Pi(u) + SE PH) + |. 


3. If in a problem on the Potential Function V=f(u,¢) when r—=a, we 
shall obviously have 


V=D S| Pat) + 2am co nd Bam sin nd)Pa(H) | 


m=0 


at in *nternal point and 


Yan [ 4, cal ssi m COS NP + B, » Sin np) P* «) | 


R= 1 


at an external point, where 4o,,, 4, , and B, , have the values given in cD: 
(2), and (3) Art. 107. 

4, Solve problems (3), (4), and (5) of Art. 94 for the case where V is not 
symmetricai with respect to an axis. 


109. Any Solid Spherical Harmonie r”Y,,(u, $) being a value of V that 
satisfies Laplace’s Equation in Spherical Coérdinates will transform into a 
function of x, y, and ~ satisfying V?V = 0 if we change to a set of rectangular 
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axes having the same origin and the same axis of Xas the polar system. 
Moreover the new function will be a homogeneous rational integral Algebraic 
function of a, y, z, of the mth degree. 

For each term of 7” cos n¢P*(u) is of the form 


Cr” cos®—* & sin® ¢ sin” 8 cos™—2—" @ 
where 2k<n+1 and 2<m—n+1. 
This may be written 
Cr™. 7 —*—* cos™—2—" 9, *—* gin*—* 6 cos*—* g. 7 sin * 6 sin® 
which becomes FLOORS hol ek a) k= tl A aed adh 
and is a homogeneous rational integral Algebraic function of a, y, and z of the 
mth degree. The same thing may be shown of each term of r” sin n@P%(u). 


Consequently r”Y,,(u, @) is a homogeneous rational integral Algebraic fune- 
tion of the mth degree in 2, y, and z. 


110. Any homogeneous rational integral Algebraic function S,,(a, y, 2) of 
the mth degree in a, y, and 2, which is a value of V satisfying V?V =0 con- 
tains 2m -+ 1 arbitrary constant coefficients. 

( 1)( 2 : 

For S,,(@, y, 2) will in general consist of has maf ) terms and will 


(m+ 1)(m + 2) 


coefficients. 


therefore contain 
V?Sn(@ y, %) will be homogeneous of the (m— 2)d degree and will contain 


pleas) coefficients, which, of course, will be functions of the coefficients in 


Sn(X,y, %). Since V/7S,,(a, y, #)=0 independently of the numerical values 


Bugs coefficients in V/*S,,(a, y, #) must be separately 


zero, and that fact will give us due equations of condition between the 


(mt? original coefficients and will leave His aie ae) _— minh) 


or 2m +1 of them undetermined. S,,(#, y, ) contains, then, the same number 
of arbitrary coefficients as 7” Y,,(«, ). 

We can then choose the coefficients in r” Y,,(u, @) so that it will transform 
into any given S,,(a, y, 2). . 

Consequently a Solid Spherical Harmonic of the mth degree might be 
defined as a homogeneous rational integral Algebraic function of x, y, and z, ° 
Sn(®, Y, %), of the mth degree satisfying the equation \/*S,,(x, y, #) =0; and a 
Surface Spherical Harmonic of the mth degree as such a function divided by 


(a? + y+ 2*)5, that is by 7”. 


of a, y, and x the 
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EXAMPLES. 
1. Show that if S,,(z, y, 2) isa Solid Spherical Harmonic of the mth degree 
VW Ur" Smy(8y Yy %)] = (2m + n+ 1)r—*S(@ Yy 2)» 


Suggestion : 
) 


V25,=0. Vr==+ DSy= 


” 


S 
ms 
m é 


(Dry F Dry + (Dry 1. 


2. Show that if f,(x, y, 2) is a rational integral homogeneous function of a, 
y, and z of the nth degree it can be expressed in the form 

Fn(@) Y, 2%) = S,(@; Y, 2h mS, —9(@, Y, ey fe n—4(Ly Y; apr, (1) 

terminating with 7”—1S,(a, y, 2) if mis odd, and with r*S)(a, y, x) if n is even. 


Suggestion: If a term 7'S,,_, were present in the second member of (1), and 
we were to operate with V’? on both members we should by Ex. 1 have a term 


aa S, , which would be irrational when all the other terms of the resulting 


equation were rational. No such term, then, could occur. In the same way 
it may be shown by operating twice on (1) with \/? that there can be no term 
*S,_, in (1); and thus step by step we can reach the result formulated in (1). 

3. Express a’yz in the form S,-+ 77S, + 745). 

Suggestion: let ays = Sy + 2S, + tS 
and take \/? of both members we get 

2yz = 148, + 20778). 

Operate again with V7”. 0 =1208). Whence 


1 jee 
So =0, aa al and Se= 7 (62? — y? — zyz. 
4, Express sin?@ cos’@ sin ¢ cos @ in terms of Surface Spherical Harmonics. 


2 
Y ° OG F . B\¥e 
Suggestion: sin? 6 cos? 6 sin $ cos d = sl he 


Mor result v. Art. 108 (3). 


yt 


111. A transformation of codrdinates to a new set of axes having the same 
origin as the old set will change a given Surface Spherical Harmonic into 
another of the same degree. For such a transformation does not change the 
form of Laplace’s Equation V?V=0 if both sets of axes are rectangular, 
and it is effected by replacing a, y, and z in the Solid Harmonic correspond- 
ing to the given Surface Harmonic by ~2 cos a, + Y COS a, + 2 COS Ag, 
«60s Bi + y cos B.-+ 2 cos B;, and « cos y, + ¥ cos y2-+ 2 cos ys respectively, 
where the cosines are the direction cosines of the new axes, and it will leave 
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the function a homogeneous function or the mth degree in the new variables, 
and on dividing this by the mth power of the unchanged radius vector we shall 
have a Surface Spherical Harmonic of the mth degree. 


112. We have seen in Art. 75 that if (a, y, 2) are the codrdinates of a 
given point 
ae 1 
V@ oe) ey = ta) (8 he )* 
is a solution of Laplace’s Equation V?7=0, and transforming to spherical 
coordinates that 


(1) 


y= ee) 
Vr? — 2rr,[cos 6 cos 6; + sin 6 sin 6, cos (p — di) | + 7? 


is a solution of 


fad Ds (ah ah carer 5 Po(sin O0DoV) an eCey 7 _ D3V=0. (3) 


If y is the angle between the radii vectores r and 7, of the points (a, y, 2) 
and (2, Y¥1, #1) (1) can be written 
1 


(ee (4) 
Vr? — 2rr, cos y + 7} 


which must be equivalent to (2), and hence 
cos y = cos 6 cos 6, + sin 6 sin 4, cos (6 — ¢y). 


(4) which is a solution of (3) is of the same form as (5) Art. 75 and by 
developing it as we developed (5) Art. 75 we find that 


V = P,,(cos y) 
is a solution of the saat 
m(m-+ 1) aera: j Po(sin 0 DyV) + = as D3v=0 (5) 
and that V=7"P,,(cosy) and V= on P,,(€08 y) 


are solutions of (3). 

If we transform our coérdinates keeping the origin unchanged and taking as 
cur new polar axis the radius vector of (21, y%, #1) y becomes our new @ and 
P,,(cos y) reduces to P,,(cos 8), a Surface Zonal Harmonie, or a Legendrian,* ot 
the mth degree. It is then a Legendrian having for its axis not the original 
polar axis but the radius vector of (01, %1, %). Since a Legendrian is a Sur. 
face Spherical Harmonic, 


P,,(cos y) = P,,,[cos 6 cos 6, + sin 6 sin 6, cos (f — dr) ) 
is a Surface Spherical Harmonic of the mth degree. 
*y. Art. 74. 
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It is, however, of very special form, since being a determinate function of 
H, $, #4, and ¢, it contains but two arbitrary constants if we regard it as a 
function of « and ¢, instead of containing 2m + 1. 

It is known as a Laplace’s Coefficient, or briefly as a Laplacian, of the mth 
degree. 

We shall soon express it in the regulation form of a Surface Spherical 
Harmonie. 

The radius vector of (a, y,, #1) is called the axis of the Laplacian and the 
pvint where the axis cuts the surface of the unit sphere is the pole of the 
Laplacian. 

We shall represent the Laplacian P,,(cos y) by Ly(@, $, #1, $1). Of course 
L,(H, 6,1, bi) = Pp(H) = Py(cos 0), and is really independent of ¢. 


113. If the product of a Surface Spherical Harmonic of the mth degree by a 
Laplacian of the same degree is integrated over the surface of the unit sphere, the 


result is equal to multiplied by the value of the Spherical Harmonic at 


Aor 
2n +1 
the pole of the Laplacian. 

That is, 


Qn 1 
4 
feof Yin(> ;) Lim (My $, pr; fidp oa a Yin(Pas $1) $ (1) 


Transform to the axis of the Laplacian as a new polar axis, and let Z,,(u, ) 
be the transformed Spherical Harmonic. L,,(u, , #1, $1) will become P,,(), 
and (1) will be proved if we can show that 


[8 f Zale $)Pm(ede = ae Z,,(1, 9). (2) 
Z(H &)Pin(H) = Al Pm(H)]? ae tele cos nb + B, sin np) Pm) P (Mm) 
(v. (5) Art. 102). er 
fFnlts Pn (udp = 2m AL Py (uw)P and 
: a 4r 
SUS ult 8) Puts = aT to (v. (5) Art, 89). 


~-1 U1) 


But Z,,(1,0) = Ao, since P,(1)=1 and Px(1) contains (1 — 1)? as a factor 
and is equal to zero 
Hence (2) is proved. 
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114. We can now express a Laplacian in the regulation form as a Spherical 
Harmonic, by the formulas of Art. 107. 


Lin(Hs ; My $1) = P,, (cos y) = P,, [cos 6 cos 6, + sin 6 sin 6, cos (> — 41)] 
k=om n=k 


=> [ 40 2Pu(t) +D(Ane 008 np + B,, sin nd) Pau )| 
k=0 n=1 


2n+1 A . 
where 4am =F f db [Ln bs by Hay $1) Poa) 
0 —1 


2Qn+1 4r 
47 2m-+1 


int-lim—nire 
J hag pe ae ff dg JS Lin(Hy b; Hay $1) COS NPPH(M)a ps 


—)! 
= =a cos nd, P2(14y) by (1) Art. 113, and 


dpe tweet pees 
By = etd me { de ‘f L(y by bay $1) Sin ng Pr(y)dy 


eam 
= Aces sin nd, P*( tu) by (1) Art. 113, 


and 4A,,=4A,,=5,,=0 by Art. 105 unless k=m. Hence 


= 


Pr(th)=Pp(s) iby (1) Art, 118 


3 


Lig (My Py Hay $1) = Pra(H) Pm(Hr) + 25) = P(E) Pn(H1) cos n(p — | -(1) 


Each term of a Laplacian involves a numerical coefficient, a factor which is 
a function of uw, a second factor which is the same function of y,, and a third 
factor which is of the form cos 4(¢ — ¢,)._ We give on the next page a table 
of the first few Laplacians,taken from Minchin’s Statics, omitting in each term 
for the sake of brevity the function of py. 

By the aid of (1) we can write (5) Art. 107 more compactly. It becomes 


Fe, $¢) = = > (2m tL) ff dg, | ft (H1, $1) Lin(H, od; ry i) Epa (2) 
m=O 0 -1 


m=O 2r 


or F(6, )=— > (2m +1) if do, ( F(6,, $1) P,,(cos y) sin 6,40. (3) 
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2k2 


$9 8 
vi — 1) 22 2 
ale D oe 3 (qr — 1)" ae (1 — 271)(@7 — 1) a 
8 
(ci — 1) = (a1 — yn & 
& S z I a 
@i—pt 
i 8 


(lg — iGo) | (e+ etog— ving) ] oy 


(T— o9)¢ (7 — vz (*g — gg) 7 7, 
alot — Trig (I~ ae) 6 
s(zt — 1) W a § 

if oT 


(' — $)F 809 Jo *Ja09 | (Id — ¢)e 800 Jo ‘Jooo | (1d — 4)z 809 Jo ‘Jo0o 
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EXAMPLE. 


Work the problems of Art. 108 and Art. 108 Exs, 1 and 2 by the aid of (3) 
Art. 114. 


115. Such problems as we have handled in Arts. 98 and 99, and also prob 
lems differing from them in not having circular symmetry about an axis, can 
now be solved by direct integration. 

For instance let it be required to find the value at an external point of the 
potential function due to the attraction of a solid sphere whose density at any 
point is proportional to the product of any power of the radius vector by 9 
Surface Spherical Harmonic. 


Let P A Crt Yin (May $i). 
Then using our ordinary notation we have 
a 27 uk ; 
v= far fds Crt Yn(Ma bi)7iat 
v0 0 


But by (8) Art. 77 


L ee m 
Vr? — 2rry cos y+ 7 =o [ Pa(cos vey ip J 608 7) 


+“ P,(008 y) + +++ +1 P,,(oos y+ | 


if 7 >. 
Consequently since 


fab Y, m( M1) 1) Y, n( M1) $:)d, =0, 


V reduces to the single term 


a 


20 1 
<5 fret tt tdn fds f Laney $1) P,,(cos yay 
0 0 -1 


V= 


a A ; 
= ; f npresa(—— eg Yin (M, $) ar by Art. 133 
0 


AnC_ gmtk+S Yi(u, dp). 


Soe mt est 
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EXAMPLES. 


1. Solve by direct integration the problems worked mm Arts. 98 and 99 and 
Examples 1, 2, 3, and 4 of Art. 99. 

2. The density of a solid sphere is proportional to the product of the 
squares of the distances from two mutually perpendicular diametral planes; 
find the value of the potential function at an external point. 


Ans. p= kr} cos?6,sin?6, cos’, 
2 1 a 
= kt | 5 Polun) + 5q Pan) + Go 08 26PH(Hn) 
4 E 2 
ae Pj) + Ton °° 2hiPi(Mi) |. 
mel an, a. /1 a 7 


— 2 (& Paw) — 5 e0s 262) | 


3. Solve Example 2 by an extension of the method of Arts. 98 and 99. 

4. A conducting sphere of radius a connected with the ground by a wire is 
placed in the field of force due to an electrified point at which m units of 
electricity are concentrated. Find the value of the potential function due to 
the induced charge. 

Suggestion: Let V, be the potential function due to the point, and V, that 
due to the induced charge, and let 6 be the distance of the point from the 
centre of the sphere. Then 


eee = ae 
Vb? — 2br cos 6+ 7? 


V; => 
=- [ Pa(cos 6) + ; P,(cos 6) + S P,(cos 6) +: | if r<b. 
m b b? : 
= [ Paccos 6) + . P,(cos 6) + ) P,(cos 6) + +: | Lip. 
Vz = AyP,(cos 6) + A, - P,(cos 6) + As S P,(cos 6)-+ +++ if r<a. 
a at ad . 
= Ay ~ Po(cos 0) + A, | Pi (cos 0) + As = Pa(cos 8) -+ +" if r>a 


When r=a V,+V,=0. Hence 


m ma ma? 
=—-7, A,=— Re A,=—-—;°°° 


A 28 
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and 


Vy, =— “ [ Paceos 6) +2 P,(cos 6) + as P,(cos 6) + | ir =a 


ee mE) Pa(cos 6) +> - P,(c0s 6) a gl = “: bey os (COS @) + ++ -| if r>a, 


Hence the effect of the induced charge is precisely the same at an external 


point as if the sphere were erie by — units of negative electricity con- 


centrated at the point r= , O=0. v. cues Newt. Pot. Func., § 66. 


116. Ifthe two Pits P and P' are taken on the line OH whose direction 
cosines are A, w, and y, and if w and w' are the values at P and FP' of any con- 
Pee 0 an ‘|i is called the 
partial derivative of u along the line OH and will be represented by D,w 

Let x, y, z be the coordinates of P and a + Az, y + Ay, z+ Az the codrdinates 
of P'; then 


tinuous function of the space codrdinates, then 


u'—u= DuAx + Dudy + D,u.dz + € 
where € is an infinitesimal of higher order than the first if Av, Ay, and dz are 
infinitesimal (v. Dif. Cal. Art. 198). 


u'— u Ax € 


Hence ppr = Pe ppt Dye So+D, U. ppt pe 
Ax. Ay Az 
But pp» Pp pire and ppm: 
Therefore Du =dAD,u+ pD,u+ vD,u. (1) 
If V?u=0, D?DiDzu is a solution of Laplace’s Equation, 
For V2(DPDy Dru) = DEDID (V7 u) = 0. 


Hence if V?2a=0 D,w is a solution of Laplace’s Equation, and if OM, 
OH,, OH;,-*+ are a set of lines through the origin D,,D,,D,,°°*u is a solution 
of Laplace’s Equation. 


117. If H, is a rational integral homogeneous Algebraic function of 2, y, 
and 2 of the Ath degree 


D (7) =D. (GZ) Bert 7 Dali 


la H,. 
a8 +o he 


git? 


and is of the form Ass me 
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HH, 
The same thing can be proved of D, (=) and D, (=) and therefore holds 
ROE. 
good of D, (=) ; 


If wis a homogeneous function of a, y, and z of the degree —m—1 and 
V7u=0 then V/709"t'u) =0. 


Weer +1 u) = (2m + 1)(2m -+- Dye? iu 
+ 2(2m-+- 1)r°"— (aD, u + yD, u + 2D,u) + pim +1T72y 


=), 
since Du + yDyu + 2D,u=— (m+ 1)u 
by Euler’s Theorem (v. Dif. Cal. Art. 220). 
M M : ; 
118. —=—————_ is a solution of Laplace’s Equation (v. Art. 75) 
an er 


and is of the form m . 


D, DD Di (=) is then a solution of Laplace’s Equation by Art. 116; 


i 


it is of the form ont i 


by Art. 117 and is a homogeneous function of the 
degree —m—1. 
Therefore 7% *"D,-D,_D,>°* Dy (=) is a solution of Laplace’s Equation, 


and is a rational integral homogeneous Algebraic function of a, y, and z of the 
mth degree, and is consequently a Solid Spherical Harmonic of the mth 


degree (v. Art. 110); and 7"+7D, D,D,,°°*D,,, (=) is a Surface Spherical Har- 


monic of the mth degree. 
Moreover since the direction of each of the lines OH,, OH,,:-- OH,, depends 
upon two angles which may be taken at pleasure, these angles and M are 


: M 
2m -+ 1 arbitrary constants and may be so chosen that 7+ 1 Dy Dyas Dy =) 
¢ . x Zz m Tr 
may be any given Surface Spherical Harmonic. 
Consequently any given Surface Spherical Harmonic may be regarded as 


formed by differentiating 9 successively along m determinate lines OHj, OH,::- 


OH,,, and is given except for the undetermined factor M when these lines are 
given. 

The lines OH, OH,, OH;,+++OH,, are called the axes of the Harmonic, and 
the points where they meet the surface of the unit sphere the poles of the 
Harmonie. The m axes of a Zonal Harmonic coincide with the axis of coérdi- 
nates (v. Art. 86) and consequently the m axes of a Laplacian coincide with 
what we have called the axis of the Laplacian (v. Art. 112). 
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119. Any Surface Zonal Harmonie P,,(u) is equal to zero for m real and 
distinct values of ~ which lie between —1 and 1; and any Associated Func- 


tion Pi(m) is equal to zero for m—~n real and distinct values of p which lie 
between — 1 and 1. 


MS 7k ou m 
P,,(p) = LD al (isa ik v. Art. 83 (1). 


27m! du™ 
a*( pe? —1)™ : “ 
eee 7 contains (u?— 1)"—* as a factor. v. Art. 89. 
From Rolle’s Theorem, “Tf f(x) is continuous and single-valued and is equal 
: 6 eo Be 
to zero for the real values « and + of a, we) is equal to zero for at least one 
real value of a» between « and 6,” (v. Dif. Cal. Art. 126) it follows that since 
E d DE ac m 
(wm? —1)"=0 when w»=—1 and when p=1 Coed =0 for at least 
dp 
Au? — 1)” 
one value of w between — 1 and 1. ea cannot be equal to zero for 
be 


more than one value of « between — 1 and 1, for it contains (u?—1)"—1 asa 

factor and is a rational Algebraic polynomial of the 2m — 1st degree. 

d?( pu? Sead igh 
dp? 

—1, m—2 roots equal to 1 and two real roots between —1 and 1 which 


In like manner we ean show that =0 has m—2 roots equal to 


oS. dO pias) : ahs 
separate the three distinct roots of cee ee 0; and in generalif k<m-+1 
ae Ly ls 


that - =0 has m—k roots equal to —1, m—k roots equal tol 
dys d®—1(y2 — 1)% 
and & real roots separating the k-++ 1 distinct roots of a ee =), 
m 
eeu 1) ee 
Hence P,,(u) =0 or aa =0 has m real and distinct roots 


2™m! du” 
between — 1 and 1, and it has no more since it is of the mth degree. 
Cre — 1) 


dum =0 has m—n distinct real 


The same reasoning shows that 


roots between — 1 and 1, and therefore that P%(u) is equal to zero for m— n 
distinct real values of w between —1 and 1. Since P*() contains sin” 6 as a 
factor it is also equal to zero when u =—1 and when p= 1. 

cos nd is equal to zero for 2 equidistant values of ¢, and sin v¢ is equal to 
zero for 2n values of ¢. Hence any Tesseral Harmonic sin np PR(m) or 
cos nf P.2(u) is equal to zero for 2n equidistant values of 4, fOleuWics LL LOr 
=—1, and for m —» real and different values of w between — 1 and 1. 

It follows that the value of any Surface Zonal Harmonic P,,,(“) at a point 
on the surface of the unit sphere will have the same sign so long as the point 
remains on one of the zones into which the surface of the sphere is divided by 
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the m circles of latitude corresponding to the m roots of P,,(w) =0, and will 
change sign whenever the point passes from one of these zones into an adjoin- 
ing one; and that the value of any Tesseral Harmonic sin n@Px(m) at a point 
on the surface of the unit sphere will have the same sign so long as the point 
remains on any one of the tesserae into which the surface of the sphere is 
divided by the m— n circles of latitude corresponding to the roots of Pr(u) =0 
and the 2m meridians corresponding to the roots of sin n¢ =0, and will change 
sign whenever the point passes from one of these tesserae into an adjoining 
one. 


Chet LE Revell .* 
CYLINDRICAL HARMONICS (BESSEL’S FUNCTIONS). 


120. In Arts. 11 and 17 we obtained 


2 = AJy(x) + BK, (2x) (1) 
as the general solution of Fourier’s Equation 
Ge, | dz 
a at oe 2 
where Jo(x) =1— setae oo 4... (3) 


and is called a Cylindrical Harmonic or Bessel’s Function of the zeroth order; 


and where 
aay ah xe ee Vee |: 
ard Ca >) 1 33263 or om 5) cen) 


op? 
K(x) = Jo(a) log « + 5, — 
and is called a Cylindrical Harmonic or Bessel’s Function of the Second Kind, 
and of the zeroth order. 
In Art. 17 we found that z=d,(a) 


is a particular solution of Bessel’s Equation 
1 dz 

LO ee = 5 

a 2 ax (1 “)e= 7 ©) 
where if m is unrestricted in value 
eee ae PR Se eee 
2°10 (72 + 1) 22(n 4-1) © 24.21(n + 1)(n + 2) 

ge 
aoe 3'(n+1)(n+2)a+ 2)(n + 3) 
and is called a Cylindrical Harmonic or Bessel’s Function of the nth order ; 
and that unless 7 is an integer 
z= AJ,,(2) + BJ_,(«) 


is the general solution of Bessel’s Equation. 


J,(2) = 


aaent: | © 


* The student should re-read carefully Arts. 11, 17, and 18(d) before beginning this 
chapter. 
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If m is an integer it can be shown that 
Tn(®) = (—1)*J_9(2)5 
(v. Forsyth’s Diff. Eq. Art. 102), and then 
z= AJ, (2) + BLK, (a)} 


is the general solution of Bessel’s Equation and 


{K,,(«)} == dJ,(«) log « — 5(. 3) ee (2) 


YS Ghat ttt 


$lt5+etet 


1 ra eg 
a (5) @) 
vy. M. Bocher, Ann. Math. Vol. VI, No. 4. 


121. A useful expression for J,(#) as a definite integral can be obtained 
without difficulty from Bessel’s Equation [(5) Art. 120] by a slight modifica- 
tion of the method given by Forsyth (Diff..Eq. Art. 136). 

It was shown in Art. 17 that z=«”v is a solution of Bessel’s Equation if 
y satisfies the equation 

adv , 2n+1dv 
dx? a dx 


+v=0. (1) 


b 
Assume v= ff T cos (at)dt (2) 


where x and ¢ are independent, 7 is an unknown function of ¢, and a and & 


are at present undetermined. 
6 


Then “ =— | ¢7'sin (axt)de 
b 
a? 
and = =— | ?T cos (ajdt. 


a 


Substituting in (1) after multiplying through by x, we have 


0) i) 
JA =P) Pe cos (et)dt — [n+ 1)eP sin (we)dt = 0. (3) 
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By integration by parts we find that 
b b 
fa — t*) Tx cos (xt)dt = [ a —2)7'sin (ot) | 


~ffa — t?) te 27 | sin (at)dt, 


snd (5) reduces to 
b b 
ae ie a ; 
| a — #)7'sin (xt) | —f[a — 2) + en— 17 | sin («t)dt=0. (4) 


If we determine 7 so that 


he i a 
{Ee} Fy + (2n—1)tT=0, (5) 
b 
and @ and d so that [a — )7T sin (et) | =0 (6) 


(4) will be satisfied and our problem will be solved. (5) gives 


P= — Py -4, (7) 
and (6) will obviously be satisfied if ~=—1 and d=1. 
1 
SIN 3 f 
Hence g=C 4 a = wee is a solution of (1) 


—] 


1 
and ga (oe da = ey" cos (at)dt (8) 
a! vi-—# 


is a solution of Bessel’s Equation. 
If we let t=cos ¢ in (8) we get 


wT 


2= Can f'sin® ¢ cos (x cos )dd. 


0 


Expand cos (x cos ¢) into a series involving powers of «cos ¢, integrate 
term by term by the aid of the formulas 


g n+1 
ees) 
iam ieee Sf At. Cal. (1) Art. 99}, 
2 n 
r(G+4 


222 CYLINDRICAL HARMONICS. 
t r(“**) r(“#4) 
(‘sin 2 cos" a.dx = ae ers eee 
4 an("3~" +1) 


(Int. Cal. Art. 99 Ex. 2), and compare with (6) Art. 120, and we get 
Saray ae ji sin™ ¢ cos (a cos p)d¢. 
QV ar (n + yt 


If x is a positive integer (9) reduces to 


a 


J,,(x) = 


at x” 


T 
Tien ee a ee 
0 


J, (&) = 


Let »==0 in (9) or (10) and we get 


J,(«) = 5 if cos (# cos $)dd. 


0 


EXAMPLES. 


1. Obtain Formula (11) directly from Fourier’s Equation, (2) Art. 


2. Prove by integration by parts that if n > —5 


Tv 


x 


0 


3. Prove by integration by parts that if n >; 


fone $ vos g sin (x cos p)dp 


0 
ul 


[ART. 122. 


(9) 


(10) 


(11) 


120. 


_frsin® $ cos ¢ sin (a cos d)dp = og ae 7 fsine +? $ cos (x cos )d¢. 
0 


= = fe sin” & — (2n — 1) sin”? $] cos (a cos $)d¢. 


0 


122. We can now readily obtain a number of useful formulas. 
Ditterentiate (11) Art. 121 with respect to 2 and we get 


file) == 1 cos ¢ sin (x cos $)dp 


0 


& 


ra sin? ¢ cos (xcosd)dp _ by Ex. 2 Art. 121 
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Hence by (10) Art. 121 We) J, (a). (1) 


In like manner by the aid of Exs. 3 and 2, Art. 121, we can obtain the 


relations 
dl wT, (ar 
| eo oe) | @) 
if rn > = Ka 
7 aa~ "J, E 
; x ms (x) ] =— 27 "J, 41(2) (3) 
ifrz>— 5° 
(2) can be written a A ek hey 
| Jp w"J.,_ (ade = x"Jy(x) (4) 
; 1 : 
ifn > = 
(2) and (8) can be written 
an w.) + na*—1J,,(2) = 2"J,, _ (a) 
and ge) = 1 JS, (a) == — a", s(x); 
or we) = J,—1(2) ni CAC) (5) 
“rl Pol = — 7, (2) + 2 I2) ©) 
whence Hae) = Jn (t) — J, 5 (2) (7) 
and 2” 7, (2) = T,s(2) + Ina s(@)- (8) 


The repeated use of formula (8) will enable us to get from J,(x) and J;(x) 
any of Bessel’s Functions whose order is a positive integer. For example, we 


have 5 
Jo(a) = = A(x) — Jo(#) 


J3(x) = (= — 1) J,(@) — = Fo(2). 
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From a table giving the values of Jj(x) and J,(x), then, tables for the 
functions of higher order are readily constructed. Such a table taken from 
Rayleigh’s Sound (Vol. L., page 265) will be found in the Appendix (Table VI.). 

3y the aid of (5) and (6) any derivative of J,(#) can be expressed in terms 
of J,(a) and J,,,(«). For example 


d?J. (x Wi — 
a) — Ee n(n - ) 1 | af n(X) ee * n+1(X)- 


If we write J,(w) for z in Fourier’s Equation [(2) Art. 120], then multiply 
through by adx and integrate from zero to x, simplifying the resulting equa- 
tion by integration by parts, we get 


x wale) + Sedola)ae = (); 


whence by (1) feTola)de = aJ;(a). (9) 


0 
If we write J,(w) for ~ in Fourier’s Equation, then multiply through by 
d. ; Oe ae ; 
a le) dx and integrate from zero to x, simplifying by integration by parts 


we get 


7 aL Cae c Je (h ney] fre (da))ee 0 


whence by (1) ii x(Jo(z) )%dae =F “[(Su(a))? + (i(a))*): _ (10) 


0 
TPR RRSS aeegem Ne 


Ace ELENA DOSE RAES TOA SRT CT ETT reoentes: 


In like manner we can get from Bessel’s Equation [(5) Art. 120] the formula 


f a(J,(x)) 2d = ; E (Oy 4 i n)(Ja(2))* | (11) 


[ARG T MIO RR pric ot 


which (6) enables us to reduce to the form 
fet wr(J,(a) Pen = TOR (2)? + (Inar(@))?] — nad, (2)Ty 4 (2). ee 


Formulas (9), (10), (11), and (12) will prove useful when we attempt to 
develop in terms of Cylindrical Harmonies. 
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Values of J,(x) for larger values of x than those given in Table VI, 
Appendix, may be computed very easily from the formula 


‘ Le ye dn — 4an%) 
Jn(*) = =| 1 2! (8x)? 


1?—4 2 32—4 2 52— 4 2 bl 2 
ai & n?)(3 n*) n*)(T?—4An —+++ Jeos(e—2—n™) 


41 (8a)* 9 
| yore 
wal 1! 8x 


_ (44) (3*— 4n*)(6*—4n’), TF 
31 Ba) + sin( —7—n3). (13) 


v. Lommel, Studien iiber die Bessel’schen Functionen, page 59. 


The series terminates if 2” is an odd integer, but otherwise it is divergent. 
[t can be proved, however, that in any case the sum of m terms differs from J,(z) 
by less than the last term included, and consequently the formula can safely 
be used for numerical computation. 


EXAMPLES. 

1. Confirm (1), (2), and (3), Art. 122, by obtaining them from (3) and (6), 
Art. 120. 

2. Confirm (1), Art. 122, by showing that Fourier’s Equation will differ. 
entiate into the special form assumed by Bessel’s Equation when x = 1. 

3. Show that (9), Art. 122, is a special case of (4), Art. 122. 

4. Show that the limit approached by J,(x) as m increases indefinitely is 
zero, and by the aid of this fact and of (8), Art. 122, prove that 


fig? == [nJ,(2) eo ee ayy. 
5. Prove that 


Pl) 7 ry nde) = ADI 2) FMA Ty Al) =. 


dx 
6. Show that the substitution of (1 —) for x in Legendre’s Equation 
ne 


will reduce it to the form 


Bie erage?) Be (se, Ly 

(1 nw dy? si y 7 ap ce orm 

and that the limiting form approached by this equation as m is indefinitely 

increased is Fourier’s Equation, and hence that J\(7) can be regarded as some 
aes a\34 

constant factor multiplied by the limiting value approached by P,(1 —*) 


as 7 is indefinitely increased. 
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123. To complete the solution of the drumhead problem taken up in 
Art. 11, we found that it would be necessary to develop a given function of 7 
in the form 

St (7) a AyJo (Mi) = AgJ (p21) = A gJo( Ms") Ss wai 
where #4, Hs, Hs, &c., are the roots of the transcendental equation J)(ua) = 0 ; 
and in Art. 11, Ex. the development of unity in a series of precisely the 
same form was needed. 


a)| Let us consider another problem. 

The convex surface and one base of a cylinder of radius a and length 6 are 
kept at the constant temperature zero, the temperature at each point of the 
other base is a given function of the distance of the point from the centre of 
the base; required the temperature of any point of the cylinder after the 
permanent temperatures have been established. 

Here we have to solve Laplace’s Equation in Cylindrical Coérdinates 
({x1v] Art. 1). 


D?u+ . Dyet , Dju + D2u=0 (1) 
subject to the conditions 
u=0 when z=0 
u= c r=a 
Uu=f(r) “~ 2=8, 
and from the symmetry of the problem we know that Dju=0. 
Assuming as usual u = #.Z we break (1) up into the equations 


ae — ~@Z7Z=0 
Gig eek 
‘dr aoe rdr mde Oe 
whence w= sinh (mz)Jo(ur) (2) 
and wu = cosh (Mz)Jo(mr) (3) 
are particular solutions of (1). 
If u, is a root of Jy)(ma) = 0 (4) 


uw = sinh (M42) Jo(M,7) 
satisfies (1) and two of the three equations of condition. 
If then FS (7) = AW (Har) + AeJo(Mar) + AsJo(Mar) °°: (5) 
fi» M2, Ms, &c., being roots of (4), 
sinh ((42) sinh ({2%) sinh ( 
— war 2 o bz) , eve > 
sinh (4,0) Fo(uar) + As * sinh (fsb) cAUSD tae * sinh (j4130) dots) caine) 


satisfies (1) and all of the equations of condition, and is the required solution. 
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(6) | If instead of keeping the convex surface of the cylinder at the tempera. 
ture Zero we surround it by a jacket impervious to heat, the equation of 
condition w= 0 when r=a will be replaced by D,w=0 when r =a, or if 


u = sinh (uz)Jo(mr), 
aTo (Ur) 


by “ran ata 0 when r=a, 
that is by MJ o' (pee) = 0 * or (v. (1) Art. 122) 
by J,(ua) = 0. (7) 


If now in (5) and (6) 41, M2, Ms, &c., are roots of (7), (6) will be the solu- 
tion of our new problem. 


(| If instead of keeping the convex surface of the cylinder at the tempera- 
ture zero we allow it to cool in air at the temperature zero, the condition w=0 
when r =a will be replaced by D,w + hu =0 when r =a, or if 


wu = sinh (uz)Jo(ur) 


by BI! (ur) + hJo(pr) = 0 when r=a 
that is by Mad,'(wa) + ahJ)(ma) = 0 or (v. (1) Art. 122) 
by pad, (ma) — BIN (ua) — =. (8) 


If now in (5) and (6) #1, Me; lige ‘&e., are roots of (8), (6) will be the 
solution of our present problem. 


124. It can be shown that J,(x) =0 (1) 
J\(x) =0 (2) 
and tJ y'(x) + rAJo(x) = 0 (3) 


have each an infinite number of real positive roots (v. Riemann, Par. Dif. Gl., 
$97). The earlier roots of these equations can be computed without serious 
difficulty from the table for the values of J)(x) (Table VI., Appendix). 

The first twelve roots of J,(x)=0 and J,(x) =90 are given in Table IV., 
Appendix, a table due to Stokes. Large roots of J)(z) =0 and of J,(x) =0 
may be very easily computed from the formulas 


oe .050661 = .055041 .262051 


=O — > 9 — aahingre 

7 a 4s—1 (a a -) 
a __ 151982 , .015399 245270 

Pe etl (dep i) @ (eee @) 


given by Stokes in Camb. Phil. Trans., Vol. IX., x@ representing the sth root 
of Jo(z) =0, and x the sth root of J,(a) = 0. 


af (x 4 
* We shall find it convenient to use the familiar notation of f’(z) = are (v. Dif. Cal., p. 119). 
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125. We have seen in Art. 123 that 
U =sinh (M,%)Jo(m,7) and V=sinh (Mz)Jo(mr) are solutions of Y?U=0 
and V?V’=5.6 if we express Laplace’s Equation in terms of Cylindrical 


Coordinates (v. (1) Art. 123). 
Hence, if /dS represents the surface integral over any closed surface, we 


have 
i; (UD, V — VD,0)dS =0 
by Green’s Theorem (v. Art. 92). 
If we take the cylinder of Art. 123 as our surface, and perform the 
integrations and simplify the resulting equation, we find 


a 


rdw hurdle == 
My 


0 


si 
— ae Coat To( Mito (Mat) — PAT (Ma) Ty (Mr) } 
i 


aeaG] 
= up — me Coe To( Mya) Ty (Mat) — Patt o( Mat) Sy (Mra) J (1) 


LM? 
Hence if yw, and yw, are different roots of 
Ji(pa) = 0, 
or of Ji(me) = 0, 
or of pad,(ma) — rXS,(mr) =0 
then fi rJy(byr)Iy(sr)dr = 0. (2) 
0 
EXAMPLE, 


Obtain (1) Art. 125 directly from Fourier’s Equation 
a, 1dJ, 
TUt) | EOI) 4 we7 ur) =0. 


~t26| We are now able to obtain the developments called for in Art. 1238. 
5 al 
Let J (rv) = Ayer) + AgI)(Mar) + AgJo(Ma”) + °°: (1) 
Mi, Ho, Hs, &c., being roots of J,(ua)=0, or of Jy(ua) =0, or of 
Had, (wa) — AJ(wa) = 0. 


To determine any coefficient A, multiply (1) by rJj(u,r)dr and integrate 
from zero to'a. The first member will become 


a 


SPOR MMAR. 
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Every term of the second member will vanish by (2) Art. 125 except the 
term 


Ay f r(o(uar))Par. 
7 1 agi 2 
: ‘ a ‘ g 
Prunus fa(l(u)rde =F [o(me))® + (A(era))4] 
0 Bi 0 
by (10) Art. 122. 
\ a 
Hence | A, : rf (1) I(r )ar. (2) 


ALAMO? + (AAD) 
The development (1) holds good from r=0 to r=a (v. Arts. 24, 25, and 88). 


If #4, Me, Ms, &e., are roots of Jj(ua) = 0, (2) reduces to 


a 


2 
A= ea JP oDone (3) 


Tf pa, Me, Ms, &e., are roots of J;(ua) =0, (2) reduces to 


2 
HAG => (Tol Mytt)) J Poin . (4) 


If p41, He, Ms, &e., are roots of pad\(ua) —AJ,(ma) = 0, (2) reduces to 


a 


= de ey rf(r r)dr 5 
A= BE pHa) TOMHEM ee 


For the important case where f(7”) =1 


My 


a a I ‘ 
SPOT Maa = Lr Flyer de =e fx Kfa)de = (pnt) (6) 
2 
0 0 
by (9) Art. 122, and (3) reduces to 
2 
(7) 


AK 


yay (ya) 


(4) reduces to 4, =0 except for k=1 when p,=0 and we have A, —1, 


2r 
(5) reduces to A= at aia Id ma) 5 (8) 
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EXAMPLES. 


1. Show that in (12) Art. 11 any coefficient A, has the value given in (3) 
Art. 126; and in the answer to Art. 11, Ex. the value given in (7) Art. 126. 

2. Show that if a drumhead be initially distorted so that it has circular 
symmetry, it will not in general give a musical note ; that it may be initially 
distorted so as to give a musical note ; that in this case the vibration will be 
a steady vibration ; that the frequencies of the various musical notes that can be 
given when the distortion has circular symmetry are proportional to the roots 
of J(z) =0; that the possible nodes for such vibrations are concentric circles 
whose radii are proportional to the roots of J,(a) = 0. 

3. A cylinder of radius one meter and altitude one meter has its upper 
surface kept at the temperature 100°, and its base and convex surface at the 
temperature 15°, until the stationary temperature is set up. Find the tempera- 
ture at points on the axis 25 cm., 50 cm., and 75 cm. from the base, and also 
at a point 25 cm. from the base and 50 cm. from the axis. 

Aniss 29°60 + AL’. 5 Flag? 20 se 

4, Aniron ecvlinder one meter long and twenty centimeters in diameter has its 
convex surface covered with a so-called non-conducting cement one centimeter 
thick. One end and the convex surface of the cylinder thus coated are kept at the 
temperature zero, the other end at the temperature of 100°. Find to the nearest 
tenth of a degree the temperature of the middle point of the axis, and of the 
points of the axis twenty centimeters from each end after the temperatures 
have ceased to change. Given that the conductivity of iron is 0.185 and of 
cement 0.000162 in C. G. S. units. Find also the temperature of a point on 
the surface midway between the ends, and of points on the surface twenty 
centimeters from each end. Find the temperatures of the three points of the 
axis, supposing the coating a perfect non-conductor, and again, supposing the 
coating absent. Neglect the curvature of the coating. 

Ans., 15°.4 ; 40°.85 ; 72°.8; 15°.3; 40°.7 ; 72°.5; 0°.0; 0°.0; 1°3, 


127. If instead of considering the cooling of a cylinder as in Art. 123 we 
have to deal with a cylindrical shell whose curved surfaces are co-axial 
cylinders, we are obliged to use the Bessel’s Functions of the second kind. 
Let our equations of condition be 


u=0 when 2z=0, u~— 0 
u=f(r) “ 2=b, u=0 “ poe, 


Then (v. Art. 123) 


wu = sinh (we (Mr) — 2 ae 5 K,( (usr) | 
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where yp, is a root of the equation 


Jy(ma) — ae Ky (ua) =0 (1) 


will satisfy Laplace’s Equation [(1) Art. 123] and all of the equations of 
condition except the second. 


a. sinh (44%) Tote) 5, ‘ 
Hence = 34 «sinh (44,0) So(My") — K,(40) Ky(m ” | (2) 
is the required solution if 
k= 
Tr\= > A, Ec = aS Ky(u | (3) 
t=1 


The development (3) is easily obtained. 
Call the parenthesis for the sake of brevity B,(u4,r). Then by the method 
of Art. 125 we get if we integrate over our cylindrical shell 


c 


Sr Bulmer) Bo(urydr = 0 (4) 


a 


if yw, and yp, are roots of (1); and by an easy extension of (10) Art. 122 


SL Bo(wery Par = F(T RMP — TBM ]3- (5) 


Determining the coefficients in (3) as in Art. 124 and simplifying by the 
aid of (4) we have 


2 frre [ ocue) — Fol Het) 5 Kolar) lar 


eee eee SS 
Ty(Mel) ary a" 
oF — ES Ks) | — [Ione — FED, Keone) | 
EXAMPLE. 


If a membrane bounded by concentric circles of radius a and radius 6, and 
fastened at the edges, is initially distorted into a form symmetrical with respect 
to the centre, and then allowed to vibrate 


25) . COS (aact)| Ta(onr) — ee Ko (Me *) | 


where A, is obtained from (6) Art. 127 by replacing ¢ by 6 
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128. If in the cooling of a cylinder «~=0 when z=0, w=0 when z=4, 
and u=,f(z) when r=a, the problem is easily solved. 
If in (2) and (3) Art. 123 pw is replaced by wi we can readily obtain 
z= sin (Mz) Jy(u77) 
and % = C08 (uz) J(pri) 
ag particular solutions of ae Equation [(1) Art. 123]; and 


ge 
Ai) =1+5, ot 55 ateiet (1) 
and is real. 
k=0 
5 URGE 
S(é = 2, A, sin D 
k=1 
a“ a : WY (7 
where Paes ao sin a (2) 


by Art. 31 (7) and (8). 


Hence u= 3 A, § 


‘s our required solution. 


EXAMPLES. 


1. If the cylinder is hollow and we have «w=0 when z=0, «=0 when 
2=6b, uw=(0 when r=c, and w=f(z) when r=a; then 


poe 2 I(-3”) K(") a si) x, krrat 
urs b b b 3 
u= > A, sin=- NY | AS Sag aN — rat ; — 2 
ok Wal he CTCL = (kiret 
wat T) m=) zs =) K(“7") 


where 4, has the value given in (2) Art. 128, and 


K,(xi) = Ky(ai) — Jy(ai) log i 
: : ae oe ire 
= le(@t) 10g # 53 5a ga bits Seems ream ga toin tte 
[v. (4) Art. 120], and is real. 


2. A hollow cylinder 6 feet long whose inner surface has the radius 3 inches, 
and whose outer surface has the radius 1 foot, has its bases and outer surface 
kept at the temperature 0°, and its inner surface at the temperature 100°, until 
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the permanent state of temperatures is established ; find the temperatures of 
two points in a plane parallel to the bases and half-way between them, one of 
which is 6 inches and the other 9 inches from the axis. Ans., 49°.6; 20°.2. 


129. If in the problem of Art. 123 the temperatures of the points of the 
upper base of the cylinder are unsymmetrical so that «= f(7,¢) when z=, 
we have to get particular solutions of Laplace’s Equation [(1) Art. 123] for 
the case where Dju is not equal to zero. We readily find that 


u = sinh (uz)[A cos nd + B sin nd], (ur) 
and u = cosh (uz)[A cos nd + B sin nd ]J,,(ur) 
are such solutions, and that 
oe ein by : 
“= > >; Sinans (A, cos nd + B,, sin nd ]J,(My7) (13 


n=O K=% 


is the solution of the given problem if 


n=a k= 0 


KOA =D DY Ang cos nd + Boa Sin 2G)Iq (Her) @) 


a= 0 K=1 


where p, is a root of the equation 


F(Ha) _ 9, (3) 


pa” 


EXAMPLES. 


1. Show that 


Sra n (mer, n (Myr)dr = er [Mh J, n( BR), n (Mi) — Pps (mya) J, in (Hy) J 
0 


re be = Mi? [oan oat) Tn 4 1( He) — Hr TM) In + (Me) } 


2. Show that 


i} rawr) Par 5 [ a Tao)? + (2 — sn) Paloae) | 


CACO a CA te 1(M2))”] cn S Ty ( Mya) J, Ze 1(M; 2). 


ro| 8 
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3. Show that in Art. 129 


j fas f rf yb) Io(mynar 


ne (7) nn 
By. =9, 
ae re 
fis fifo) 008 ng J, pyran 
yo ae 6a 


; Sus fh flr) sit npn (mer )dr 


7 OT n 41H) |” 


nk 


4, Obtain the coefficients for the case where the convex surface of the 
cylinder is impervious to heat. 

5. Obtain the coefficients for the case where the convex surface of the 
cylinder is exposed to air at the temperature zero. 

6. Show that if in a drumhead problem of Art. 11 the initial distortion is 
unsymmetrical, so that we have to solve the equation [x1] Art. 1 subject to 
the conditions z= /f(7,¢) when t=0, D,z=0 when ¢=0, 2=0 when r=a, 
the solution is 

n=o k=o 
z= > >) cos (u,ct)(A,,, cos rp + B, , sin np) J, (Myr) 


n=0 k=1 


where 4),, Bo,, An,, and B,, have the values given in Ex. 3. 

7. What modifications do the statements made in Ex. 2, Art. 126, need to 
make them apply to the unsymmetrical case treated in Ex. 6 ? 

Show that any possible nodal system in Ex. 6 is composed of concentric 
circles and of radii whose outer extremities are equidistant. v. Rayleigh’s 
Sound, Vol. I., Arts. (202-207). 

8. Solve the problem of Art. 127 and of Art. 127, Ex. for the unsym- 
metrical case. Suggestion: Ad,(x)+ BK,(x) is a solution of Bessel’s 
Equation. 

9. Solve the problem of Art. 128 and of Art. 128, Ex. 1, for the case where 
u=f(z,6) when r=a. Suggestion: u=sin wez(A cos nd + B sin nd)J, (ur?) 
is a solution of Laplace’s Equation, and f(z,¢) can be developed into a double 
Fourier’s Series [v. (15) Art. 71]. 
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10. Show that in dealing with a wedge cut from a cylinder by planes 
passed through the axis, or with a membrane in the form of a circular sector, 
it may be necessary to use Bessel’s Functions of fractional or incommensurable 
orders. 

11. Bernouilli’s Problem (v. Chapter IX). In considering small transverse 
vibrations of a uniform, heavy, flexible, inelastic string fastened at one end 
and initially distorted into some given curve, we have to solve the equation 
Diy = (@ Dzy+ D,y), subject to the conditions D,y=0 when t=0, 
y= f(x) when t=0, y=0 when w=—a; the origin being taken at the 
distance a below the point of suspension and the axis of Y taken vertical. 


==" 
Show that y= > A, cos p,ct By(mpzax), 
ea 
. a? 8 
cre ENE) = at 13223 ~ ot ay 
= Bs 


and pu, is a root of the equation 


By(wa) = J(2uVa) = 0, 


JS (@) By(uea)de J F() Jo(2 mV) de 


i A ABEOE al @uNay 


12. As asimple case under Example 10 consider the vibrations of a circular 
membrane fastened at the perimeter and also along a radius and then initially 
distorted (v. Rayleigh’s Sound, Art. 207). In this case we must modify the 
formula given in Ex. 6 by dropping out the terms involving cosm@ and by 


. m . . : 
taking n=~- The required solution is 


o 
m=xn k=o 
= =>, >, Bing COS pct sin —* 2 (Hi) 
=1 k=1 
EE 
where p, is a root of — = 9 


H2a2 


P Sus fers) sin ae 


oa Poa a Tal (ual) 
2 


Tm (pyr)adr 
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For the terms in which m is odd, Jm(x) can be readily obtained from (13) 
2 


Art. 122, which will become a finite sum. 
For example, (13) Art. 122 gives the values 


. ee a (es 
Jy(x) = se sin @ 5 J; (x) —— Va sin a2 — cos rn); 


has ey Be 
Ji(x) = — = Ke + “) sina -+ = 608 | fee. 
— 
13. |The question of the flow of heat in three dimensions involves a problem 


“not unlike the last. 
Suppose the initial temperatures of all points in a sphere of radius ¢ given, 
and let the surface be kept at the temperature zero. Then we have to solve 


the equation 


Diu =5 s| 2. (7?D,20) ARpeay: =, Da(sin 6 Du) + a = Dje | (1) 


({1v] Art. 1) subject to the conditions 


2 — OF ewhen 9° ==, 


If we assume w= 7.h.V where 7’ is a function of ¢ only, & of r only, and V 
of @ and ¢ only, (1) can be broken up into 


— 


9 ara Sr —() (2) 
m(m+1)V+ ite ng vetsin O6D,V) Tce, pPeV= 0 (3) 
Lee 2dh i Ci wat 9 es 
md yr dr a3 me set), = (4) 


Hence T= e~*", V= Y,,(u, o) [v. Art. 102 (2)], and & is still to be found. 
If in (4) we let x=ar and z= RVar it becomes 


pares oh ht 


rdx 


which is satisfied by z=/J,,,,(~). (v. Art. 17.) 


1 
Therefore k= Waa Jn +3(AP)- 
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or 


ff ag. f. F(7, 1; $1) P_ (cos y) sin 0,40, by (3) Art. 114, 
0 0 


F (0,8, 8) == D2m+1) 
m=0 
= DS lAnahmn(7) 608 nb + By, nZin, (7) Sin np] Px (). 


m=0 n=0 
k= 2 


VirFn, n (") =s >» ome ny a + ACT) 


Ro 


where a, is a root of the equation 


Jm+s(a) _ 9 


(ac)” +4 
. 
2 f rif, n (7): m+ (ayrar 
= Rg aE 
seg o7[ In 4 (420) |” 
k=o 
Vr. Fr» (r) a. >; Dan papa (4r) 
(ar | 
2f RAGA to Ee (aar)ar 
where 1 EW Nore yt : 
m,n, old, «3(2,¢) }? 


The final solution is 


n=xo n=m k=o@ 


1 
w= yD [ PCH) Zy(Amm Ona 008 2 
- Raa 
+ a a Os n,k sin new ae! In + s(axr) | 


m=0 n=0 


ef. Riemann, Par. Dif Gl., §§ 72 and 73. 
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LAPLACE’S EQUATION IN CURVILINEAR COORDINATES, 
ELLIPSOIDAL HARMONICS. 


130. Orthogonal Curvilinear Coédrdinates. 


If F(a, y, 2) = pr 
F(x, y, %) = ps (1) 
F(x, Y, 2) = ps 


are the equations in rectangular coérdinates of three surfaces that are mutually 
perpendicular no matter what the values of p,, p2, and p;, the parameters p,, 
p2, and ps, may be regarded as a set of coordinates for a point of intersection 
of the three surfaces, in the sense that when p,, pz, ps are given the point in 
question is determined, and when the point is given the corresponding values 
Of pr, pz, ps, Can be found. 

From equations (1) 2, y, and z can be expressed in terms of p,, p2, and ps. 
Suppose this done. If now «a,y,z2 are the rectangular codrdinates of the 
point p:=4, po=b, ps=c, the rectangular codrdinates of the points 
pi=a+ dpi, po =, ps =e, are obviously «+ D,«x.dp: +a, y+ D,y.do +e, 
2+ D,2.dp, + 6; where «, €,, and e, are infinitesimals of higher order than 
dp,. Hence the square of the distance between the points will differ by an 
infinitesimal of higher order than that of dp? from dn? where 


dn? = (Daa): + (D,,u)° am (D,,#)* |dp?. 


Tet Fam (Doi) + (Dyas)? + (Daf)? 
1 
he = (D,,X)" + (Doy)” + (Dp,#)? (2) 


Bi D 9 + ‘ 
he a (Dog)? ot (Ca = (D,,2) z H 
J 


Then if dn, is the element of length normal to the surface pi=2, an, 
normal to pp=0, and dn; normal to ps=c 


d I po fe 
dn, = ao dls == a dn, = Pe, (3) 
1 2 3 
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The element of surface dS, on the surface p, = is easily seen to be 
dpod 8 
dS, = 
1 hal ’ (4) 
and the element of volume dv is 


_— Uprdpadps 
a hs @) 
EXAMPLE. 
Show that h? = (Dzp.)? + (Dyp:)? + (Dz p1)? 
he = (Dz pz)? + (Dy pr)? + (Dips)? 
he = (D,ps)? + (Dy ps)? + (Dz ps)”. 


Pypi Dypr Dir 

? LS ieee ame 

hy hy hy 

direction cosines of the normal at any given point of p;=a. (v. Int. Cal. 
page 161.) Then 


dn, = TePt do = ¥Pt ay ae ae 


Suggestion: If h, has the value just given are the 


1 
See 


131. Laplace's Equation in orthogonal curvilinear codrdinates. 
If we apply the special form of Green’s Theorem 


SS fv Vaeayde = {D, Vas (v. Art. 98) 


to the space bounded by the surfaces pp =a, pp=6, pp=c, pr=atdp, 
po=b+dp., pp=ec-+dp;, we have 


V2 Vdpidpdps _ dp2dps y fests (=. ) 
hiliohs Se et ere hols iD, hohs nS Te, dpitpstlps 
dp3d, ae d, h 
~ gD, VRP + gd, V PAP D, ("2 D,,V )dprtoade 
I py va d h 
AsD, Lass gt Po Pree ps\ 7, ae D, V)dpulpstps; 
whence 


h h 
2 Va hahshal Dp, goth r) V+ D,, (= DP, v) tT Pp, le 7% Pas 7) | ao) 


and Laplace’s Equation in our curvilinear system is 


hs n 


Inhofe] Dei(G ts ae ) + D(z iD: V) + Digg? »7) | =0. (7) 
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If it happens that V%,=0, V=p, will satisfy (7) and we shall have 


h 
inhshs Dy (5 ¢-) =0- In like manner if V%.=0 we have DG.) = 0, 
PAMt:} 


hs 


heD2 V+ hgD2V + hgD,,V = 0 (8) 


when V/7o,=0, V7po = 0, and V%p, = 0. 


and if V/%p;=0 we have Dy ) =(); and therefore (7) reduces to 


132. If instead of having the value of the Potential Function V given on 
the surface of a sphere as in our Spherical Harmonic problem, we have it 
given at all the points on the surface of an oblate spheroid, and are required to 
find its value at any internal or external point, we can easily get a solution by 
methods in no essential respect different from those already employed, if only 
we rightly choose our system of coordinates. 

If we take an ellipse and an hyperbola having the same foci, ana revolve 
them about the minor axis of the ellipse, we shall get a pair of surfaces which 
are mutually perpendicular ; a plane through the axis of revolution will cut 
both the spheroid and the hyperboloid orthogonally. 

The equations of the three surfaces can be written : — 


: x? ip 2 

F(a, 2,9) =Gt aapt jy 1=0 (1) 
ae yf Pe : 

PCR 2 | sige ae argo gig pe Uae (2) 

F(a, y, %, Vv) =2z— vae=0, (3) 


where \?> 67> u?, 2b being the distance between the foci. 

For all values of A, #, and v consistent with the inequality above written 
the surfaces (1), (2), (3) intersect in real points and cut orthogonally. 

A, H, and vy can be so chosen that the surfaces will intersect in any given 
point, and therefore can be taken as a set of curvilinear coérdinates, and 
Laplace’s Equation can be expressed in terms of them by the aid of Formula 


Pxvi] Arte tl: 
From (1), (2), and (3) we readily get 
- Df Oe 
fe Ll 0) 


Niet b hese 
yah —OC- fa (4) 


ie. 2 u2v? ; 
~~ b(1 + v3)’ 
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wtp cee’ A aoe aaa oe 
whence eg at ri A] Nee é 
a) 7 — pw? 
d — = 
ue eae. 


[v. 130 (2)}. 


In like manner we get 


as 4 ?— [Vm 
he B® — p? 
a Nu? 


AM i BAL 


and [xv] Art. 1 becomes 


be P 2 r 
——__(___ PD, (av? — 27. D, 
(1 + Vi — we a pat 
b(? — pu) 
AMV (A? — 8?) (6? — pw?) 


b+ »)Vr2— 2? 
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fv 
bv1 + v? 
(5) 
(6) 
(7) 


D,[ eve? — 2. D, V7 


D1 +) D,V}=0, (8) 


which is Laplace’s Equation in terms of our Spheroidal Codrdinates X, w, and v. 

If now in place of A, uw, and yv we can introduce some function of A, some 
function of uw, and some function of v which, therefore, will represent the 
same set of orthogonal surfaces, and if we can choose these functions a, £, 
and y, which of course are functions of a, y, and z, so that V’a=0, 
V78B=0, and V?y=0, equation (8) must reduce to the simple and sym- 


metrical form given in [xvi] Art, 1. 


These functions a, B, and y are easily found. Equation (8) is V?)=0 


expressed in terms of A, pw, and vp. 
then D,V=0, and D,V=0, and (8) reduces to 


D,PVd2 — 0?. D, V]=0 


AVA? — je Ce 


whence ay 
d (dr 
/ => —_—__—— 
AVA? — 0? 
and —— A seq—! x 


b i’ 


Assume that V is a function of A only ; 


and is a function of A which satisfies Laplace’s Equation. 
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Take this as a leaving c, at present undetermined, so that 


c,dx c r 
: and a==—sec~!=- 


om: AVA? — 0? b b 


In the same way we get 


» and y=e, tan—!». 
Vv 


Substituting these values in (8) and taking c,=—c,=6, and ¢,=1, 
(8) reduces at once to 
DEV 
r2 


Dg a 
fr 


r2 pe Be 
eu? 


te 


+ ie) (9) 


or since A=bseca, m=—bsechB, and vy=—tany, (10) 
to cos?a D; V + cosh? B Dg V + (cosh? B — cos? a) D/V =0 (11) 


which is Laplace’s Equation in terms of what we may call Normal Oblate 
Spheroidal Codrdinates. 

In using (11) it is to be noted that the point whose codrdinates are (a, B, y) 
is the point of intersection of an oblate spheroid whose semi-axes are 6 seca 
and 6tana, an unparted hyperboloid of revolution whose semi-axes are 
bsech 8 and btanh B, and a plane containing the axis of the system and 
making the angle y with a fixed plane; and that if the axis of revolution is 
the axis of Y and the fixed plane is the plane of XY, the rectangular coordi- 
nates of (a, B, y) are 


z=bsecasechB cosy, y=btanatanh B, z=bsecasechBsiny (12) 
[v. (4)]. 
a 


If now we let a range from 0 to 9? B from — co tooo, and y from 0 to 2z, 


we shall be able to represent all points in space; and if we agree that negative 
values of B shall belong to points below a plane through the origin and 
perpendicular to the axis of revolution and positive values of B to points 
above that plane, not only shall we have no ambiguity, but also the rectangular 
coordinates of any point as given in (12) will have their proper signs. 
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EXAMPLES. 


1. If the spheroid is a prolate spheroid, the ellipse and confocal hyperbola 
must be revolved about the major axis of the ellipse, and the plane must con- 
tain that axis. In place of equations (1), (2), and (3) of Art. 132 we have, 
then, 


eA Bt oR ie 
a? ¥ 2 
a bese! 
z—vy=0 
where Me o> 
n2 — BP . Be 2 1 + p?)? 
2 — ) — Je Se ee . 
hj = ie hy Sea hs (2 — 0?) (0? — yu) 
Laplace’s Equation becomes 
1 F : 1 
b(1 ae v®) DLO?’ — 6) Dy ‘a Saracoaeyy Ale a Hw) Dy, a 
PR eee ae yf 2) 1D y.\ 2 Ol 
(0? — 0) (0? — 2) vl ( v*)D,V]=0. (1) 
De DgV v— Sky es 
(1) reduces to ort eariae AOS i 0, (2} 
bdx bd dv 
where da ——~ 5 G8 Sagi aait Camaterns! 
14 1k ey 
a=ctnh 5” 8 =tanh B and y= tan7!». 
Since A=bctnha, w=dStanhfB, and v=tany 


(2) can be reduced to 
sinh?a D?V + cosh? 8 Dg V + (sinh? a + cosh? ~)D/V =0. (37 


In using (3) it is to be noted that the point (a, £, y) is the point of inter- 
section of a prolate spheroid whose semi-axes are bctnha and descha, a 
biparted hyperboloid of revolution whose semi-axes are } tanh ® and 4 sech , 
and a plane containing the axis of revolution and making the angle y with a 


fixed plane. 
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If the fixed plane is that of (YY) the rectangular coérdinates of any point 
(a, B, y) are 


a=hetnhatanh~, y=deschasech Beosy, ==+beschasechBsiny, 


and a may range from « to 0, B from —e% to «, and y from 0 to 27. 
Negative values of B are to be taken for points lying to the left of a plane 
through the origin perpendicular to the axis of revolution. 

2. Transform Laplace’s Equation in Spherical Coordinates [x1] Art. 1 
to the symmetrical form 


a? DZV + cosh? B Dg’ V + cosh? D/V =0 
: 0 
where a=-» B= log tan 3” and y=®. 


3. Transform Laplace’s Equation in Cylindrical Coérdinates [x1v] Art. J 
to the symmetrical form 
DZV + Dg V+ DIV =0 


where a=logr, B=¢, and y=z2. 


133. In each of the cases we have considered, it has been easy to pass 
from Laplace’s Equation in terms of the chosen coérdinates representing an 
orthogonal system of surfaces to the symmetrical form [xv1] Art. 1; and it is 
evident that our new codrdinate a is a value of V corresponding to such a 
distribution that the surfaces obtained by giving particular values to p, are 
equipotential surfaces; that B is a value of V corresponding to such a 
distribution that the surfaces obtained by giving particular values to p, are 
equipotential surfaces; and that y is a value of V corresponding to such a 
distribution that the surfaces obtained by giving particular values to p; are 
»quipotential surfaces. a, 8B, and y are called by Lamé “ thermometric 
parameters.” 

The condition that these values should exist, for a given system of surfaces, 
that is, that the distribution described above should be possible, is readily 
obtained. We shall work it out for a. It is merely the condition that V in 
Laplace’s Equation may be a function of p, alone. 

If V is a function of p, alone 


a dV 


aVv d 
DV =35-D,a, Laren ata Malan a 


dp; D. py. 


av dV 
D2ZV=—~(D 274-1)? 
x ee 7 1) ahem ct 
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a?V dV 
D} V= dp? (Dy, p1)? 1% A Feet di 


ay aVv 
ee rk 3 (Depr)* a 


oe Ps 


2 1? }” 
Therefore ((Dzp1)*-+ (Dyp.)*+ (D.p:)*)7 3 + [Dim + yo. + Dix] = 0 
: “pi 


whence POSIT Sows ae AL 
(Dzp1)? + (Py pr)? + (D.p1)? dp? * dp, 
V7e1 
or = 
h? (p1) 


where F\(p,) may be any function of p; alone. Our required conditions are 
then 


V2 
h 7 = F,(p1) 
V*p2 
ie = F,(p2) (1) 
Vp3 
as = F (ps) 
3 


ind when they are fulfilled the original curvilinear codrdinates p,, po, ps; 
correspond to possible eguipotential or isothermal surtaces, thermometric 
parameters a, 8, and y exist, and the reduction of Laplace’s Equation to the 
symmetrical form [xv1] Art. 1 is possible. 

134. Returning to our Oblate Spheroid problem of Art. 132 we can proceed 
as usual to break up our equation (11) Art. 132. 

Assume that V=L.M.N, where LZ is a function of a only, Mof £ only, 
and Nofy only. (11) Art. 132 becomes 


cos*a dL es 3 BM Ea [cosh? 8 puss jo*= 
Ib; tilgkg M dp? 


or = sA_eosta LA _cosh*g algae 
L cosh? B -- cos?a da* © Mcosh*? 8 — cos?a df? N dy? 


The first member is independent of y, and the second member is independent 
of a and £, and the two members are identically equal. The second member 
is then independent of a, 8, and y and must be constant: call it x» We have, 


then, 
2 
d?N N= (1) 
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cos*ad*L , cosh*Ba@M _ , Pye oe py 9 
and Re RE i age (cosh? 8 — cos? a) (4) 
(1) gives us N= Acos ny + B sin ny. (3) 
(2) can be written 

7a 04 h? Bam 
= a n? cos? a = n? cosh? B — rae gee a =m(m +1), 
2 

whence cos? a w + [n? cos? a — m(m + 1)]L=0 (« 
and cosh? pes 7 e ae [m(m + 1) — n? cosh? B)M=0. (5) 


If we introduce «= tanh £ in (5) it becomes 


(Glic at) — 2a = 24— a+ [ mon -- 1) — 


“|= 0 (6) 


where since «=tanhf and 8 may have any value from —x to o, x may 
have any value between —1and1. (6) is a familiar equation having fora 
particular solution 


=(1— npn) P(e) = P*(tanh f). (7) 
(v. Arts. 10i and - 
If we introduce in (4) « = tana it reduces to 


+e +204 <+[ —n(m+1) |E=0. (8) 


(8) is an unfamiliar equation, but it can be treated as (6) was treated if we 
take the pains to go back to the beginning and follow the steps of the treat- 
ment of Legendre’s Equation. 


This labor can be saved, however, by noting that if we let x =" (8) becomes 
d= Ga- ay T+ [ mm +1) Ta le=e 


and is identical in form with (6). Hence 


nn 
L=Pry) and L=A— pea (v. Art. 101), 


dy" 
where y=‘ tana, are particular solutions of (4). 
We can avoid imaginaries if we use the values 
L=(—i"—" Pry) and Laintntig, — yy 2 On), (9) 


au” 
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Since we assumed V=Z.M.N we have 
V = (A cos ny + B sin ny) Pi(tanh B)(— i)"—"P2(i tan a) 
and V= (A cos ny + B sin ny) P*(tanh B)im+"+1 seo" a oS ey, 
as particular solutions of (11) Art. 132. 


If the problem is symmetrical with respect to the axis of the spheroid 
DV =0, x? =0 and our particular solutions (10) reduce to 


v= Ga i) yeaa. tan a) P,, (tanh f) } 


(11) 
and V=i"*1@,,(é tan a)P,,(tanh £). 


If, then, V is given on the surface of a spheroid as a function of 8 and y, 
we must express it as a function of tanh ® and y, and shall be obliged to 
develop it in terms of Spherical Harmonics of tanh 8 and y by the formulas of 
Chapter VII, using the first equation in (10) for the value of V at an internal 
point, and the second for the value of V at an external point. If the problem 
is symmetrical, we must develop in Zonal Harmonics of tanh 8 by the formulas 
of Chapter VI. 

A convenient form for Q,,(¢ tan a) is obtained from (2) Art. 100; it is 


- - ° ( dx 
Q,,(¢ tan a) = — 7P,,(é tan a) f G+ a)(P,.@} . (12) 
tana 
H Q,(i tan a) = — 7 i) (13) 
ence o( i;z 5 
tana 
EXAMPLES. 


1, A conductor in the form of an oblate spheroid whose semi-axes are 
bseca, and } tana, is charged with electricity and is found to be at potential 
V,; find the value of the potential function at any internal or external point. 

Here Vo= V.P,(tanh 8). Hence at an internal point 


=) P,(é tan a) = 1 
if OG tan dy) P,(tanh £) oO» (1) 


and at an external point 


3-9) 
v= Voor ay Ptean 2) = Vo ) (2) 
pee eg 


Since V in (2) involves a only, the equipotential surfaces are all spheroids 
confocal with the conductor 
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2. The upper half of an oblate spheroid whose semi-axes are 6 seca, and 
b tana, is kept at the temperature unity, and the lower half at the tempera- 
ture zero. Find the permanent temperature at any internal point. 


1 3 Pi(é tan a) 7 1 P;(i tan a) 
4 —s5 P boy 
9+ 4 Pitana)~ 1"! ®) — 3°2 Pitan ay) (tank 8) 


Ai VS 


(v. Art. 93). w may be expressed in terms of z, y, and z without serious 
difficulty [v. (12) Art. 132). 


1 ae BY 
Ste fe ee len ie = a 
ES BN tee) 53 + 367 
if 2¢ = 2 tan ay = minor axis of spheroid. 


135. Let us now find the potential function at an external point due to 
the attraction of a solid homogeneous oblate spheroid, using the method em- 
ployed in Arts. 98 and 99. 

Consider first the potential function due to a shell bounded by the spheroids 
for which a=@q and a=¢+d¢. 

By (1) Art. 98 we have 


Awox =[D,V,—D,Volanos (1) 


where p is the density and x the thickness of the shell, V, the value of the 
potential function at an internal point, and V, the value of the potential 
function at an external point. 


Let bo De, (— t)™P,,(¢ tan a)P,,(tanh £) 


and V,= iB. im+1Q,(itana)P,,(tanh 8) — [v. (11) Art. 134}. 


Since VY, and V, must have the same value when a= @ 


Se MND SS pee 
ese tan ae ea JS G+a5(P,@)) @) 
[v. (12) Art. 134]. ; 
Hence V, — di" BnPn(tanh BP y(t tan a eee erayr 
( m(&t 
. a mae (3) 
and V,= > i"B,,P,,(tanh B)P,,(¢ t mle i ae . 
2" BaP (tanh 6) Pa tan af GFAP, CH} 


D,, Vi, = D,V,.D,a. D, V,= D,V..D,a 
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(2, VY 7h D,, Vala mé = [Da Vy a, Vs Ja = (Ln) ame 


= [ Da( Vy 3 V2) Jo = $1 Dd ja =¢ 

tana 

Vy, — V.= >i", P,, (tanh B) P,, (¢ tan a) fi 
tan p 


dx 
(oh) eee) | 


seca 
al + tan?a)[P,,(i tan a)? 


DAF — F, =>) mB, P,, (tanh eS tan a) - 


Au(tt an a) 
A (1 terre 


Sas al Pe am in PP P,, (tanh B) 
D[Vi— Valone = Qi" Bn B" tang)’ 
__da 
~ dn 


dn = ine es VA dd =b sec aVtan? a + tanh? B.da (4) 


hy i VA? — 0? 
v. Art. 130 (3), and Art. 132 (5) and (10). 


ik 
~ bsec ¢ Vtan?¢ + tanh? B 


Dien p. Em(tanh B) | 
™ P,(itan d) 


[Dra ]a-o 


Hen D, V1 — D, Valeo = oS 
aa i a] =f sec p ia ¢ + tanh? B 


x=([dnj.g=6 sec Vtan?¢ + tanh? B.d¢ 


by (4), and (1) may be written 


P,, (tanh 
drpb? sec? (tan? + tanh? Als = DiMBy BO By ©) 
. Since tanh? 8 = 4 P,(tanh 8) + 3 P,(tanh £) 


by (5) Art. 95. to satisty (5) we must give m the values 0 and ? and 
& = 4$rpb* sec? o(3 tan’? ¢ + 1)d¢ 


and | 7 B = ¢ pb? sec? $(3 tan? ¢ + 1)d¢. | 
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So that by (3) 


tan p 


et dix 
— P,(tanh B) P,(7 tan eR ener rave! (6) 
tan > 


and V, = 4 mpl? sec? (3 tan? d + 1)dp[io(i tan a) 
+ ?P,(tanh B)Q,(7 tan a)]. (7) 
The potential function at an external point due to the solid spheroid for 
which a= a, is 
p= 4% 
— i V, = 4 pb? sec? ay tan ap[ iY (i tan a) + 7°P,(tanh B)Q,(¢ tan a)]. (8) 
o=0 
If 2a is the major axis and 2¢ the minor axis of the spheroid 


mvc M 
he mead 


4arpb” sec? ay tan ay = 4 
where M&M is the mass of the spheroid. Therefore 
MS ee, ‘ : 
me. [iQ (i tan a) + ?P,(tanh 8) Q.(¢ tan a) | (9) 


is the required value. (9) can be reduced to 


y=> F—a+s| (3- a)(8 tan? a+1)—Stana |[3 tanh? p—1jt. (10) 


EXAMPLES. 


1. Break up the equation (3) Ex. 1, Art. 152, for the prolate spheroid, and 
obtain particular solutions of the term 


V== (A cosny + B sin ny) Pi(tanh B)P*(ctnh a), 


V = (A cos ny + B sin ny) P}(tanh B)(— 1)? esch” Pak UND), 
(d ctnh a)” 
2. Break up and solve the equations of Exs. 2 and 3, Art. 132, and show 
that they lead to familiar forms. 
3. If in Ex. 1, Art. 132, the conductor is a prolate spheroid whose semi- 
axes arebctnha, and beschay show that 


: ‘ . rd, 
V= V, at an internal point. y= ose at an external point. 
: 0) 
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4. Show that the potential function at an external point due to the attrac. 
tion of a homogeneous solid prolate spheroid is 


= a [@o(ctnh a) — P,(tanh 8) Q,(ctnh a)]. 


Ellipsoidal Harmonies. 


136. If we are dealing with an ellipsoid instead of a spheroid, we can take 
as our orthogonal system of surfaces a set of confocal quadrics ; 


gq? ng z2 

ue tate 

gq? ¥ a2 =2 

ave ae oe 1=0 (1) 
ge 2 22 


z 
52 ae ape oA a7 Lead 


where P>c’?>w’>l?>v*. Here the first surface is an ellipsoid, the 
second an unparted hyperboloid, and the third a biparted hyperboloid. Each 
of the three principal sections of the system consists of confocal conics, and it 
is well known and is easily shown that the surfaces cut orthogonally. A, p, 
and v will be our curvilinear coérdinates, and are known as Eillipsoidal 
Coérdinates. 


We find without difficulty that 
pave OBOE), pO E—, 


a van be — B) HEO—P) 
eae ee eK) 4. Pave) 
BQ weaa Mo Aww) “TWA © 


To avoid ambiguity, we shall suppose that of the nine semi-axes in (1) 
Vc? — pw? is to be taken with the positive sign for a point on the half of the 
unparted hyperboloid on which z is positive, and with the negative sign for a 
point on the half on which z is negative ; vi? — vy? is to be taken with the 
positive sign for a point on the half of the biparted hyperboloid on which y is 
positive, and with the negative sign for a point on the half on which y is 
negative ; v is to be taken positive for a point on the half of the biparted 
hyperboloid on which 2 is positive, and negative for a point on the half on 
which 2 is negative, and that the remaining six are to be always positive. It 
follows that our Ellipsoidal Coérdinates have the disadvantage that to fully 
fix a point we need to know not merely the values of its coordinates A, w, and 
v, but the signs of Ve — p?, and Yl? — v® as well. 
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We shall see later, Art. 139, when we come to introduce what we may call 
the Normal Ellipsoidal Codrdinates a, B, and y that they are free from this 
disadvantage. 

It is to be observed that A may range from ¢ to «, m from 6 to ¢, and v from 
—b tod, 

The element of length perpendicular to the Ellipsoid is 


_ AA ed Ono 
es = (ae /*) (A? = (7) "dX. o 


The element of Ellipsoidal surface is 


ae =O a al ; 
iis = oy 
ial SN GE =O = pO 2) (ce = 1") pdv, (5) 


and the element of volume is 


_ Odudy _ Oe PO ve — v*) 
hihohs Vie? Sal ASS (m2 aah A te) (BE oy (e—P vy?) 


-dddudy, <6) 


The surface integral of any given function of w and yv taken over the 
ellipsoid is 


Sirs = fav f LAr) +.Aler) +f) 


AB — p*)(V— v? 
+ Hi(Msv) (oe? ore New ae oe Ee eae ma v) dp, (7) 


where f,(4,”), fo(H,”), fs(M,v) and f,(m,v) are the values of the given function 
on the four quarters of the ellipsoid into which it is divided by the planes of 
(XY) and (XZ). 

Laplace’s Equation proves reducible to 


(w? — 2) DIV + (2 — v*) DV + 02 — w) DIV =0 (8) 


where 


oe pede! a == ; A seat ed 
0 Siacaeca’ °~ Siegen’ 


= gs ; 
J V (0? = v)(¢ as) @) 
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a, 8, and y can be expressed as Elliptic Integrals of the first class and are 


fates 
Seyi Ge LO a bP WE 
o=F (5.5) — (jin): p= F(yi—Ssin al m)? 
aaa 
c 
y = F(-,sin “5 (10) 


whence A= peste es (mod °) = on Cio °), 
sn (K —a) c ena\ Cc 


=aa(m(t—3))» = :) 
La B (mod (1 a) ee bsny (mod- (11) 
(v. Int. Cal. Arts. 179, 192, and 196). 


137. If in (8) Art. 136 we assume V=L.M.N where LZ involves a only, 
M involves B only, and N involves y only, (8) can be written 


ae Lee MOA ea (1) 
Lda" M df? Nia a 


(1) is too complicated to be broken up by our usual method. 
If, however, we let 


Lidl , LEM , LPN _ ‘ 
Zit UO, agp eM Waa oe 


substitute in (1) and make use of the fact that the result must be identically 
zero, we find that the coefficients are zero for all values of k except k= 0 and 
k= 2, and that a, =—b=¢, and a,=— b=. 

Therefore (1) can be broken up into the three equations 


aL 


da? = (o +> Ao )L 
vm 

dg = — (Ayo + agp) M 
aN 


oe = (a + ag) N. 
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We shall find it convenient to take a, as m(m-+1) and ad as — (b? + c*)p ; 
whence 


=a 


aL 2 2 2 
ee [m(m +1)? — (+ ¢*?)p]L=0 


ee he —(P+e)p|M=0 - (2) 


d2N 
7 — [m(m + 1)v? — (0? + &*)p|N = 0. 


a 


If now in (2) we replace a, B, and y by their values in termis of A, w, and 
v, we get 


LL 
CDS ae Sal ee it a) 
—[m(n +1)¥P— (+ e)p]L=0 
aM dM 
Bey ay a es 2 j2 ee a 
EE uses aaterdS es (3) 
— [m(m + 1)? — ( + e?)p|M= 0 
dN 


— 6 )(? = a“ a+ Vi 2c ) a 
— [m(m + 1)? — (0? + &)p|N=0. J 
Whence if Z = £2(A), it follows that M= E(w) and N= Ev), and that 
Vi= ERA) ERK) ERY) (4) 


is a solution of Laplace’s Equation, (8) Art. 136. 
The equation 
(= 0?) (a? ic? “+ Ce = Fa a ye 
— [mim -- 1)a* — (6 + yp jz == 0 (5) 


is known as Lamé’s Equation, and Hi(x) as a Lamé’s Function or an EHllip- 
soidal Harmonic. We shall suppose m a positive integer. 
To get a particular solution of (5) let «= a,c". Substitute in (5) and 


reduce and we get 
[&(k +1) —m(m -+ 1) Ja, —-(@ +) [(k +2)? —p]a,,. 
+ berth 3)(k-+ 4)a,,,=0. (6) 


We have now only to choose a sequence of coefficients satisfying (6), and we 
may take any two consecutive coefficients arbitrarily. 


Puap. VIII.J LAME’S FUNCTIONS. 255 


(6) which is ordinarily a relation connecting three consecutive coefficients 
reduces to a relation between two when k=m, when k=—3, and when 
k=—4, If we take a,,2=0, Gn44) moe, &C., will vanish. Let a@,,=1. 
If m is even the coefficient of a» in (6) will be zero; if p has such a value 
that a_, is zero, a_4, a_,, &c., will be zero, and there will be no terms in 
the solution involving negative powers of z. 

If we write the values of a,,_2, @, 4, &¢., by the aid of (6) we see that 
Qm—2 18 of the first degree in p, a,,_, of the second degree in p, &¢., and a_, 


of the degree + 1 inp. There are then —+ 1 values of p which we shall 


call p,, po, ps, &e., for which a_, will vanish, and for which our solutions will 
be of the form 


Eix(«) =" ot Geet” é ine ea ae a Ae lo 


if m is even. 
If m is odd, the coefficient of a, in (6) will vanish and we can choose p so 
that a_, shall be zero, and then all coefficients of lower order will vanish. 


m+1 


2 


m 


; 1 
in p, and there will be 3 values 1, Po, Ps» 


a_, is of the degree 
&e., of p for which 
TEA CS) a SALI | TARE Eli it) SEPA sis com BS 

Following Heine we shall call the solution just obtained A(x) so that 
FECL oS fan A ee i OY Cot aes ee (7) 


terminating with a) if m is even, and with a,x if m is odd. If m is even, 
m+1 


2 


there are a 1 of these functions K?P(x), A}2(r), &c., and there are 
of them if m is odd. The coefficients can be computed by the aid of (6). 


If in Lamé’s Equation (5) we let z= Vc? — b? we get the equation 


dv 


d? 2 2 2 2\° 
a ee — oe Spt) eon Be aC?) | is 
—[(m+ 2)(m—1)2?+°—P+e)ply=0. (8) 
Letting v= Sa,2* we obtain the relation 


[k(k + 3) -- (m+ 2)(m — 1) Ja,—{@+4(4+2"—p)+ 67(2k + 5)} apse 
+ Bk + 3)(k+4)054,=9. (9) 
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Proceeding exactly as before, we find that there are a values 91, Yo, Ya, &e., 


1 
of p for which r=2z"-'+4a,,_,a"-*+:-:++ a,x if m is even, and me 
values for which v=2"—'!+ a,_,2"-' +:++:-+ a, if m is odd. 

Calling v ¥x? — Ul? L2(x) so that 
LEG) Vat — 0 [8 ee ge ae, (10) 


terminating with a,a if m is even and with a, if m is odd, we have + 


~ 


values of Axx), namely L(x), Lia), &e., of the form (10) if m is even 


m 


values if m is odd. 


WL 
and =~ 


By interchanging 4 and ¢ in (8), (9), and (10) we may show that if 


ME e) = VP Ea"! $ tty git 8 ty gh] (11) 
there are e values of H¥(x), namely Mr(x), Mr(r), Mys(x), &e., of the form 


(11) if m is even and = ar d 


= 


values if a is odd. 


Finally if in Lamé’s ee (5) we let z= 1V(2? — b*) (x? — c?) we get 


dv 


(He) eet epee 
—[(m+3)(m—2)2*-(U+A(p—Ny=0. 12) 
If now we let «= Su,2* we obtain the relation 
rk(k + 5) — (m —~— 2)(m + 3) Ja, 
— Pree 2) A+ 4) +1 — plage + POR + 3)(k + 4)a,,,=0. 13) 
Proceeding as before we find that there are = values 8, S:, ss, &c,, of p 
for which v=a"—?--a,_,2"~*-+ a,,_¢u"—°-+-++-+a, if m is even, and 


m+1 
2 


values for which v =x"? -+ a,,_,2"-*-+ +++ a,x if m is odd. 


Calling v¥ (x? — *)(a? — ce?) N?(x) so that 


m 


Ni(@) = 


(RE UP) (a? — 0?) (aA ia pat gS ait 8 aie J} 4 
terminating with a, if m is even and with a,2 if m is odd, we have — values 
2 


Coie JPY 


m 


(x), namely Nn); N(x), Ny(x), &e., of the form (14) if m is even and 


m—d1 


---~— values if m is odd. 
ve] 
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Summing up our results we see that there are 2m-+1 Ellipsoidal Harmonics 
E}(x) each of which is a finite sum of the mth degree in 2, or in # and r—p*, 
or in @ and V2?—c’, or in x and V2?— 2 and Vx?—c. 

It was proved by Lamé that the 2m -+ 1 values of p, namely ,, p», ps, &., 
Qs Yor Ys» KC. M1, My 73, KC., 81, So, 8g, &e., were all real, and by Liouville that 
they were all different. 

We give tables of the Ellipsoidal Harmonics for m=0, m=1, m= 2, and 
m==3. The coetficients were obtained by the aid of formulas (6), (9), 
and (13). 


E,(«) fi, (2) 


K,(x) =1 
L,(x) =0 


K(x) = 2 

L(x) = V2? — 3? 
M(x) = 0 
N(x) =0 


N(x) =90 


E,(z) 


KP (x) =a — (P+ 2 -—VE + &)? — 3b?) 
Kpy(x) = 22? — (P+ 2+ VE +e) — 302] 
L(x) = ar? — 
Myr) = ar? — 


N32) =Ve=— He &) 


Kp (a) = 0° 5 [20 +o) — VET OF 150e 


Kpxx) = 2° — : [2(B +e) + VA + 02)? — 15077] 

La(a) = Vie? — Ba? — 4 (0 + 22 — VU $F 28)? = BUY] 
Lp(a) = Va? — Ba? — (8 + 28 + VP F 24)? — Be) 
My(x) = Va? — ea? — 4 (20? +? — V0? + 8) — 5b) ] 
Myx(a2) = Vx? — (2? — 427 + + V (20% + c2)? — 5b?) 


N; (2) == a (x? == b?) (@ Gar €) 
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It is to be noted that since in the solution (4) of Laplace’s Equation, 
= Hh(X) EP (pM) Er), 


we have the same m and p in each of the three factors, we shall have to deal 
merely with products made up of factors of the same form, for example, 


KA) K, ee) tee ‘(v), Ln" (d) Lin * (4) Lv) ? &e.; 
and that in a solution of the form 
V=S Any BR(d) HR (H) ER(v) 


we shali have for a given m just 2m-+1 terms. 
138. From the particular solution of Lamé’s Equation [(5) Art. 137] 
z= H*(x), we can get by formula (5), Art. 18, the general solution. 


It is z= AER (x) + Bre fy == os ; (1) 


b?) (ee =? ce) BP (ax) |? 
Making 4=0 and B= 2m-+1 we get a second form of particular solution of 
Lamé’s Equation, = F(x) where 
lx 
FP (a) = (2m +1) HP S Goer YQ 
rey = ( )Lin(«) Veo a Baa)? (2) 


We shall call F2(a) a Lamé’s Function of the second kind. 
It is easily seen to approach the value zero as « is indefinitely increased. 
EXAMPLES. 


1. If an ellipsoidal conductor is charged with electricity, and is found te 
be at potential V,, show that since V)= V,4,(A), 


= VKo(A) Ko(m) Ko(v) — Vo 
at an internal point, and 


(" dx 
VV RA) Koy) (MAO) | ee 
(H) ( | ( V (a? as b?) (ac? ee e*)[ Ko oy 


dx 
( vv (@?— b?) (ee — Bee 


sin-1£ 
“sin <) 
=" Sos DD) Ca >; Seas = elim ne ay 
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us 
whence V= Cag, v. (10) Art. 136. 
F(- a) — 


2. Find the value of the potential function at an external point due to the 
attraction of a solid homogeneous ellipsoid (v. Art. 135). 
Observe that 


(C= 2) (P— 2) 


P+ e@—3e r : 
+ 1 } 2 - 4 nM 
if Veter =| APWMAPO) 


= 4[3lt — 2(0 + ce) 2 4 07] Ky) Ky(v) 


e+e — 3P dig 
a af V+ e— lake EO) 
and that 
Ao 8h 2 (f2 ] en 
fs ™p oa “dl = ¢mpryW(Az — (AG— ) = M 


where M is the mass of the ellipsoid. 


ak y= m4 jie iv 
ns . V (a? — b?) (a? — e) 
dx 


— 3 ____| Kp) KP) KPa j 
aa ael ss i V(x? — 0?) (a? — 0°). (KPe(a))? 


re a oe da f 
Sait (#) Kp 2(v) KPr( J Vaz — 0?) (a? — o*), (K(x)? ; 


b 
139. If for the sake of brevity we represent by &, and (1 —") by #' in 


the formulas (11) Art. 136 we have 


dn a eel 
oes , = —__—_———-» v=)s dk J 
A=ce A (mod k), pu dn B (nod F) vy sn y (mod £) (1) 


and from these we get without difficulty (v. Int. Cal. Art. 192) 


ck! ‘ 
Se) fp eh ata 2 — 7? = —_--—> (mod £’),, 
Vx ena (mod k)’ we me es 
E 7 2 = ck! == (mod k), (2) 


Ve —v=s eny (mod 4), 


V2— w= eB On odk'), Ye—v=cdny(modh). 
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If we let a range from 0 to K, and # from 0 to 2K', and y from 0 to 4K, 
where A and A’ are the complete Elliptic Integrals F(t, 5) and H(e',5) 


respectively, (a, B, y) may represent any point in space, and there will be no 
ambiguiy in sign (v. Art. 136). 

We may note that if O<B< XK‘, z is positive; if K'<B< 2K’, z 1s 
negative; if O0<y< K, x and y are both positive; if K<y< 24K, *% is 
positive and y negative; if 2A <y <3, x and y are both negative; and if 
3K <y<4K, «x is negative and y positive (v. Art. 136). 

We can write the values in (4), (5), (6), and (7), Art. 186, more neatly by 
bringing in a, B, and y. We get 


dn =*VOE— BE VF) da, (3) 
Ls ae a a eae . 

= 5 (HNO — MW) — 7) dBdy, (4) 
he : (2 — p)(2— *) (uw? — v*) dadBay. (5) 


For the integral of any function of a, 8, and y over the ellipsoid a= a,, we 
shall have 


2K" 4K 
a 1 i = y Pie) oy 9 9 oo = tee s 
fF (a, 8, y)dS= = fap f F(a, By) (ME — WV (A? — ge?) (A* — v*) dy. (6) 
140. If we make use of the formula (2) Art. 92 
fp (UD, ¥ — VD,U)dS=0 (1) 


and take as our closed surface any given ellipsoid, we can get a very important 
result. 


If U == ER(A)ER(w)ER(v) and = V= E2(A) B2(p) Ev) 
then WENO ee VAY (i), 
D,U= D,UDya = Ep(p) Bev) ee) __ 
| te ores 
and D,V = D,VD,a = Ea(p) Ea() ee) . 


da VOe— Bev) 
CD VV PU 
= Bg(u) Ex a) E(u) Ba(v)( Bea) CEO) _ pay tt a 
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ad 


Integrating UD, V — VD,,U over the whole ellipsoid, and writing the result 
equal to zero, we have 


2K‘ 4K 
1 Firs LE’ (X) LER (A) 
Sess E(w) BR (v) Ee (pw) Ee 9@[ rea Er) — Er) —“ Oe )ay=0, 
0 0 
Hence J iB | EE (M) ER (v) Ea (Mm) Ee (v) (me? — 7)dy = 0 (2) 
unless Bey A saaniene Bay HO a eal (3) 


But as our ellipsoid may be taken at pleasure, \ and a are unrestricted, and 
if (3) is true it must be true identically. 
If we divide (3) by [£%(A)]? it becomes 


m 


ai |= =( FRA) _ 
alae and E2(d) =a constant ; 


and this obviously cannot be true unless 2 =m and ¢ = p. 


EXAMPLES. 


1. Show that it follows from (2) Art. 140 that 


K x 
S 0B (Be) Bev) E(u) Ban) (pe — Pydy = 0. 
2K =k 
Suggestion: 
2K’ 
if Bg(w) Bi(w) (w! —)dB = f E(u) Bi) (ui — dB 


2K? 


+f Eh(H) B1(H) (ut — v8) dB. 
KK’ 
If in the last integral we replace B by B+ 2A‘ it becomes 
Lf Ek(u) Be(u) (ee — Pap 


v, Arts. 136 and 139 and Int. Cal. Art. 196. 
2. Show that 


2K’ 4K ie K 
S28 {LEAH BRO) FH — v4) dy = 8 f dB LEH) BROT ~ vd 
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141. We can now solve the problem of finding the value of V at any point 
in space when it is given at all the points on the surface of the ellipsoid 
a=. 

We have first to develop in Ellipsoidal Harmonics a function of w and v or 
rather of a and @ given at all points on the surface of the ellipsoid in question; 
and this is now easily accomplished by our usual method, which leads us to 
the result 


m=n k=2m+1 


FB N= XY YAmoEnt (En); (1) 


m— 0 ee—1 


2K 4K 
SB f Heo, By 1) ERE) BRED) (pt = v*)dy 


where An», = ar (2) 
8 dB f [HREM Ev) R(M? — dy 
0 0 
Our final solution is 
m= 0 k=2m+1 Pe 
= LAmoe pe WEL) (3) 
aes, m (Ao) 
at an internal point; 
m=o k=2n+1 Py. 
V= ys, See EP*(u) EPE(v) (4) 


Oneal FF (Ao) 
at an external point. 
Lamé has proved rather ingeniously that 


fl ap fi [ Baku) Bah (o) (a? — v*)dy 


can always be found and that it is equal to = multiplied by a rational integral 
function of the coefficients of RIED) and of ¢? and (-): 
€ 


Of course the labor of obtaining even a few terms of the development of a 
function that is in the least complicated is enormous. 


142. If in Laplace’s Equation (8) Art. 136 we let V= H?(\)U supposing 


a? BEA) 


U to be a function of £ and y only, we get after replacing Be) da? 
ie ‘a 


by its value m(m + 1)? — (0? + yp [v. (2) Art. 137] 


(VU A)DIT + = W)DIU + (ut — [mm + DNA + ep] =O; 
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and since by hypothesis U is independent of d, the coefficient of 2 in (1) 
must vanish. Hence 

DgU + DjU + (uw? — v*)m(m + 1)U=0. (2) 
Of course U= EP(u)HP(v) will satisfy (2). 


4 ir a. 


EXAMPLES. 


1. Substitute U= HP(u) HP (v) in (2) Art. 142 and by the aid of (2) Art. 137 
show that the equation (2) Art. 142 is satistied. 

2. Obtain (2) Art. 140 directly from (2) Art. 142. 

3. Conical Codrdinates. Consider the system of coérdinates defined by the 
equations 


ge) ee earn 
a? y? Pe 
PCy =e 9 - 9 + 9 9 = 0 
Me eee fe (1) 
~+545,4+-5=0 
7 Ns b ea C- 


where 2? > pw? > > v*. 


Show that 

ree, BWR) rw A), 

ry? = ——;, ¥f ae es 7 ea are ee =a ; 
bc" i ie —e) Oe =) 
pe OE), fe Us ee Se ey) 
nee Bw) 
Laplace’s Equation is 
ee DgV + (Ww? — vv) D7? DV) =0 (2) 


where 


nd ee 
=m er pe = 
If V=U.R (2) breaks up into 


(it) —met om : 
DU + DgU + m(m +1) — Y)O=0. (4) 

(3) gives Te AG bp pee Y 
(4) gives U = EP(u) EP (v) (v. Art. 142). 


So that a solution of (2) is 
V = Ar™ EP (py) EP(y). 
But since (2) is Laplace’s Equation, V= Ar”Y,,(4,), if expressed in 
Conical Codrdinates, must satisfy it, consequently H?2(m)L2(v) must be simply 
a Spherical Harmonic of the mth degree. 
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Toroidal Coordinates. 
143. Any pair of circles belonging to the orthogonal system obtained and 
figured in Art. 46 can be represented by the equations 


1 siren | 


sinha —cosha 


(1) 


OO wa Veale Ue ae [ 
sinB — cos B | 


if we take 2a instead of 2 as the distance between the points common to the 
second set of circles. 

If we rotate the system about the axis of y we get a set of spheres and a 
set of anchor rings which cut orthogonally. These and a set of planes through 
the axis of revolution will form an orthogonal system of surfaces, and the 
parameters corresponding to them may be taken as a set of curvilinear 
coordinates and may be called Toroidal Codrdinates. 

If we take the axis of the system as the axis of Z, the equations of a set of 
the surfaces may be written 


Leary) |e ry ae Pee 


sinh? a cosh? a 
202) a ee L (2) 
sing cos B | 
y=cxtany $ 


a, B, and y being regarded as the coérdinates of a point of intersection of the 
three surfaces. 
Finding Laplace’s Equation in the usual manner we get 


a sinh a cos y w sinha sin y asinB 
— 4 a =? 
cosh a = cos B 1 cosh a + cos B cosh a = cos B 
aoe a sinh a a cosha 
r=Vety= a@--2ctn B= 


ee eens i 
cosh a = cos B cosh a = cos B 


fee ee B ee COs B j eRe SY 


a a asinha 


and Laplace’s Equation becomes 
a sinha a sinha 
Ds a a = cos Bre v | a Dal ase a = Cos Be r | 


a 
a Bae a(cosha = cos 8) ay r | Sthin  188) 
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or D(7rD,V) + De(rDgV) + ——- ee 7 re eget DV se), (2) 
We cannot proceed further by our usual method, for the assumption that V 

is a function of a alone, or that V is a function of B alone, proves to be 

inadmissible. Indeed, not only are a, B, and y not thermometric parameters 

(v. Art. 133), but no thermometric parameters exist, and no possible distribu- 

tion can make our anchor rings or our spheres a set of equipotential surfaces. 
We can, however, simplify (2). It can be written 


D3 VVr) + Dx Vr) + Di VV) — VDNr+ DIN =0. 8) 


Sai 
2 oy vr * tf 9 
DNr + D3Vr proves equal to — ear hence if U= V¥r (3) becomes 
sinh? a(D2U + DgU) + DJU+4U=0, (4) 


for which particular solutions can readily be found by our usual process. 
(4) can be broken up into the three equations 


= aye (m+ 3PN= (5) 
CM > 
ip t= 0 6) 
sinh? a ce on [m(m + 1)-+ nv? sinh? a]L =0. (7) 


N= Acos(m + 4)y + Bsin(m + $)y 
M= A, cos nB + B, sin nB. 


If we introduce into (7) «=ctnha it becomes 


a solution of which is 


pS a — Pa) (v. Art. 102). 


It is to be noted that since ctnha is greater than 1 


ae iP, (ctnh 
Px(ctnh a) = ? esch"a d"P,,(ctnh a) | 


(d ctnh a)” 
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nm 
The constant coefficient 7 can be rejected and we get 


a" P,,(ctnh a) 


U=[A cos(m-+ })y+ B sin(m+ })y](41 cos nB + B, sin nB)esch" a (dctnh a)" 
as a particular solution of (4). 


ad" P,,(ctnh a) 


1 >n = esen 
| Pr(etnh a) = esch" a (d ctnh a)” 


m 
i2 


has been called a Toroidal Harmonic. 


EXAMPLES. 


1. Given the value of the potential function at all points on the surface of 
an anchor ring; find its value at any point within the ring. 
Suggestion: If V=f(B, y) when a=ay, the function to be developed is 


asinh ay 
cosh ay = cos B 


Vr f(B, y) tee. [ | Y) 


and the development will be in a double Fourier’s Series (v. Art. 71). 


2. Show that if we let a range from 0 to «, 8 from —7 to 7, and y from 
0 to 27, each of the double signs on page 264 may be replaced by the minus 
sign without loss of generality. 


CHAPTER [xX 7* 
HISTORICAL SUMMARY. 


The method of development in series which has enabled us in the preceding 
chapters to solve problems in various branches of mathematical physics, had 
its origin, as might have been expected, in the theory of the musical vibrations 
of a stretched string. It was in the year 1753! that Daniel Bernoulli 
enunciated the principle of the coexistence of small oscillations, which, in 
connection with Taylor’s and John Bernoulli’s theory of the vibrating string, 
led him to believe that the general solution of this problem could be put in 
the form of a trigonometric series. This principle also led him and Euler to 
treat in a similar manner the problems of the vibration of a column of air and 
of an elastic rod. The problem of the vibration of a heavy string suspended 
from one end was also treated in the same manner by these mathematicians 
and deserves special mention here as in it Bessel’s functions of the zeroth 
order appear for the first time.* In none of these cases, however, was any 
method given for determining the coefficients of the series. 

This last remark also applies to the more complicated problems of the 
vibration of rectangular and circular membranes, which were discussed by 
Euler® in 1764, and in the last of which the general Bessel’s functions of 
integral orders occur. 

It is in problems connected with astronomy that the first completely 
successful application of the method here considered occurs. Legendre in a 
paper published in the Mémoires des Savants Etrangers for 1785, first 
introduced the zonal harmonics P,, and appled them to the determination of 
the attraction of solids of revolution. He was followed by Laplace, who in 
one of the most remarkable memoirs ever written* determined the potential 
of a solid differing but little from a sphere by means of the development 
according to the spherical harmonics Y,,,. 


1 See two articles by Bernoulli and one by Euler in the Memoirs of the Academy of 


Berlin for this year. 

2 See the Transactions of the Academy of St. Petersburg for 1732-33, 1784 and 1781. 

3 Transactions of the Academy of St. Petersburg. 

4« Théorie des attractions des sphéroides et de la figure des Planétes’? Mémoires de 
Pacadémie des sciences 1782. This article, although bearing an earlier date than that of 
Legendre, was really inspired by it. It is here that “‘Laplace’s equation’’ first appears, 
occurring, however, only in polar coérdinates. 

* See preface. 
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Very closely related to this problem is Gauss’s celebrated treatment of the 
theory of terrestrial magnetism,! which we will for that reason mention here, 
although it was not published until more than half a century later. This 
paper is particularly noteworthy as it contains a numerical application of the 
method on a larger scale than has ever been attempted before or since. 

After the researches of Legendre and Laplace there was a pause of a 
quarter of a century until in 1812 Fourier’s extensive memoir: Théorie du 
mouvement de la chaleur dans les corps solides was crowned by the French 
Academy. Although not printed until the years 1824-26,? the manuscript of 
this work was in the meantime accessible to the other French mathematicians 
presently to be mentioned. The first part of this memoir, which was repro. 
duced with but few alterations in the Théorie analytique de la chaleur (1822), 
contains a treatment of the following problems and of practically all of their 
special cases : 

(a) The one dimensional flow of heat. (6) The two dimensional flow of 
heat in a rectangle. (c) The three dimensional flow of heat in a rectangular 
parallelopiped. (d@) The flow of heat in a sphere when the temperature 
depends only on the distance from the centre. (e) The flow of heat in a 
right circular cylinder when the temperature depends only on the distance 
from the axis. In these problems not merely the simpler boundary conditions 
are considered but also the question of radiation into an atmosphere. In 
special cases of the first three problems just mentioned (when one or more 
dimensions become infinite) the series degenerate into “ Fourier’s integrals.” 

More important even than any of these special problems is the great 
advance which Fourier caused the theory of trigonometric series to make. 
In a posthumous paper Euler had given the formulae for determining the 
coefficients,*® but Fourier was the first to assert and to attempt to prove that 
any function, even though for different values of the argument it is expressed 
by different analytical formulae, can be developed in such a series. The fact 
that the real importance of trigonometric series was thus for the first time 
shown justifies us in associating Fourier’s name with them, although, as we 
have seen, they were known long before his day. 

Fourier’s results were extended by Laplace in 1820‘ to the general (unsym- 
metrical) case of the flow of heat in a sphere, and by Poisson? (1821) to the 
unsymmetrical flow of heat in a cylinder. 


1 Resultate aus den Beobachtungen des magnetischen Vereins im Jahre 1838. 
1839. Reprinted in Gauss’s collected works, Vol. V., p. 121. 

2 Mémoires de l’académie des sciences for 1819-20 and 1821-22, 

8 Lagrange had practically determined these coefficients long before but failed to notice 
what he had got. 

4 Connaissance des Temps pour l’an 1823. 

5 Journal de 1’ Ecole Polytechnique, 19° Cahier. Although the final forms to which Poisson 
reduces his results are similar to Fourier’s, his methods are very different. 


Leipzig, 
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In 1835 Green published a paper! in which the method we are considering 
is employed to determine che potential of a heterogeneous ellipsoid. This 
paper, in which the analysis is performed at once for space of » dimensions, 
anticipates much that was subsequently done by others, but has failed to 
exert an influence proportional to its importance. 

At about this time Lamé began a series of publications which have con- 
nected his name inseparably with the problem of the permanent state of 
temperature of an ellipsoid. In the first of these? the equation V?2V = 0 is 
transformed to ellipsoidal codrdinates and is then broken up into three 
ordinary differential equations. The rest of the solution, however, is hardly 
touched upon. Lamé’s most important work on this subject* was published 
in Liouville’s Journal in 1839, and in it the complete solution of the problem 
is given. Lamé clearly shows in this paper how he arrived at his solution, by 
considering first the simpler case of a sphere where, instead of the polar 
coordinates 6 and ¢, the parameters of two families of confocal cones of the 
second degree are used as coordinates. This system of curvilinear coérdinates, 
which, when apphed to the complete sphere, merely gives the old results of 
Laplace in a new form, is barely mentioned in Lamé’s later publications. In 
the same volume of Liouville’s Journal Lamé published a second paper in 
which he applies his results to the special cases of ellipsoids of revolution. 

These two papers form the starting-point for a series of articles on the 
same subject by Heine and Liouville. Heine in his doctor dissertation * (1842) 
determined the potential not merely for the interior of an ellipsoid of 
revolution when the value of the potential is given on the surface, but also 
for the exterior of such an ellipsoid and for the shell between two confocal 
ellipsoids of revolution. Even in the first of these problems, which is 
equivalent to that of Lamé, he simplified Lamé’s solution materially by 
showing that the functions used may be reduced to spherical harmonics, 
while in the other two problems he introduced spherical harmonics of the 
second kind, which were then new. Shortly afterwards*® Heine and Liouville 


1“Qn the determination of the exterior and interior attraction of ellipsoids of variable 
densities.’? Transactions of the Cambridge Philosophical Society. 

2 Mémoires des Savants Etrangers, Vol. V. Although the volume is dated 1838 this paper 
(which was reprinted in Liouviile’s Journal, 1837) must have appeared at least as early as 1835. 

3 «Sur l’équilibre des Températures dans un ellipsoide a trois axes inégaux.’’ An article 
by the same author on the two dimensional potential will be found in Vol. I. of this Journal 

4 Reprinted in Crelle’s Journal, Vol. 26 (1843). 

In the same Journal for 1847 F. Neumann discussed the related problem of the magnet- 

isation of a soft iron ellipsoid of revolution. 

5 Heine: Crelle’s Journal, Vol. 29, 1845. Liowville: Liouville’s Journal, Vol. X., 
1845, and Vol. XI., 1846. For a treatment of the problem of the potential of an ellipsoidal 


shell by means of a development of : in terms of Lamé’s functions, see a paper by Heine 


in Crelle’s Journal, Vol. 42, 1851. 
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published simultaneously two papers in which they arrived independently of 
each other at about the same results. In each of these papers attention is 
called to the fact that the product of two Lamé’s functions is a spherical 
harmonic, and this fact is made use of to throw Lamé’s solution of the 
problem of the permanent state of temperatures of an ellipsoid into a more 
elementary form. Besides this the second solution of Lamé’s equation is 
introduced for the sake of solving the potential problem for the exterior of 
the ellipsoid. 

In thus following up the theory of heat and the related potential problems, 
we have lost sight of the question of small vibrations, to which during the 
early part of the century a great deal of attention had been devoted by 
Poisson, who frequently made use of the method of development in series. 
In his memoirs! most of the problems left unfinished by Bernoulli and Euler 
are thoroughly treated, as well as various slight modifications of them. 
When, however, he attacked the problem of the vibration of an elastic plate 
he was unable to make much progress, owing in part to the erroneous form of 
his boundary conditions. He was, nevertheless, able to solve the problem of 
the symmetrical vibration of a free circular plate. The complete theory of the 
vibration of a free circular plate was first given by Kirchhoff.” 

Passing now to a new subject, the theory of the equilibrium of an elastic 
spherical shell, we find a solution by Lamé in Liouville’s Journal for 1854, 
and by Sir William Thomson (1862) in the Philosophical Transactions for 
1863. Both of these papers consist of an application of the spherical harmonic 
analysis to this rather complicated problem. Thomson, however, considers 
besides Lamé’s problem certain related questions and the form of his analysis 
is very different from Lamé’s, being of the same nature as that used in the 
Appendix B of his Natural Philosophy of which we shall have to speak 
presently. These investigations form the starting point for a number of 
recent memoirs among which those of G. H. Darwin on cosmographical 
questions deserve special mention. 

Closely related to this last mentioned problem is the theory of the small 
vibrations of an elastic sphere. While the simplest case of this problem was 
treated by Poisson in the memoir referred to above, the general solution has 
been only recently obtained by Jaerisch (1879)° and Lamb (1882).4 The 
functions involved are the same as those which occur in the problem of the 
non-stationary flow of heat in a sphere as solved by Laplace. 

The Appendix B of Thomson and Tait’s Natural Philosophy,* to which we 
have already referred, deserves to be regarded as one of the most important 


1 See especially the one in the Mémoires de l’académie des sciences, Vol. VIIL., 1829. 

2 Crelle’s Journal, Vol. 40, 1850. 3 Crelle’s Journal, Vol. 88. 

4 Proc. Lond. Math. Soe. 5 First edition, 1867. This appendix 
was evidently written as early as 1862, as Thomson refers to it in the memoir quoted above, 
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contributions to the general theory. The way in which spherical harmonics 
are introduced (as homogeneous functions of the rectangular coordinates) was 
then new,' and the solution of the potential problem for a variety of new 
solids was indicated; viz., for solids whose boundaries consist of concentric 
spheres, cones of revolution, and planes. We shall have more to say presently 
concerning the method employed for the solution of these problems. 

Although connected only indirectly with the theory we are discussing, it 
will be well to mention at this point the method of electrical images which is 
also due to Sir William Thomson (1845). This method enables us to solve 
many potential problems for the inverse of any solid when once we have 
solved it for the solid itself. By means of this method most of the solutions 
of potential problems obtained by our method may be applied at once with 
very little modification to systems of curvilinear coordinates derived by 
inversion from those we have used. It will not be necessary to mention 
separately problems of this sort, as it is clearly immaterial whether they be 
solved directly or by means of the method of inversion.? 

Returning now to the Continent, we find as the next important question 
taken up the problem of the potential of an anchor ring. The first publication 
on this subject is a monograph by C. Neumann?’ (1864), but in Riemann’s 
posthumous papers which were not published until 1876, ten years after his 
death, will be found a short fragment on this subject, which (ef. the last page 
of Hattendorf’s edition of Riemann’s lectures: “ Partielle Differentialglei- 
chungen”’) would appear to date back to the winter 1860-61. This fragment 
is of peculiar interest, as the opening paragraphs clearly show that Riemann 
had in mind an extended article on the fundamental principles of our subject. 

We will next mention two papers by Mehler in which the functions known 
as ‘“conal harmonies,’ which had already been introduced by Thomson in the 
Appendix B above mentioned, were applied to the solution of two problems in 
electrostatics. The first of these papers* (1868) deals with the solid bounded 
by two intersecting spheres, while in the second? (1870) the infinite cone of 
revolution is treated. Both of these problems are essentially different from 
those discussed in the “ Appendix B,” inasmuch as the infinite series which 
we usually have degenerate in these cases into definite integrals, just as they 
do in some simpler cases treated by Fourier. The later of the two papers 
just quoted also contains valuable information concerning the nature of the 


1 The same method was used at about the same time by Clebsch. 

2 A case in point would be the potential problem for the shell between two non-intersecting 
eccentric spheres, since these spheres can be inverted into concentric spheres. This probiem 
was treated directly by C. Neumann in a monograph published in Halle in 1862. 

3 «‘ Theorie der Elektricitits- und Warme-Vertheilung in einem Ringe.”’ Halle. 

4 Crelle’s Journal, Vol. 68, 1868. 

5 Jahresbericht des Gymnasiums zu Elbing. 
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solution of similar problems for the hyperboloids and paraboloids of revolu- 
tion. The solutions of these problems are not, however, given. 

It remains, in order to close the history of this part of the subject, to mention 
a number of memoirs which although treating entirely new problems are of far 
less importance than most of those considered up to this point, partly because 
the solution is not brought to a point where it can be of much immediate use, 
and partly because most of the methods employed are such as could not fail 
to present themselves to any one attacking these problems. 

Of these the first is a paper by Mathieu! on the vibration of an elliptic 
membrane (1868), in which the functions of the elliptic cylinder occur for the 
first time. 

This was followed in the same year by a paper on closely allied subjects by 
H. Weber,? in which not merely the case of the complete ellipse is briefly 
considered, but also that in which the boundary consists of two ares of 
confocal ellipses and two ares of hyperbolas confocal with them. The special 
sase in which the ellipses and hyperbolas become confocal parabolas is also 
considered, whereby the functions of the parabolic cylinder are for the first 
time introduced. 

In Mathiew’s “Cours de physique mathématique” (1873) the problem of 
the non-stationary flow of heat in an ellipsoid is toucned upon, and an 
elaborate though not very satisfactory treatment of the special cases where 
we have ellipsoids of revolution is given. New functions appear in all of 
these problems. 

Of late years C. Baer has supplied a number of missing links in the chain 
of problems here considered by treating in succession the potential problem 
for the paraboloid of revolution,’ the parabolic cylinder* and the general 
paraboloid.’ In the first of these problems Bessel’s functions occur, as had 
already been stated by Mehler, while in the last we find the functions of the 
elliptic cylinder. For each of the three systems of coérdinates employed the 
same author also touches upon the more general problem of the non-stationary 
flow of heat, in which new functions occur. 

Except in the case of the anchor ring we have found so far only such solids 
treated by our method as are bounded by surfaces of the first or second 


1 Liouville’s Journal, Vol. XIII. 


2 
2 Ueber die Integration der partiellen Differentialgleichung a + = + k2u=0.” 
Kes y’ 
Math. Ann., Vol. I. No physical problem is mentioned in this paper. 


3 «Ueber das Gleichgewicht und die Bewegung der Warme in einem Rotationspara- 
boloid.’’ Dissertation, Halle, 1881. 

+ “Die Funktion des parabolischen Cylinders,’? Gymnasialprogramm Ciistrin, 1883. 

5 *¢ Parabolische Coordinaten,’’? Frankfurt, 1888. See also a paper by Greenhill in the 
Proc. Lond. Math. Soc., Vol. XIX., 1889 (read Dec. 8, 1887). Also a posthumous paper by 
Lamé in Liouville’s Journal for 1874, Vol. XIX. 


CYCLIDIC COORDINATES. 273 


degree. Wangerin' (1875-76) considered in connection with the theory of 
the potential, more general systems of curvilinear codrdinates than had 
previously been used in physical questions, namely, cyclidie codrdinates.2 He 
showed, however, merely how to break up Laplace’s equation into three 
ordinary differential equations.* 

An important branch of our theory which we have not yet touched upon 
dates back to the year 1836, when Sturm published a series of fundamentally 
important papers in the first two volumes of Liouville’s Journal. The 
physical question which lies at the basis of these papers is the problem of the 
flow of heat in a heterogeneous bar. The method here employed depends 
upon the fact that the functions which occur are characterized by the number 
of times they vanish in a certain interval. This same idea reappears in 
Thomson and Tait’s Appendix B already referred to, but first finds its full 
expression in this more general field of the three dimensional potential in an 
article by Klein: “Ueber Korper welche von confocalen Flachen zweiten 
Grades begrenzt sind” *° (1881). Still more recently (1889-90) Klein has in 
his lectures extended this theory to the treatment of solids bounded by six 
confocal cyclds, and has indicated how all the potential problems heretofore 
treated by our method are special cases of this one.® 

Of late years, especially since the year 1880, the younger English mathe- 
maticians have done a vast amount of work in the theory we are here 
considering. Although much of this work is of great value, hardly any of it 
can be regarded as being a real development of the method; it is rather an 
application of it to a great variety of problems. We must therefore content 
ourselves with giving a mere list of a few of the more important of these 
papers. 

Niven: On the Conduction of Heat in Ellipsoids of Revolution. Phil. 
Trans., 1880. 

Niven: On the Induction of Electric Currents in Infinite Plates and 
Spherical Shells. Phil. Trans., 1881. 


1 Preisschriften der Jablanowski’schen Gesellschaft, No. XVIII., and Crelle’s Journal, 
Vol. 82. See also, concerning a still further extension, the Berliner Monatsberichten 
for 1878. 

2 Cyclids are a kind of surface of the fourth order (see Salmon’s Geom. of three Dimen- 
sions, p. 527). In his first memoir Wangerin considers only cyclids of revolution. 

3 See also a paper by this author in Griinert’s Archiv for 1878, where the problem of the 
equilibrium of elastic solids of revolution is treated. 

4The similar problem of the vibration of a heterogeneous string under the action of an 
external force was treated by Maggi (Giornale di Matematiche, 1880). Several special cases 
are also considered here in detail. 


5 Math. Ann., 18. 
6 For an exposition of this theory see the treatise: Ueber die Reihenentwickelungen der 


Potentialtheorie, Leipsic, Teubner, 1894, by the writer of the present chapter. 
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Hicks: On Toroidal Functions. Phil. Trans., 1881. 

Hicks: On the Steady Motion and Small Vibrations of a Hollow Vortex 
Phil. Trans., 1884, 1885. 

Lamb: On Ellipsoidal Current Sheets. Phil. Trans., 1887. 

Chree: The Equations of an Isotropic Elastic Solid in Polar and Cylin- 
drical Coérdinates, their Solution and Application. Camb. Phil. Soc. Trans., 
AV. 1889. 

Hobson: On a Class of Spherical Harmonics of Complex Degree with 
Applications to Physical Problems. Camb. Phil. Soc. Trans., XIV., 1889. 

Chree: On some Compound Vibrating Systems. Camb. Phil. Soc. Trans., 
XV., 1891. 

Niven: On Ellipsoidal Harmonics. Phil. Trans., 1892. 

The historical sketch we have just given would naturally require as a 
supplement some account of the work that has been done on the question of 
the convergence of the various series which occur. This, however, would 
carry us too far, and we will content ourselves with mentioning the two 
fundamental memoirs by Dirichlet in Crelle’s Journal, one in 1829 on 
Fourier’s series, and one, which has been criticised to some extent by subse- 
quent mathematicians, in 1837 on Laplace’s spherical harmonic development. 

Another subject which naturally presents itself here is the theory of the 
various new functions we have met. Those properties of these functions, 
however, which the physicist needs have usually been investigated by the 
physicists themselves in the papers mentioned above; while any thorough 
account of the development of the theory of these functions would lead us 
into the vast region of the modern theory of linear differential equations. 

We will therefore close by merely giving a list of books which will be 
found useful by those wishing to continue their study of the subject further. 

We begin with the books relating directly to physical questions : 

Fourier: Théorie Analytique de la Chaleur, 1822. 

Lamé: Lecons sur les Fonctions inverses des Transcendantes et les Surfaces 
isothermes, 1857. 

Lamé: Legons sur les Coordonnées Curvilignes et leurs diverses Applica- 
tions, 1859. 

Mathieu: Cours de Physique Mathématique, 1873. 

Riemann: Partielle Differentialgleichungen, und deren Anwendung auf 
physikalische Fragen (edited by Hattendorf), third edition, 1882. 

Ff, Neumann: ‘Theorie des Potentials und der Kugelfunktionen (edited by 
C. Neumann), 1887. 

Thomson and Tait: Natural Philosophy, second edition, 1879. 

Rayleigh: Theory of Sound, 1877. 

Basset: Hydrodynamies, 1888. 

Love: Theory of Elasticity, 1892. 


BOOKS OF REFERENCE. 


Heine: Handbuch der Kugelfunktionen (second edition), 1878-81. 

Ferrers: Spherical Harmonies, 1881. 

Haentzschel ; Reduction der Potentialgleichung aut gewohnliche Differential- 
eleichungen, 1893. 

These last three books would also belong in the following list of books 
relating to the theory of the various functions we use : 

Todhunter : The Functions of Laplace, Lamé and Bessel, 1875. 

Lommel: Studien iiber die Bessel’schen Funktionen, 1868. 

F. Neumann: Beitrage zur Theorie der Kugelfunktionen, 1878. 

And finally concerning the question of convergence : 


C. Neumann: Uber die nach Kreis-, Kugel- und Cylinder-Functionen 
fortschreitenden Entwickelungen, 1881. 
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TABLES. 


Table I., a table of Surface Zonal Harmonies (Legendrians), gives the values 
of the first seven Harmonics P, (cos 6), P2 (cos 6), -+- P; (cos 6) for the argument 
6 in degrees. It is taken from the Philosophical Magazine for December, 
1891, and was computed by Messrs. C. E. Holland, P. R. James, and C. G. 
Lamb, under the direction of Professor John Perry. 

Table II., a table of Surface Zonal Harmonics (Legendrians), gives the 
values of the first seven Harmonics P, (x), P, (x), +++ P;(x) for the argument 2. 
It is reduced from the Tables of Legendrian Functions computed under the 
direction of Dr. J. W. L. Glaisher, and published in the Report of the British 
Association for the Advancement of Science for the year 1879. 

Table III., the table of Hyperbolic Functions, gives the values of e*, e~*, 
sinh 2, cosha, and gda (Gudermannian of x) for values of x from 0.00 to 1.00; 
and the values of logsinha and logcosh~z for values of z from 1.00 to 10.0. 
The values of gda, logsinha, and log cosh are taken from the Mathematical 
Tables prepared by Professor J. M. Peirce (Boston: Ginn & Co.). 

The logsinhz and logcoshz for values of x between 0.00 and 1.00 can be 
obtained from the values given for the Gudermannian of a in the table by the 
aid of the relations 

log sinh x = log tan (gd ~) 


log cosh x = log sec (gd 2). 


Table IV. gives the first twelve roots of J)(x)=0 and J;(a)=0 each 
divided by zw. The table is taken from Lord Rayleigh’s Sound, Vol. L., 
page 274, and is due to Professor Stokes, Camb. Phil. Trans., Vol. IX., 
page 186. 

Table V. gives the first nine roots of J)(x)=0, Ai (x) =0,°:-Jds(x) = 9. 
The table is taken from Rayleigh’s Sound, Vol. I., page 274, and is due to 
Professor J. Bourget, Ann. de VEcole Normale, T. III., 1866, page 82. 

Table VI., the table of Bessel’s Functions, gives the values of the Bessel’s 
Functions J, (x) and J;(x) for the argument x from x=0 to r=15. It is 
taken from Rayleigh’s Sound, Vol. I., page 265, and from Lommel’s Bessel’sche 
Functionen, 
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TABLE I.—Surrace ZonaL HARMonICcs. 


0 P,(cos@) | P2(cos6) | P3(cos@) | Ps (cos @) Ps (cos) | Pg(cosé@) | Pz (cos 6) 
0° 1.0000 | 1.0000 1.0000 1.0000 1.0000 | 1.0000 1.0000 
1 .9998 .9995 9991 .9985 .9977 | 9968 9957 
2 .9994 .9982 .9963 .9939 9909 | 9872 .9830 
i 9986 9959 9918 .9863 9795 .9714 .9620 
4 .9976 9927 .9854 9758 .9638 9495 .9329 
5 -9962 .9886 9773 -9623 .9437 .9216 .8962 
6 £9945 .9836 .9674 .9459 .9194 | 8881 8522 
7 -9925 9777 .9557 .9267 .8911 .8492 .8016 
8 .9903 -9709 .9423 .9048 .8589 -8054 .7449 
9 .9877 .9633 .9273 .8803 .8232 -7570 .6830 

10 .9848 -9548 .9106 .8532 .7840 -7045 -6164 

Ti .9816 -9454 8923 .8238 .7417 -6483 5462 

Wy 9781 .9352 .8724 .7920 .6966 5891 4731 

13 9744 .9241 .8511 .7582 .6489 YAK) .3980 

14 .9703 9122 .8283 .7224 .5990 4635 .3218 

15 .9659 .8995 .8042 6847 .5471 .3983 .2455 

16 .9613 .8860 .7787 -6454 .4937 .3323 .1700 

17 -9563 .8718 hol 6046 | .4391 .2661 .0961 

18 9511 .8568 .7240 .5624 3836 -2002 .0248 

Ib) -9455 .8410 -6950 bye .3276 1353 —.0433 

20 -9397 .8245 -6649 . 4750 eBtLS .0719 —.1072 

21 -9336 .8074 .6338 -4300 .2156 .0106 —.1664 

22 .9272 -7895 -6019 .3845 . 1602 —.0481 —.2202 

23 .9205 -7710 5692 -3386 .1057 —.1038 —.2680 

24 .9135 .7518 SOOO -2926 .0525 —.1558 —.3094 

25 -9063 SYA .5016 2465 .0009 —.2040 —.3441 

26 .8988 hls -4670 .2007 —.0489 —.2478 —.3717 

27 .8910 .6908 Kaw) Alles} —.0964 —.2869 —.3922 

28 .8829 -6694 -3964 .1105 —.1415 —.3212 — 4053 

29 .8746 .6474 -3607 .0665 —.1839 —.3502 —.4113 

30 .8660 -6250 .3248 .0234 —.2233 —.3740 —.4102 

31 8572 .6021 .2887 —.0185 —.2595 —.3924 —.4022 

32 .8480 .5788 BLO aie —.0591 —,2923 —.4053 —.3877 

33 .8387 <051 .2167 —.0982 —.3216 ADT —.3671 

34 .8290 .5310 -1809 | —.1357 —.3473 — A147. —,.3409 

35 .8192 .5065 JAS4 1 74 369) I At ee ag 

36 .8090 .4818 .1102 —.2052 —.3871 —,4031 = 7.29 

37 .7986 .4567 0755. | 2370 | <-.401) |) 2seag | esas 

38 .7880 4314 0413.1) 2666, || —.4112 | — 3710" | 4619 

39 ulin .4059 .0077 —.2940 —.4174 —.3497 —.1470 

40 .7660 :3802 =), —.0252 | =—3190) | ==4197- [99367 | 

41 £7547 33544 |) 37057411 © — 3416) | 4181 9) 9030 ee 
42 7431 -3284% || ——.0887 | —.3616. || 4128 | 96101 he Node 
43 .7314 23023) = 1191 3) 979] | ee 0S8 eee se ‘0398 
44 .7193 -2762 || =-.1485") 73,3940 |" =.3014 I eere ‘0846 
Ae . 7071 -2500 —.1768 | —.4062 —.3757 | — 1484 1274 
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P2 (cos @) | Ps (cos @) | Ps (cos @) | Ps (cos 0) | Ps (cos) | Pz (cos @) 
: .2500 —.4062 —.3757 —.1484 1271 
46 .6947 .2238 —. 2040 —.4158 —.3568 —.1078 .1667 
47 .6820 1977 —.2300 — 4227 —.3350 —.0665 .2028 
48 .6691 .1716 —.2547 —.4270 —.3105 —.0251 Pr 
49 .6561 1456 —.2781 —.4286 —.2836 .0161 .2626 
50 .6428 .1198 —.3002 —.4275 —.2545 0564 2854 
51 6293 .094] —.3209 —.4239 —.2235 .0954 3031 
52 -6157 .0686 —.3401 —.4178 —.1910 1326 3154 
53 .6018 s0TOS —.3578 —.4093 —.1571 1677 3221 
54 .9878 .0182 —.3740 —.398+4 —.1223 .2002 3234 
55 .5736 —.0065 == 3885 | = Sos —.0868 2297 3191 
56 5592 —.0310 —.4016 | —.3698 —.0509 .2560 3095 
57 5446 —.0551 SS Hil | aie —.0150 .2787 2947 | 
58 .5299 —.0788 —.4229 —.3331 .0206 .2976 DAISY? 
59 .5150 —.1021 —.4310 —.3119 -0557 3125 oz, 
60 .5000 —-.1250 —.4375 —.289] .0898 3232 2231 
61 4848 —.1474 —.4423 —.2647 mliZ29 3298 .1916 
62 4695 —. 1694 —.4455 —.2390 45 3321 1572 
63 +540 —.1908 —.4471 —.212) 1844 .3302 .1203 
64 4384 —.2117 —.4470 —.1841 AES 3240 .0818 
65 4226 | —.2321 —.4452 —.1552 -2381 3138 .0422 
66 4067 | —.2518 | —.4419 —.1256 .2615 .2997 .0022 
67 3007 | 2710" | 4370) | 2.0955 2824 "2819 | —.0375 
68 140 —.2895 | —-.4305 —.0651 .3005 .2606 —.0763 
69 3584 —.3074 —,+225 —.0344 Rep is) .2362 —.1135 
70 .3420 —.3245 —.4130 —.0038 3281 .2089 —.1485 
fil .3256 —.3410 ---.4021 -0267 3373 1791 —.1808 
72 .3090 E3568) | 3.3898 .0568 3434 "1472 | —.2099 
73 n2OLF —.3718 —.3761 -0864 3463 1136 o9352 
74 .2756 —.3860 —.3611 SALES 3461 .0788 —.2563 
75 .2588 —.3995 —.3449 eis 23427 0431 —.2730 
76 ays) —,4122 —.3275 .1705 -3362 .0070 —.2850 
77 .2250 —.4241 = 090 . 1964 .3267 | —.0290 == oy 
78 .2079 —.4352 —.2894 GAM Polat Oe 0644 942 
79 .1908 —.4454 —.2688 oS .2990 | —.9990 —,.2913 
80 .1736 —.4548 | —.2474 .2659 NO | Neil a 935 
81 .1564 DN ag | .2859 .2606 | 1635 | —.2708 
82 .1392 24709 |—=22020 .3040 .2378 | —1927 | —.2536 
83 gl) —.4777 —-.1783 .3203 2129 | —-.9193 —,2321 
84 . 1045 —.4836 ~-.1539 BOOT .1861 ME 001 
85 .0872 —.4886 —.1291 .3468 aovidl —.2638 —.1778 
86 .0698 —.4927 —.1038 .3569 2 See S10) —.1460 
87 0523 —.4959 —.0781 3648 .0969 —.2947 Sally 
88 .0349 —.4982 —.0522 .3704 .0651 —.3045 ==,0755 
89 .0175 —.4995 —.0262 nOuoo .0327 == 3105 —.0381 
90° .0000 —.5000 .0000 13150 .0000 | —.3125 .0000 
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ae 
P, (x) P2 (x) P3 (x) 
0.0000 —.5000 0.0000 
.0100 —.4998 —.0150 
.0200 —.4994 —.0300 
-0300 —.4986 —.0449 
.0400 —.4976 —.0598 
0500 —.4962 —.0747 
.0600 —.4946 —.0895 
.0700 —.4926 —.1041 
-0800 —.4904 —.1187 
.0900 —.4878 —.1332 
. 1000 —.4850 —.1475 
. 1100 —.4818 —.1617 
-1200 —.4784 —.1757 
-1300 —.4746 —..1895 
- 1400 —.4706 —.2031 
- 1500 —.4662 —.2166 
. 1600 —.4616 —.2298 
.1700 —.4566 —.2427 
. 1800 —.4514 —.2554 
.1900 —.4458 —.2679 
.2000 —.4400 —.2800 
.2100 —.4338 —.2918 
-2200 —.4274 —.3034 
-2300 —.4206 —.3146 
2400 —.4136 —.3254 
-2500 —.4062 —.3359 
-2600 —.3986 —.3461 
.2700 —.3906 —.3558 
-2800 —.3824 —.3651 
-2900 —.3738 —.3740 
3000 —.3650 —.3825 
.3100 —.3558 —.3905 
.3200 —.3464 —.3981 
3300 —..3366 —.4052 
-3400 —.3266 —.4117 
-3500 —.3162 —.4178 
.3600 —.3056 —.4234 
-3700 —.2946 —.4284 
3800 —.2834 —.4328 
-3900 —.2718 —.4367 
-4000 —.2600 —.4400 
-4100 —.2478 —.4427 
4200 —.2354 —.4448 
4300 —.2226 —.4462 
-4400 —. 2096 —.4470 
4500 —.1962 —.4472 
4600 —.1826 —.4467 
4700 —.1686 —.4454 
4800 —.1544 —.4435 
-4900 —.1398 —.4409 
5000 —.1250 —.4375 


T 


T 


P4(“) P; (x) 
0.3750 0.0000 
.3746 .0187 
ooe .0374 
.3716 .0560 
3690 .0744 
3657 .0927 
3616 .1106 
T0007 1283 
3512 L459 
oa) 1624 
cesoths) -1788 
so503 OSI 
23219 2101 
.3129 2248 
3032 -2389 
2928 2523 
2819 -2650 
-2703 -2769 
-2581 -2880 
2453 2982 
-2320 3075 
-2181 HE, 

. 2037 sO2ot 
.1889 3299 
SBR <3993 
obyiz/ 3397 
oll 3431 
1249 3453 
.1079 3465 
-0906 3465 
-0729 3454 
-0550 3431 
-0369 3397 
-0185 rabbi 
—.0000 -3294 
—.0187 ~3225 
—.0375 3144 
—.0564 3051 
—.0753 2948 
—.0942 2833 
—.1130 -2706 
—.1317 -2569 
—.1504 2421 
—.1688 2263 
—.1870 -2095 
—.2050 ON, 
—.2226 -1730 
—.2399 -1534 
—.2568 -1330 
—.2732 .1118 
—.2891 0898 


P¢ (x) P; (£) 
(5125 0.0000 
a es —, 0219 
—.3099 —.0436 
—.3066 —,0651 
== 302) —.0862 
—.2962 —.1069 
—.2891 —— L270 
—.2808 —.1464 
eS —.1651 
—.2606 —. 11828 
—. 2488 —.1995 
—.2360 Ala! 
—=, 2220) —, 2295 
A! —— od 
——, 1913 —.2545 
—.1746 —.2649 
—,.1572 SESS 
—.1389 ==, 2912 
== 1200 2070 
—.1006 —, 2911 
—.0806 SAVES 
—.0601 —.2943 
—.0394 Se PBS 
—.0183 —.2906 

.0029 —.2861 
.0243 —.2799 
-0456 —.2720 
.0669 —.2625 
.0879 —.2512 
1087 2004 
1292 —.2241 
.1492 —.2082 
- 1686 —.1910 
.1873 —, 1724 
.2053 —.1527 
a2225 —.1318 
2388 —.1098 
- 2540 —.0870 
. 2681 —.0635 
.2810 —.0393 
2926 —.0146 
3029 -0104 
3118 -0356 
3191 .0608 
3249 .0859 
.3290 -1106 
.3314 .1348 
OVAL -1584 
.3310 .1811 
3280 .2027 
POZA 2231 
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TABLE III.— Hypersoric FuNcTIOoNS. 


(es 


1,0000 
0.9900 
-9802 
-9704 
-9608 


9512 
-9418 
19324 
9231 
2139 


9048 
8958 
8869 
.8781 
8694 


.8607 
8521 
8437 
8353 
.8270 


.8187 
.5106 
.8025 
1945 
. 7866 


.7788 
Agu 
-7634 
-7558 
7483 


-7408 
chsh: 
.7261 
.7189 
-7118 


7047 


sinh x 


0.0000 
.0100 
.0200 
-0300 
.0400 


-0500 
-0600 
.0701 
0801 
-0901 


1002 
.1102 
1203 
.1304 
.1405 


.1506 
.1607 
.1708 
.1810 
OT 


2013 
2115 
.2218 
.2320 
2423 


+2920 
2629 
2733 
2837 
2941 


3045 
.3150 
3259 
-3360 
3466 


3572 
-3678 
3785 
.3892 
4000 


.4108 
.4216 
4325 
4434 
4543 


4653 
4764 
4875 
-4986 
.5098 


0.5211 


cosh x 


1.0000 
1.0000 
1.0002 
1.0004 
1.0008 


1.0012 
1.0018 
1.0025 
1.0032 
1.0040 


1.0050 
1.0061 
1.0072 
1.0085 
1.0098 


1.0113 
1.0128 
1.0145 
1.0162 
1.0181 


1.0201 
1.0221 
1.0243 
1.0266 
1.0289 


1.0314 
1.0340 
1.0367 
1.0395 
1.0423 


1.0453 
1.0484 
1.0516 
1.0549 
1.0584 


1.0619 
1.0655 
1.0692 
1.0731 
1.0770 


1.0811 
1.0852 
1.0895 
1.0939 
1.0984 


1.1030 
1.1077 
S25 
1.1174 
1.1225 


1.1276 
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2838 


sinh a 


cosh x 


gda 


0.5211 
SYA: 
5438 
aby? 
5666 


.5782 
5897 
.6014 
-6131 
-6248 


.6367 
.6485 
-6605 
-6725 
.6846 


-6967 
.7090 
SWANS) 
-7336 
(401: 


-7586 
712 
-7838 
.7966 
.8094 


.8223 
.8353 
8484 
.8615 
.8748 


8881 
.9015 
-9150 
.9286 
9423 


.9561 
-9700 
.9840 
-9981 
1.0122 


1.0265 
1.0409 
1.0554 
1.0700 
1.0847 


1.0995 
Mess 
W294, 
1.1446 
oS 


1.1752 


1276 
1329 
1383 
1438 
1494 


1551 
1609 
1669 
1730 
1792 


1855 
1919 
1984 
1.2051 
1.2119 


1.2188 
1.2258 
1.2330 
1.2402 
1.2476 


IE ZO02 
1.2628 
1.2706 
1.2785 
1.2865 


T2947 
1.3030 
egies 
Wee) 
1.3286 


We SIZE 
1.3464 
ES D00 
1.3647 
1.3740 


1.3835 
1.3932 
1.4029 
1.4128 
1.4229 


1.4331 
aod: 
Lei grsy) 
1.4645 
Too) 


1.4862 
1.4973 
1.5085 
isle) 
IL SHUG: 


oto 


ee 


27.524 
28.031 
28.535 
29.037 
29.537 


30.034 
30.529 
31.021 
SUAS ula! 
31.998 


32.483 
32.965 
Dor 
33.921 
34.395 


34.867 
35.336 
35.802 
36.265 
36.726 


37.183 
37.638 
38.091 
38.540 
38.987 


Ooo 
39.872 
40.310 
40.746 
Galli Ae) 


41.608 
42.035 
42.460 
42.881 
AAS) 


aSedilo 
44.128 
ato) 
eat 
ES ioohts) 


45.750 
46.148 
46.544 
46.936 
47.326 


47.713 
48.097 
48.478 
48.857 
49.232 


49.605 
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TABLE TII.— Hyprrsouic Functions. 


a lsinha | leoshw | ae lsinhw | lcosha Ay lsinh« lcosh « 
1.00 0.0701 0.1884 1.50 0.3282 O75 2.00 0.5595 0.5754 
1.01 0758 .1917 151 .3330 3754 2.01 5640 |! .5796 
1.02 .0815 .1950 oe 3378 33194 2.02 .5685 .5838 
1.03 .0871 . 1984 153 3426 .3833 2.03 5130 .5880 
1.04 .0927 | 2018 1.54 .3474 3873 2.04 STS -5922 
1.05 .0982 | -2051 eos) 352] 3913 2.05 2520) |) «5964 
1.06 .1038 | .2086 1.56 3569 3952 2.06 .5865 .6006 
1.07 MOSS |) PANPAY) Ib 550) 655) apo 2.07 -5910 .6048 
1.08 IAS Seal 54: 1.58 3663 4032 |}| 2.08 .5955 | .6090 
1.09 .1203 | .2189 1.59 so7 We etO7Z 2.09 .6000 .6132 
1.10 MOG | PALS) 1.60 23758 .4112 2.10 6044 | .6175 
Healt PLSt lw eee2 5 1.6] .3805 -4152 Paw .5089 .6217 
Weal .1365 * 2293 1.62 E3852) RO? ee -6134 || 6259 
Jigs: LO 2S 25 1.63 .3899 .4232 Beales -6178 .6301 
1.14 1472 | 342364 1.64 .3946 .4273 2.14 .6223 -6343 
Ibadl AlAs | PANE) 165 .3992 4313 2als 6268 | .6386 
1.16 .1578 2435 1.66 4039 | .4353 2.16 6312 | .6428 
Ney LOSI .2470 1.67 .4086 .4394 VAS 56307 Hy s0a70 
1.18 . 1684: -2506 1.68 .4132 .4434 vipa S) .6401 .6512 
1.19 .1736 .2542 1.69 .4179 4475 2.19 .6446 6555 
1.20 A788) eee 2575 1.70 PEA | eG al 2.20 6491 -6597 
Tek -1840 .2615 1.71 Aen ee eG i eel .6535 -6640 
e272 . 1892 .2651 je? “ols tole | I 2.22, .6580 .6682 
1.23 .1944 .2688 levi -4364 4637 Zee -6624 .6724 
1.24 .1995 | .2724 1.74 -4411 4678 2.24 .6668 .6767 
NSS .2046 .2761 Akvis) 4457 .4719 2.25 .6713 .6809 
1.26 .2098 .2798 176 .4503 .4760 2.26 AOVSYi .6852 
WPA .2148 .2835 Me ee 4549 4801 PEVAT -6802 .6894 
1.28 PANE | PASH 1.78 4595 4842 2.28 -6846 -6937 
1.29 2225 Orem COOO Maite leZ 4641 4883 2.29 .6890 .6979 
1.30 2300 .2947 1.80 .4687 .4924 2.30 .6935 .7022 
egw! m2ool .2984 1.81 4733 4965 BS .6979 . 7064 
NEoy? .2401 -3022 |}; 1.82 4778 |  .5006 2:32 .7023 .7107 
Isao .2451 .3059 jt} 1.83 4824 | .5048 230 .7067 -7150 
1.34 .2501 .3097 1.84 .4870 9089 |{|} 2.34 Al .7192 
135 VAI Polos 1.85 -4915 5130-1) 2.38 .7156 UES 
1.36 PHEOO |) shill 1.86 -4961 SONGS INE SRS .7200 .7278 
UE Bi¢ .2650 SoA 1.87 .5007 SANS AE ss) 7244 .7320 
1.38 .2699 | .3249 1.88 .5052 25254 2.38 BASE | EOS 
1.39 .2748 .3288 1.89 .5098 .5296 2.39 SL3O9) CH OG 
1.40 2797 -3326 1.90 -5143 5337 2.40 wonn 7448 
1.41 .2846 3365 19) .5188 0979 |i) 2.41 742] 7491 
1.42 .2895 .3403 1,92 5234 5421 2.42 7465 |) 7534 
1.43 S29 pam ees ae 193) .5279 .5462 2.43 .7509 edloveyl 
1.44 .2993 3481 1.94 | .5324 | .5504 |]| 2.44 .7553 | .7619 
1.45 .3041 eyAQ) 1.95 .5370 5545 ||| 2.45 -7597 | .7662 
1.46 .3090 .3559 1.96 .5415 5587 2.46 .7642 .7705 
1.47 .3138 -3598 1.97 .5460 .5629 2.47 . 7686 .7748 
1.48 HOLOG ee OsT 1.98 POS .5671 2.48 .7730 7791 
1.49 3234 .3676 1.99 DDO) OS Pacape) .7774 .7833 
1.50 0.3282 0.3715 2.00 0.5595 0.5754 2.50 0.7818 0.7876 
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TABLE III.— Hyprersouic Functions. 


Usinha leosh x Ho lsinh a leosha lsinha | lcosha 


1.0008 1.0029 
1.0444 1.0462 
1.0880 1.0894 
1.1316 Ws2 ii 
1.1751 1.1761 


1.2186 12194 
2621 1.2628 
1.3056 1.3061 
Io OL 3405 
S925 1.3929 


1.4360 1.4363 
4195 Ron 
Wno229 I SVASHL 
1.5664 1.5665 
1.6098 1.6099 


W562) wl 0033 
1.6967 | 1.6968 
ETO 7402 
1.7836 1.7836 
1.8270 1.8270 


1.8704 1.8705 
2.3047 2.3047 
2.7390 2.7390 
3.1733 Ssll ore 
3.6076 3.6076 


4.0419 4.0419 


0.8915 0.8951 
-8959 8994 
-9003 -9037 
9046 -9080 
-9090 9123 


-9134 -9166 
9178 -9209 
-9221 9292 
-9265 22295 
.9309 -9338 


-9353 -9382 
.9396 9425 
SHEN) | Gah xets) 
9484 ul 
9527 -9554 


Ry All ood, 
-9615 -9641 
-9658 -9684 
-9702 9727 
-9746 -9770 


-9789 -9813 


0.7818 0.7876 
.7862 sA919 
.7906 -7962 
-7950 -8005 
Soo: 8048 


.8038 .8091 
-8082 SOLS 
.8126 -5176 
-8169 .8219 
.8213 .8262 


8257 .8305 
8301 .8348 
.8345 .8391 
.8389 Reh his 
8433 8477 


8477 -8520 
8521 .8563 
.8564 .8606 
.8608 .8649 
8652 .8692 


.8696 -8735 
.8740 .8778 9833 -9856 
.8784 .8821 9877 -9900 
.8827 8864 : .9920 A) 
.8871 -8907 ; .9964 -9986 


0.8915 0.8951 ; 1.0008 1.0029 
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TABLE IV. — Roots or Bessev’s FuNcTIONS. 


ie A | be. A Nee: 
= for Jo(t) =0 | — for Ay(x)=0 |} — for Jo(t) =0 | — for Ji(x) =0 


0.7655 2197, 6.7519 7.2448 
Ure 2.2330 } 7.7516 8.2454 
2.7546 3.2383 ; 8.7514 9.2459 
aod aoe 9.7513 10.2463 
Aloe, 5.2428 10.7512 11.2466 
5.1522 Gr2459 11.7511 12.2469 


OMNIDAMNAHWNHH 


34.983 
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TABLE VI.— Bessev’s Functions. 


Jo (x) 


10.0 | —.2459 
10.1 | —.2490 
10.2 | —.2496 
10.3. | —.2477 
10.4 | —.2434 


10.5 | —.2366 
10.6 | —.2276 
10.7 | —.2164 
10.8 | —.2032 
10.9 | —.1881 


11.0 | —.1712 
11.1 | —.1528 
11.2 | —.1330 
11.3. | —.1121 
11.4 | —.0902 


11.5 | —.0677 
11.6 | —.0446 
11.7 | —.0213 
11.8 -0020 
HOLS) -0250 


12.0 -0477 
12.1 -0697 
Wa 0908 
1233 -1108 
Wass .1296 


WAS) .1469 
12.6 -1626 
12.7 .1766 
12.8 -1887 
W259 .1988 


13.0 -2069 
ISjodl «2129 
ee -2167 
Iso} -2183 
Whar 2177 


M3553 -2150 
13.6 -2101 
Ind -2032 
13.8 21043 
eis) 1836 


14.0 1711 
14.1 -1570 
eZ .1414 
it) e245 

1065 


0875 
14.6 .0679 
ered! -0476 
14.8 .0271 
0064 


—.0142 
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